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    Abstract. The study of symmetries of partial differential equations (PDEs) has been 
traditionally treated as a geometrical problem. Although geometrical methods have 
been proven effective with regard to finding infinitesimal symmetry transformations, 
they present certain conceptual difficulties in the case of matrix-valued PDEs; for  
example, the usual differential-operator representation of the symmetry-generating  
vector fields is not possible in this case. In this article an algebraic approach to the 
symmetry problem of PDEs – both scalar and matrix-valued – is described, based on 
abstract operators (characteristic derivatives) that admit a standard differential-operator 
representation in the case of scalar-valued PDEs. A number of examples are given.  
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1.  Introduction  
 
The symmetry properties of partial differential equations (PDEs) have been tradition-
ally treated as a geometrical problem in the jet space of the independent and the de-
pendent variables (including a sufficient number of partial derivatives of the latter 
variables with respect to the former ones). Two more or less equivalent approaches 
have been adopted: (a) invariance of a system of PDEs under infinitesimal transfor-
mations generated by corresponding vector fields in the jet space [1]; (b) invariance of 
a differential ideal of differential forms representing the system of PDEs, under the 
Lie derivative with respect to the vector fields representing the symmetry transforma-
tions [2-6].  
      Although effective with regard to calculating symmetries, these geometrical ap-
proaches suffer from a certain drawback of conceptual nature when it comes to ma-
trix-valued PDEs. The problem is related to the inevitably mixed nature of the vari-
ables in the jet space (scalar independent variables versus matrix-valued dependent 
ones) and the need for a differential-operator representation of the symmetry vector 
fields. How does one define differentiation with respect to matrix-valued variables? 
Moreover, how does one calculate the Lie bracket of two differential operators in 
which some (or all) of the variables, as well as the coefficients of partial derivatives 
with respect to these variables, are matrices?  
      Although these difficulties were handled geometrically in a somewhat ad hoc way 
in [4-6], it was eventually realized that an alternative, purely algebraic approach to 
the symmetry problem would be more appropriate in the case of matrix-valued PDEs. 
Such an approach was presented in [7], although in practice it had already been ap-
plied in particular problems [8-10] before a full-blown formal theoretical framework 
was developed.  
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      This algebraic framework for symmetries of PDEs is described in this article. In 
Sections 2 and 3 we introduce the concept of characteristic derivatives – an abstract 
generalization of the geometrical notion of vector fields in differential-operator form – 
and we demonstrate the Lie-algebraic character of the set of these derivatives.  
      The general symmetry problem for both scalar and matrix-valued PDEs is pre-
sented in Sec. 4, and the Lie-algebraic property of symmetries of a PDE is proven in 
Sec. 5. In Sec. 6 we discuss the concept of a recursion operator [1,8-14] by which an 
infinite set of symmetries may in principle be produced from any known symmetry. 
An application of these ideas is made in Sec. 7 by using the chiral field equation as an 
example.  
      A symmetry of a PDE amounts to the invariance of this equation under the action 
of a corresponding characteristic derivative. Given the latter operator, an infinitesimal 
symmetry of the PDE may be defined. Section 8 discusses the use of symmetry opera-
tors to construct finite one-parameter symmetry transformations of PDEs. As a peda-
gogical example, a number of point-symmetry transformations for the two-
dimensional Laplace equation are derived in Sec. 9. Finally, in Sec. 10 the case of 
Bäcklund-transformation-related recursion operators [9] is discussed.  
      To simplify our formalism we will restrict our analysis to the case of a single PDE 
in one dependent variable. For systems of scalar-valued PDEs in several dependent 
variables see, e.g., [1].  
      The material presented in this article is largely based on the original article [7], 
with additional results contained in Sec. 8-10.  
 
