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In textbooks in electromagnetism the principle @bexrposition is usually referred to
in the context of electrostatics and is justifigd@oulomb’s law and by the superpo-
sition principle for forces postulated in classicaéchanics. At a deeper level of
analysis, the superposition principle for time-degEnt electromagnetic fields is a
direct consequence of the linearity of Maxwell’stgyn of equations. The analogous
principle for forces is a separate axiom in mect@rnndependent of Newton's laws.

In textbooks in electromagnetism, both of internagel{1-5] and advanced [6-8] level,
the principle of superposition is usually refertedin the chapter on electrostatics.
The idea is very simple: As experiment shows, titeraction of any two charges is
unaffected by the presence of other charges. Thu€oulomb’s law and by the su-
perposition principle for forces postulated in slaal mechanics [9] the electric field
created by a system of charges equals the veatoro$ihe fields due to each charge
separately.

Indeed, let ¢ (k=1,2,...) be a set of stationargharges and le{E,(F)}
(k=1,2,...) be the corresponding electrostatic fieltsated separately by each of these
charges. We consider a test chaggénot belonging to the setyf}) placed at some
point I of space and we caFfk the force orgy due to the fieIdEk created by . By
the superposition principle for forces, the totaick onqp by the electric field of the

entire system g is the vector sumF = > F . Consider now a vector field whose

|
value at the location afp is

L E oF
E(f)=—=) L.
o Zi:qo

By Coulomb’s law, the force oy due tog; is proportional tayy, so that the quotient
lfi/q0 is independent afly and uniquely defines the electric fieE;l due tog; at the
location ofqo. Hence, the vector sum

E(N) =2 E(M

is independent of the test chamgeand represents the electric field produced by the
entire collection of charges}.

! Relative to an inertial observer [9].
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Notice that the above proof rests critically two assumptionsa) the force ex-
erted by a chargex onqp is independent of the forces exertedgemy other charges;
(b) Coulomb’s law is valid. As mentioned above, asgtiom (@) is related to the prin-
ciple of superposition for force§one might call it “Newton’s fourth law”); namely,
the total force on a particle due to its simultareemteraction with several objects is
equal to the vector sum of the forces due to e&phcbacting independently on the
particle. As for Coulomb’s law, it is the physi@ntent of Gauss’ law for the electric
field, the latter law constituting the first of Marll’s equations for the electromag-
netic (e/m) field. It is thus an interesting exeecto check that the Maxwell system of
equations is consistent with the principle of sppsition in its most general form.

The Maxwell equations for the e/m fie(&, B) is a system of linear first-order
partial differential equations:
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where the charge and current densi(imr”,t), j(f,t)) are subject to the equation of

continuity

7.3+ g (2)
required for charge conservation.
Consider a regiof? of space and Ie(tpk(f,t), jk (F,t)) (k=1,2,...) be a collection
of charge and current distributions withih Each pair(pk,jk) is subject to the con-
dition

- = Op
J +—%£=0 3
Koot ®)

<

We assume that there are no charges and/or cuiretite exterior of2, so that the
e/m field inQ is due exclusively to the sources contained in . Each individual distri-

bution (p,J,) will give rise to a corresponding e/m fielE,,B,) satisfying the
Maxwell system:

V.E =A< 9xE -
& ot
. (4)
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V-B =0 vXBk:/uo‘-]k+50,uoE

2 First stated by Daniel Bernoulli after Newton'satte



PRINCIPLE OF SUPERPOSITION IN ELECTRODYNAMICS

We now define a total distributiq, J) in Q by
pED=2 A, JFEH=2JFL) (5)
i i

By using (3) and by taking into account the lingaaf thediv ando/ot operators, the
continuity equation (2) may easily be verified foe total distribution (5). We also

define the pair of vector function&, B) in Q by
EF.HD=>EFt), Brt)=>BF.1) (6)
i i

where (E,,B,) is the e/m field produced by the distribution, , J, ). We propose to
show that(E, B) is the e/m field in@ produced by the total distributiofp, J). For
this to be the case it is sufficient that the pditB) satisfy the Maxwell system (1)
for the distribution(p, J), given that, by assumption, there are no souroeside 2
that might contribute to the e/m field insite

By substituting the sums (6) for the vectamdtions (E, B) into Maxwell’'s equa-

tions (1) and by taking relations (4) and (5) iattwount, it is not hard to show that the
system (1) is indeed satisfied. For example,

.o - _ I C - =
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- 0 = - OE
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We conclude that

if the distributions (pk,jk) independently produce the corresponding e/m

fields (E.,B,) (k=1,2,...) in a region2, then the e/m field i®2 produced by
the total distribution (5) is given by the vectanss in (6).

Notice that this generalized form of the sppsition principle for time-dependent
e/m fields rests on the linearity of Maxwell’s difential equations. Thus, in electro-
magnetism the principle of superposition is “bunlto” the fundamental equations of
the theory from the outset, which is not the cagk Wewtonian mechanics where the
analogous principle for forces must be addembsteriori to the system of basic laws
(see, e.g., [9]).
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