Gravitation and spacetime geometry: A conceptual view
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Some basic ideas of gravitational theory (bothsitad and relativistic) are discussed
with minimum use of mathematical formalism. In pautar, the effect of gravity on
the geometry of spacetime is explained.

1. Introduction

In a recent book on Special Relativity (SR) [1] eve seen that, in the context of
this theory, spacetime is regarded dlbpseudo-Euclidean (drorentziar space. It
was mentioned, however, that, according to Gerieeddtivity (GR), spacetime be-
comescurvedin the presence of gravity. This means that gyasiintimately related
to the intrinsic geometric characteristics of spiace.

The connection between gravity (a physicaicept) and geometry (a mathemati-
cal one) is not an easy thing to explain withogbrgse to some advanced mathemat-
ics. In this article, however, we will attempt tesdribe some fundamental ideas of
GR at a mostly conceptual level. For a fuller apjaigon of the theory the reader is
referred to the many excellent textbooks availabléhe literature (for a partial list,
see, e.g., [2-9], although many other great boalst)e

At the heart of GR is therinciple of equivalencef inertial and gravitational
mass, by which principle gravity is seen to be llgcaquivalent to acceleration. On
the other hand, acceleration is intimately relat&ti non-inertial frames of reference,
thus with non-Lorentzian systems of spacetime doatds with non-constant metric,
thus with potentially curved spacetime. In rougimig this line of reasoning explains
the connection of gravity with geometry.

Let us begin our discussion with an overvawhe basic differences between SR
and GR. These ideas will be refined in subsequesntians.

2. Special vs. General Relativity

According to both SR and GR it is impossible toimefabsolute velocity. However,
in SR the acceleration continues to have an alesohganing, in the sense that the
physical condition of vanishing (equivalently, neanishing) acceleration is Lorentz-
invariant. Moreover, in SR we assume the existasican infinite set ofinertial
frames of referenceall being equivalent to each other with regardeigpressing
physical laws. As defined, an inertial frame hass pnoperty that, relative to it,feee
particle (a particle subject to no net interactiomves uniformly (with constant ve-
locity, hence no acceleration). Therentz transformationrelating inertial frames,
guarantees that zero (nonzero) acceleration infrange means zero (nonzero) accel-
eration in any other frame [1].

No such preferred class of frames of refezemgsts in GR, where gravity is taken
into account. Indeed, no inertial observer (regarae a “free body”) may exist in the
Universe, given that everything possessing masfoaetergy is subject to the uni-
versal gravitational interaction.

Geometrically, the spacetime of SR iflad space. It thus allows for a class of
Lorentzian coordinate systems which correspondéetial frames and in which the
metric tensor has the standard constant matrixeseptation;,,= + J,, or, in explicit
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diagonal-matrix formy=diag (1,-1,—-1,—1). These coordinate systems, in tunmjtaal
special kind ostraight worldlinesrepresenting inertial motions of free particles.

In GR the flat spacetime is replaced by amedisionalcurvedRiemannian space
in which there are no preferred coordinate systepecifically, there are nglobal
Lorentzian frames admitting a globattgnstant metric. However, thecal flatnessof
spacetime allows us to define Lorentzian coordmatea sufficiently small neighbor-
hood of any spacetime point, as well as a locablgstant metric equal to the flat-
space metrigy,, . To see the physical meaning of these geomete@sidve must first
state theequivalence principle

3. Theprinciple of equivalence

The principle of equivalence is at the heart ofvgadional theory, both classical and
relativistic. In this section we discuss the prmabeiwithin the context of Newtonian
gravitational theory. Our conclusions, however, barreadily extended to the relativ-
istic (high-speed) domain.

First, some necessary definitions:

Gravitational masgmg): the “charge” of the gravitational interactiohat is, the
physical entity that acts as the source of theacteon while at the same time being
subject to it.

Inertial masg(m): the physical quantity entering Newton’s léwm, a.

Freely falling body:a moving body subject to no forces other thanigrav

Inertial observer (or frame) inside a gravitationfiéld: an observer (or frame)
subject to non-gravitational forces that exactlymderbalance the gravitational force,
thus preventing free fall of the observer (or frankexample: a stationary observer on
the surface of the Earth (assuming the latter tarb&nertial” frame).