 

2.  The fundamental operators  
 
A PDE for the unknown function u=u(x1, x2, ... ) ≡ u(xk) [where by (xk) we collectively 
denote the independent variables x1, x2, ...] is an expression of the form F[u]=0, where 
F[u]  ≡ F(xk, u, uk , ukl , ...) is a function in the jet space [1] of the independent variables 
(xk), the dependent variable u, and the partial derivatives of various orders of u with 
respect to the xk, which derivatives will be denoted by using subscripts: uk , ukl , uklm , 
etc.  A solution of the PDE is any function u=φ(xk) for which the relation F[u]=0 is 
satisfied.  
      The dependent variable u, as well as all functions F[u] in the jet space, will gener-
ally be assumed to be square-matrix-valued of fixed (but otherwise unspecified) ma-
trix dimensions. In particular, we require that, in its most general form, a function 
F[u] in the jet space is expressible as a finite or an infinite sum of products of alternat-
ing x-dependent and u-dependent terms, of the form  
 

  [ ] ( ) [ ] ( ) [ ] ( )k k kF u a x u b x u c x′= Π Π∑ ⋯                              (1) 

 
where the a(xk), b(xk), c(xk), etc., are (generally) matrix-valued and where the matrices 
Π[u], Π΄[u], etc., are products of variables u, uk , ukl , etc., of the “fiber” space (or, 
more generally, products of powers of these variables). The set of all functions (1) is 
thus a (generally) non-commutative algebra.  
      If u is a scalar quantity, a total derivative operator can be defined in the usual dif-
ferential-operator form  
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           i i i j i j ki
j j k

D u u u
u u ux

∂ ∂ ∂ ∂
= + + + +

∂ ∂ ∂∂
⋯                             (2) 

 
where the summation convention over repeated up-and-down indices (such as j and k 
in this equation) has been adopted and will be used throughout. If, however, u is ma-
trix-valued, the above expression is obviously not valid. A generalization of the defi-
nition of the total derivative is thus necessary for matrix-valued PDEs.  

      Definition 1. The total derivative operator with respect to the variable xi is a linear 
operator Di acting on functions F[u] of the form (1) in the jet space and having the 
following properties:  

      1. On functions f (x
k) in the base space,  Di  f (x

k) = ∂f / ∂xi ≡ ∂i  f (x
k) .  

      2. For F[u]=u , ui , uij , etc., we have:  Di u =  ui ,  Di uj = D j ui =  uij =  uji ,  etc.  

      3. The operator Di is a derivation on the algebra of all matrix-valued functions of 
the form (1) in the jet space; i.e., the Leibniz rule is satisfied:  
 

      Di (F [u]G [u]) = (Di F [u]) G [u] + F [u]  Di  G [u]                            (3) 
 
      Higher-order total derivatives Dij  =  Di  Dj may similarly be defined but they no 
longer possess the derivation property. Given that  ∂i  ∂j=∂j  ∂i  and that uij=uji , it follows 
that Di  Dj =  Dj  Di ⇔ Dij =  Dji ; that is, total derivatives commute. We write: [Di , Dj]=0, 
where, in general, [A, B]  ≡ AB–BA will denote the commutator of two operators or two 
matrices, as the case may be.  
      If  u

–1 is the inverse of u, such that  uu–1=  u
–1u =  1111, then we can define  

 

          ( ) ( )1 1 1
i iD u u D u u− − −≡ −                                              (4) 

 
Moreover, for any functions A[u] and B[u] in the jet space it can be shown that  
 

             Di [A, B] = [Di A, B]  +  [A, Di B]                                          (5) 
 
      As an example, let (x1, x2) ≡ (x, t) and let F[u]=xtux

2, where u is matrix-valued. 
Writing F[u]=xtuxux , we have: Dt F[u]=xux

2 + xt (uxt ux +  ux uxt ).  

      Let now Q[u]  ≡ Q (xk, u, uk , ukl , ...) be a function in the jet space. We will call this 
a characteristic function (or simply a characteristic) of a certain derivative, defined as 
follows:  

      Definition 2. The characteristic derivative with respect to Q[u] is a linear operator 
∆Q acting on functions F[u] in the jet space and having the following properties:  

      1. On functions f (x
k) in the base space,   

 
∆ Q  f (x

k ) =  0                                                      (6) 
 
(that is, ∆Q  acts only in the fiber space).  