Consider now a particle inside a gravitatidiedd ¢(r), wherer is the position
vector relative to the origin of an inertial franTée gravitational force on the patrticle
at a given point islfG(F) =mg0(T), whereny is the gravitational mass of the particle.
Assuming that no other forces (of non-gravitationgfin) act on the particle, we
have that, by Newton’s Ia\Al,fG(F) =m, a(7), wherem, is the inertial mass anda(r)
is the local acceleration of the particle. Hence,

m a(t) = m; 9().
By postulating that
my = Mg (1)

(an assumption supported by ample experimentakecig see, e.g., [8]) we have:
a(r)=g(r) (2)
This leads to an important conclusion:
All bodies at the same place in a gravitationaldiexperience the same ac-

celeration, equal to the field strength, regardledstheir mass or internal
composition.
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Relation (1) identifying gravitational withertial mass expresses thenciple of
equivalenceand constitutes one of the most important priresipf gravitational the-
ory. Relation (2) then implies an equivalence betngravity andacceleration Let us
see the physical implications of this equivalence.

Aninertial observer whose local laboratory is placed in aitadonal field will
observe that all bodies that are subject to nordtrees except gravity (i.e., dheely
falling bodies) experience a common acceleration in ther#ory. On the other
hand, anacceleratedobserver (relative to an inertial frammyay from any gravita-
tional field will notice that, relative to her frame, &lee particles have a common ac-
celeration. Thus, by assuming the validity of tiggiealence principle (1), we come
to the conclusion that a local observer cannotwekther his frame is an inertial one
placed inside a gravitational field, or an accdiegaone away from any gravitational
field. One might say that “gravity is traded focaleration”, as suggested by Eq. (2).

Strictly speaking, the equality (2) concem®articular point in a gravitational
field. If the field varies significantly from oneomt to another inside the observer’'s
laboratory, then identical test particles will ekpace different accelerations at dif-
ferent points, which will indicate the presenceawmf inhomogeneous gravitational
field. We will assume that the field varies lit{iee., is almost homogeneous) inside
the observer’'s laboratory. Equivalently, the labimensions are small compared to
the distance over which the field varies appregian thattidal effects[8] become
noticeable.

Assume now that the observer’s laboratoryalhgarticles inside it are ifmee fall
under the sole action of gravity. Then, relativatoinertial frame, the lab and the par-
ticles will have a common acceleration equal toftblel strength, hence the particles
will not accelerate relative to the observer. Tégel may thus assume that her lab is
an “inertial” frame away from gravity, and all palés in the lab are “free” particles.
In a freely falling frame the effects of gravityealiminated!Again, the dimensions of
the lab must be sufficiently small compared to distance of appreciable change of
the gravitational field.

We say thaa freely falling laboratory looks locally like anertial frame of refer-
ence Of course, n@global inertial-looking frame can be defined by any fyekllling
lab in aninhomogeneougravitational field (the case of a globally homoegeus field
is purely theoretical).

4. Curved spacetime

We now pass to the relativistic point of view. Aadiog to SR, an inertial Lorentz
frame is equivalent to a system of spacetime coatds

X" = (O, X, %, ) = (ct, X, Y, 2)
with metric element (infinitesimal spacetime intjv

ds”= z,, dx“dx’= (dx°)? — (dx*)? — (dx*)? - (dx?)?
=c?dt® — d¥ — dyf — dZ (3)
where the standard summation convention of sumrmorg O to 3 over repeated up

and down indices has been used, and whgres an element of the constant matrix
(playing the role of metric tensor Minkowski space
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1 0 0 0
0-10 0
= = = diag(1,-1,~1,- 1 4
n=1=1g o 1 o o ) (4)
0 0 0 -1

The existence of global (pseudo-)Euclidean system of coordinates amgobally
constant metric tensay,, is an indication that the spacetime of SRat

Coordinate transformationg' (> x‘") between Lorentz frames are linear transfor-
mations of the form

x*'= AL X (5)
and are such that the metric elemdst is left invariant:
ds”= #,, dX“dX’ = 77, dx* dx’’ (6)
It follows that the matrix\ =[A”,] satisfies the relation
AnA=n o N, =1, 7)

(whereA' is the transpose of the matry. The coordinate transformations defined by
Egs. (5)(7) constitute théorentz transformationsf SR (see, e.g., [1]).
Transforming from an inertial to aaccelerating (thus non-inertial) frame is

equivalent to transforming to general (“curvilingacoordinatesx” that are func-
tions of thex*: X*=%“(x"), where byx* we collectively denote the...)A). In
terms of the new coordinates the spacetime intés\wa@tpressed as

d? =7, dX dk = g, (%) d% dx (8)

A transformation of this kind (as, more generalipy transformation relating non-
inertial frames) is generallyonlinear (see Appendix). In flat spacetime a coordinate

transformation may always transform a general megyj, (x*) back to the standard

constant metrigy,, of SR.