      2. For  F[u]=u ,  

             ∆ Q u =  Q[u]                                                       (7) 
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      3. ∆Q  commutes with total derivatives:  
 

             ∆ Q Di =  Di ∆ Q   ⇔   [∆ Q , Di ] =  0   (all i)                                 (8) 
 
      4. The operator ∆Q is a derivation on the algebra of all matrix-valued functions of 
the form (1) in the jet space (the Leibniz rule is satisfied):  
 

      ∆Q (F [u]G [u]) = (∆Q F [u]) G [u] + F [u]  ∆Q G [u]                            (9) 
 
      Corollary: By (7) and (8) we have:  
 

    ∆ Q ui =  ∆ Q Di u =  Di  Q[u]                                          (10) 
 
      We note that the operator ∆Q is a well-defined quantity, in the sense that the action 
of ∆Q on u uniquely determines the action of ∆Q on any function F[u] of the form (1) 
in the jet space. Moreover, since, by assumption, u and Q[u] are matrices of equal di-
mensions, it follows from (7) that ∆Q preserves the matrix character of u, as well as of 
any function F[u] on which this operator acts.  
      We also remark that we have imposed conditions (6) and (8) having a certain 
property of symmetries of PDEs in mind; namely, every symmetry of a PDE can be 
represented by a transformation of the dependent variable u alone, i.e., can be ex-
pressed as a transformation in the fiber space (see [1], Chap. 5).  
      The following formulas, analogous to (4) and (5), may be written:  
 

              ( ) ( )1 1 1
Q Qu u u u− − −∆ ≡ − ∆                                          (11) 

             ∆Q [A, B] = [∆Q A, B]  +  [A, ∆Q B]                                      (12) 
 
      As an example, let (x1, x

2) ≡ (x, t) and let F[u]=a(x,t)u2b(x,t)+[ux , ut] , where a, b 
and u are matrices of equal dimensions. Writing u2=uu and using properties (7), (9), 
(10) and (12), we find:  ∆Q F[u]=a(x,t)(Qu+uQ)b(x,t)+[Dx Q, ut]+[ux , Dt Q].  

      In the case where u is scalar-valued (thus so is Q[u]) the characteristic derivative 
∆Q admits a differential-operator representation of the form  
 

    ( ) ( )[ ] [ ] [ ]Q i i j
i i j

Q u D Q u D D Q u
u u u

∂ ∂ ∂
∆ = + + +

∂ ∂ ∂
⋯                     (13) 

 
See [1], Chap. 5, for an analytic proof of property (8) in this case.  
 
 

3.  The Lie algebra of characteristic derivatives  
 
The characteristic derivatives ∆Q acting on functions F[u] of the form (1) in the jet 
space constitute a Lie algebra of derivations on the algebra of the F[u]. The proof of 
this statement is contained in the following three Propositions.  

      Proposition 1. Let ∆Q be a characteristic derivative with respect to the characteris-
tic Q[u]; i.e., ∆Q u=Q[u]  [cf. Eq. (7)]. Let λ be a constant (real or complex). We de-
fine the operator λ∆Q by the relation  
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(λ∆Q) F[u] ≡ λ (∆Q F[u]  ) . 
 
Then, λ∆Q is a characteristic derivative with characteristic λQ[u]. That is,  
 

         Q Qλλ ∆ = ∆                                                       (14) 

 
      Proof. (a) The operator λ∆Q is linear, since so is ∆Q .  

(b)  For F[u]=u,  (λ∆Q)u= λ(∆Q u)=λQ[u] .  

(c)  λ∆Q commutes with total derivatives Di , since so does ∆Q .  

(d)  Given that ∆Q satisfies the Leibniz rule (9), it is easily shown that so does λ∆Q .  
 
      Comment: Condition (c) would not be satisfied if we allowed λ to be a function of 
the xk instead of being a constant, since λ(xk) generally does not commute with the Di. 
Therefore, relation (14) is not valid for a non-constant λ.  