In the presence of gravity, only an approxehainertial frame may béocally
defined in a sufficiently small neighborhood of apacetime point by considering a
freely falling frame, as discussed in Sec. 3. largetrical terms, the flat spacetime of
SR where gravity is absent is analogous to a Eeatfid(here, pseudo-Euclidean)
space in which global Cartesian (here, Lorentzian) coordinate systemaanassoci-
ated constant metric can be defined. No globatisdeframe and Lorentzian coordi-
nate system can be defined, however, in spacetiengravity is present. Accord-
ingly, no global coordinate transformation from geal to Lorentzian coordinates ex-

ists that will transform a coordinate-dependentriveg ,, (X*) to the constant metric

n.» Of SR atall spacetime points. This is analogous to the absehagylobal Carte-
sian system of coordinates and a globally congtagitic in an intrinsicallycurved
space. We thus conclude thiatthe presence of gravity, spacetime must bedreas

a curved spacéhat is onlylocally flat. (Cut a tiny patch off a big spherical surface. It
will certainly look almost flat!)
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5. Geodesicsin curved spacetime

As follows from the principle of equivalence, E),(the trajectory of a freely falling
particle (subject only to gravity) is independehtltee mass or the internal composi-
tion of the particle and is related to the gravataal field itself. This field is deter-
mined by the distribution of matter and energy priace and time and, as we have
seen, produces antrinsic curvatureof spacetime and thus determines geemetry
of spacetime. It may thus be said that motion uigdavity is related to the properties
of spacetime itself.

Any freely falling particle follows geodesid8] of curved spacetime. This may
be defined as &traightest possible pathin spacetime, i.e., a curve whose direction
is unchanging as one moves along it (in geometterahs, the tangent vector to the
curve is parallel-transported along the curve). itEantly, given two spacetime
pointsA andB, a geodesic connectirfgwith B is the unique path of extremal lenth
from Ato B.

In particular, even light follows a geodesfccurved spacetime in a gravitational
field. Indeed, since light carries energy (consgsiof photons) it must also carry iner-
tia, according to the equivalence between theseptwsical properties. Thus, by the
equivalence principle of gravitation, light carri@s effective “gravitational mass” and
is thus affected by the distribution of matter awkergy, hence by the geometry of
spacetime.

In flat spacetime (i.e., away from gravityoglesics arstraight lines and corre-
spond to inertial motions of free particles andgagation of light rays.

6. Local inertial frames

We have seen that, as a consequence of the pamaliglquivalence, it is possible to
locally remove the effects of gravity. Moreover, a graitaal field islocally equiva-
lent to an accelerated frame of reference. Letaks & closer look at these issues by
first treating the problem in the framework of di@sl Newtonian theory.

Consider a patrticle of inertial massand gravitational massg, placed inside a
uniform gravitational field § = const The gravitational force on the particle is equal

to m;g. The particle is also subject tonan-gravitationalforce of the formF'(R),

where R is the position vector of the particle relativethe physical agent responsi-
ble for this force. The motion of the particle tala to aninertial frame of reference
is determined by Newton’s law:

d?r -
mIF: g+ F(R,

where ' is the position vector of the particle relative ttee origin of the inertial
frame. By postulating thai, = mg=m (equivalence principle) we have:

d?r -
mF: mg+ F(R (9)

! Literally: maximum proper time [8].
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We now shift to dreely falling reference frame inside the uniform gravitational
field g. According to Eq. (2), the frame (as any freellirfg object) has acceleration
equal to the field strength at any point. Thusfteely falling frame has constant ac-
celerationg relative to the inertial frame, executing unifoyrakccelerated motion.