      Proposition 2. Let ∆1 and ∆2 be characteristic derivatives with respect to the char-
acteristics Q1[u] and Q2[u], respectively; i.e., ∆1u=Q1[u], ∆2u=Q2[u]. We define the 
operator ∆1+∆2 by  
 

(∆1+∆2) F[u] ≡ ∆1 F[u]  + ∆2 F[u] . 
 
Then, ∆1+∆2 is a characteristic derivative with characteristic Q1[u]+Q2[u]. That is,  
 

       1 2 1 2with [ ] [ ] [ ]Q Q u Q u Q u∆ + ∆ = ∆ = +                               (15) 

 
      Proof. (a) The operator ∆1+∆2 is linear, as a sum of linear operators.  

(b)  For F[u]=u,  (∆1+∆2)u =  ∆1u +∆2u =  Q1[u]+Q2[u] .  

(c)  ∆1+∆2 commutes with total derivatives Di , since so do ∆1 and ∆2 .  

(d)  Given that each of ∆1 and ∆2 satisfies the Leibniz rule (9), it is not hard to show 
that the same is true for ∆1+∆2 .  

      Proposition 3. Let ∆1 and ∆2 be characteristic derivatives with respect to the char-
acteristics Q1[u] and Q2[u], respectively; i.e., ∆1u=Q1[u], ∆2u=Q2[u]. We define the 
operator [∆1 , ∆2] (Lie bracket of ∆1 and ∆2) by  
 

[∆1 , ∆2]  F[u] ≡ ∆1 (∆2 F[u]) – ∆2 (∆1 F[u]) . 
 
Then, [∆1 , ∆2] is a characteristic derivative with characteristic ∆1Q2[u]–∆2Q1[u]. That 
is,  

    1 2 1 2 2 1 1,2[ , ] with [ ] [ ] [ ] [ ]Q Q u Q u Q u Q u∆ ∆ = ∆ = ∆ − ∆ ≡                    (16) 

 
      Proof. (a) The linearity of [∆1 , ∆2] follows from the linearity of ∆1 and ∆2 .  

(b)  For F[u]=u,  [∆1 , ∆2]u =  ∆1 (∆2u) – ∆2 (∆1u) = ∆1Q2[u]–∆2Q1[u] ≡ Q1,2[u] .  

(c)  [∆1 , ∆2] commutes with total derivatives Di , since so do ∆1 and ∆2 .  
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(d)  Given that each of ∆1 and ∆2 satisfies the Leibniz rule (9), one can show (after 
some algebra and cancellation of terms) that the same is true for [∆1 , ∆2].  

      In the case where u (thus the Q’s also) is scalar-valued, the Lie bracket admits a 
standard differential-operator representation:  
 

      ( ) ( )1 2 1,2 1,2 1,2[ , ] [ ] i i j
i i j

Q u D Q D D Q
u u u

∂ ∂ ∂
∆ ∆ = + + +

∂ ∂ ∂
⋯                (17) 

 
where   Q1,2[u] = [∆1 , ∆2]  u = ∆1Q2[u]  – ∆2Q1[u] .  
 
      The Lie bracket [∆1 , ∆2] has the following properties:  
 

1. [∆1 , a∆2+b∆3] = a [∆1 , ∆2]  + b [∆1 , ∆3] ;  

[a∆1+b∆2 , ∆3] = a [∆1 , ∆3]  + b [∆2 , ∆3]        (a, b = const.)  