Let " be the position vector of the particterelative to the origin of the falling
frame. The acceleration of relative to this frame is equal to

d’r d¥F . h dFr dF
a2 qe 9 sethal =Tt

Combining this with (9) and eliminatingng, we find:

s K (-
m—— = F' 10
e (R (10)

We observe thathe gravitational field has been “washed off” inettireely falling
frame

Now, a particlen that is subject to no forces other than gravity aso be in free
fall with accelerationg relative to the inertial frame, thus it will hame acceleration

relative to the falling frame. Indeed, Eq. (10)iwi'(R) =0 vyields
d’r
dt?

which means that the particle mowasiformly relative to the falling frame, thus de-
scribes a straight-line trajectory in that framee \@bnclude that, from the point of
view of an observer in the falling frame, the paetm appears to be a “free” particle
moving with constant velocity inside an apparerithertial” frame away from any
gravitational field.

Moreover,n the freely falling frame even light propagatesstraight lines like
any massive freely-falling particle. (As remarkeéypously, the consequences of the
equivalence principle also affect light given thatarries energy, thus inertia, thus an
effective gravitational “mass”.) However, the pathlight will be curvedrelative to
aninertial frame located somewhere inside the gravitatiowdd.fIn other words, an
inertial observer will notice Aending of lightdue to the gravitational field (see Ap-
pendix).

As follows from the above discussion, whemfgrening non-gravitational ex-
periments in a laboratory we cannot tell whethearlah is a truly inertial frame, away
from any gravitational field, or a freely fallingaime inside a uniform gravitational
field.

More generally, we cdacally remove the effects of a gravitational field even i
is non-uniformby choosing a freely falling frame, provided tha size of this frame
is small compared to the characteristic length ewiech the gravitational field varies
appreciably.

Generalizing to relativity we may say thatem in the presence of gravity, the
curved spacetime iwcally almost indistinguishable from flat Minkowski spaaed
the laws of Physics are seen to be the usual $petasivistic laws in the absence of
gravity. Henceat each pointof spacetime (or, in a small neighborhood of sach
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point) we can always define a system of Lorentziaardinates corresponding to a
freely falling frame. This inertial-looking frames icalledlocal inertial frame Of
course, aglobal inertial frame and alobal coordinate system covering the entire
spacetime is an impossibility, except in the (urgatgl) case of a perfectly uniform
gravitational field.

Let us summarize: In the presence of grawity may define a local inertial frame
in a sufficiently small neighborhood of any spawtetipoint by considering a freely
falling frame. In such a frame the non-gravitatiolaavs of Physics are the standard
ones of SR (or of classical Physics in the nontirestic limit). This reflects the fact
that spacetime is locally flat, although it is cemvon a larger scale due to gravity, the
effects of which can only be removed locally (israall region of spacetime where
the gravitational field can be considered almosistant in space and time).

7. Concluding remarks

A (generally inhomogeneous) gravitational field s.xdd geometrical structure to the
flat spacetime of SR; namely, it endows spacetinth wurvature The spacetime of
GR is thus a genuine Riemannian space [8] the fpgroperties of which are de-
termined by the distribution of matter and energgpace and time.

Sinceglobal Lorentzian coordinates with a globally constantrioe;,, cannot be
defined in a curved spacetime, in GR one must aftmwgeneral spacetime coordi-

natesx” as well as a corresponding non-constant megLil;(W) that cannot be re-

duced tor,, by any global coordinate transformation, exceparat particular space-
time point (or, at best, in a small neighborhoodwh a point).

Moreover, the linear Lorentz transformati@isSR, relating different Lorentzian
systems of coordinates that correspond to genuinelyial frames, must be replaced

by generalnponlineartransformations of th&” . Accordingly, the Lorentz invariance
of physical laws, assumed in the gravity-free $lpace of SR, must be generalized to
general invariancainder the nonlinear coordinate transformationSRf In order for
this to be achieved, the equations expressing palykws must be re-expressed in
forms that comply with the aforementioned requiretad general invariance [8].

The existence dbcal inertial frames corresponding to local Lorentzian coordi-
nates, is a manifestation of tloeeal flathessof a curved Riemannian spacetime. In the
special case wheregobal transformation from general spacetime coordinatitis
non-constant metric, to Lorentzian coordinates wikktrics,, , exists, the spacetime
is flat and gravity is absent. The general coorgimahen simply correspond to ac+
celeratedframe of reference, relative to the inertial franaowed by SR.

Finally, the curvature, hence the geomethgpacetime is determined by the gen-

eral metric gw(iﬂ) and is dependent on the distribution of matter andrgy in

spacetime. The relationship between this distrdrutind the spacetime geometry is
mathematically expressed by tBastein field equationésee, e.g., [3,8]), a set of dif-
ferential equations for the metric components.
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Appendix
A. Worldline geometry

To simplify our analysis we treat the problem witlhe framework of classical New-
tonian mechanics and Galilean relativity. Thus ®pacetime” will actually be the

Newtonian one where time is absolute (frame-inddpet). Our general conclusions,
however, will still be valid in SR (upon necessargdifications regarding the relativ-
ity of time).

Proposition: The worldline of dree particle in a spacetime diagram, as well as the
trajectory of this particle in space, are straighes relative to an inertial frame of ref-
erence.

Proof: We assume for simplicity that the motion of theefiparticle is confined to
the xy-plane ¢=0). Relative to an inertial frame the particle m®wath constant ve-
locity. The equations of motion are thus lineatiime, of the form

X=at+p, y=yt+o (A.1)
with constant a, f. Relations (A.1) describe a straight worldlineairspacetime dia-
gram. To find the equation of the trajectory wenghatet between the two equations
in (A.1). The result is

y=«xX+. where x=yla, A= —pylo,

describing a straight-line path in theplane.

!

y

V = const

Fig. 1

Let O be the origin of the inertial frame within whichet equations of motion
(A.1) apply. We consider a second inertial framéhvarigin O’, the axes of which
frame are parallel to those Of(see Fig. 1). The two systems of axes coincidaret
t=0, while fort >0 the frameO’ is moving with constant velocity relative toO
along the commom-axis of the two frames. The coordinate transforametirelating
the two frames are

X'=x=Vt, y=y, t'=t o x=x+Vt', y=y’, t=t’ A.2)

To find the equations of motion of the fremtjcle relative to the fram®’, we
substitutex, y andt from (A.2) into (A.1):
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X=(a=V)t'"+p, y=yt"+9,

which are linear equations th By eliminatingt” we can find the equation for the tra-
jectory in thex’y’-plane, which is again of the formn'= xx’+ 4. Therefore, a straight-
line path in theD-frame is transformed into a straight-line pathha @ -frame, both
frames being inertial.

y y
2
at’ ——> a=const
2
o «
O/ X
Z r4
Fig. 2

We next consider the case where the fra@més accelerating in th&-direction
relative to the inertial fram@®, with constant acceleratian(Fig. 2). For simplicity we
assume that the initial velocity @f relative toO, at the moment=0 whenO andO"’
coincide, is zero. The coordinate transformati@hating the two frames are

X'=x-at?2, y=y, t'=t < x=x'+at’¥2, y=y’, t=t’ (A.3)

The equations of motion of the free particle refatio the non-inertial fram®" are
found by substituting, y andt from (A.3) into (A.1):

X'=—at’?2+at’ +f, y=pt'+4.

By eliminatingt” we can find the equation for the trajectory of ttee particle in the
X'y -plane, which is an equation of a parabola:

' = Ky,2 Ay

Conclusion:A straight path relative to an inertial frame agseurvedin a non-
inertial frame. Equivalently, a straight path iman-inertial frame appears curved
relative to an inertial frame.

The above remarks lead to an explanatiorhefetffect of bending of light in a
gravitational field.
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B. Bending of light by gravity

This can be viewed in two ways.
1. View of Ellis & Williams [6]:

In aninertial frame away from gravity light travels in straight lines. By the
equivalence principle, the same must be true foeely fallingframe inside a gravita-
tional field. Indeed, as mentioned previously, sitight carries energy it has inertia
and therefore possesses an effective “gravitatioaas”; it is thus affected by gravity
like any material particle. Now, as we saw in S&cany physical entity (including
light) subject to no other interactions except gyeappears to travel in a straight-line
path inside a freely falling lab.

On the other hand, relative toiaertial observeinsidea gravitational field (i.e.,
someone who istationaryrather than free-falling), a path that seemsgltitain a fal-
ling lab will appear to beurved Thus the stationary observer (e.g., one on thas
of the Earth) will conclude that the gravitatiorii@ld has the effect obendingthe
path of light.

2. View of Susskind [9]:

Again, light travels in straight lines in arertial frame away from gravity. How-
ever, the path of light will appear to barvedrelative to amacceleratedirame. On
the other hand, the accelerated fraonsidegravity is locally equivalent to an inertial
frame placednside a gravitational field (cf. Sec. 3). Therefore, thiaserver in the
latter frame will conclude that the gravitation@ld bends the path of light.
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