2. [∆1 , ∆2] = – [∆2 , ∆1]      (antisymmetry)  

3. [∆1 , [∆2 , ∆3]] + [∆2 , [∆3 , ∆1]] + [∆3 , [∆1 , ∆2]] = 0 ;  

[[∆1 , ∆2]  , ∆3] + [[∆2 , ∆3]  , ∆1] + [[∆3 , ∆1]  , ∆2] = 0        (Jacobi identity)  

 
 

4.  Infinitesimal symmetry transformations of a PDE  
 
Let F[u]=0 be a PDE in the independent variables xk ≡ x

1, x2, ... , and the (generally) 
matrix-valued dependent variable u. A transformation u(xk)→u΄(xk) from the function 
u to a new function u΄ represents a symmetry of the PDE if the following condition is 
satisfied: u΄(xk) is a solution of F[u]=0 when u(xk) is a solution; that is, F[u΄]=0 when 
F[u]=0.  
      We will restrict our attention to continuous symmetries and, for the moment, to 
infinitesimal transformations. Although such symmetries may involve transformations 
of the independent variables (xk), they may equivalently be expressed as transforma-
tions of u alone (see [1], Chap. 5), i.e., as transformations in the fiber space.  
      An infinitesimal symmetry transformation is written symbolically as  
 

u → u΄= u+δu 
 
where δu is an infinitesimal quantity, in the sense that all powers (δu)n with n>1 may 
be neglected. The symmetry condition is thus written  
 

            F[u+δu]  = 0   when   F[u]  = 0                                        (18) 
 
      An infinitesimal change δu of u induces a change δF[u] of F[u], where  
 

δF[u] = F[u+δu] – F[u]   ⇔   F[u+δu] = F[u] + δF[u]                     (19) 
 
Now, if δu is an infinitesimal symmetry and if u is a solution of F[u]=0, then u+δu 
also is a solution; that is, F[u+δu]=0. This means that δF[u]=0 when F[u]=0. The 
symmetry condition (18) is thus written as follows:  
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δF[u]  = 0   mod   F[u]                                              (20) 
 
      A finite symmetry transformation (we denote it M) of the PDE F[u]=0 produces a 
one-parameter family of solutions of the PDE from any given solution u(xk). We ex-
press this by writing  
 

    : ( ) ( ; ) with   ( ;0) ( )k k k kM u x u x u x u xα→ =                             (21) 
 
For infinitesimal values of the parameter α,  
 

    
0

( ; ) ( ) [ ] where [ ]k k du
u x u x Q u Q u

d α

α α
α =

+ =≃                         (22) 

 
The function Q[u]  ≡ Q(xk, u, uk , ukl , ...) in the jet space is called the characteristic of 
the symmetry (or, the symmetry characteristic). Putting  
 

( ; ) ( )k ku u x u xδ α= −                                                (23) 
 
we write, for infinitesimal α,  
 

        δu = α Q[u]                                                         (24) 
 
      We notice that the infinitesimal operator δ has the following properties:  

1. According to its definition (19), δ is a linear operator :  
 

δ(F[u]+G[u]) =  (F[u+δu]+ G[u+δu]) – (F[u]+G[u]) = δF[u]+δG[u] . 
 
2. By the nature of our symmetry transformations, δ produces changes in the fiber 
space while it doesn’t affect functions f (x

k) in the base space [this is implicitly stated 
in (23)].  

3. Since δ represents a difference, it commutes with all total derivatives Di :  
 

δ (Di A[u]) = Di (δA[u]) . 

In particular, for A[u]=u,  
 

δui =  δ (Di u) =  Di (δu) =  α Di Q[u]  , 
 
where we have used (24).  

4. Since δ expresses an infinitesimal change, it may be approximated to a differential; 
in particular, it satisfies the Leibniz rule:  
 

δ (A[u]B[u]) =  (δA[u])  B[u]  +  A[u]  δB[u] . 
 
For example,  δ(u2) =  δ(uu) =  (δu)u+uδu =  α (Qu+uQ) .  
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      Now, consider the characteristic derivative ∆Q with respect to the symmetry char-
acteristic Q[u]. According to (7),  
 

∆Q u =  Q[u]                                                     (25) 
 
We observe that the infinitesimal operator δ and the characteristic derivative ∆Q share 
common properties. From (24) and (25) it follows that the two linear operators are 
related by  

     δu = α ∆Q u                                                      (26) 
 
and, by extension,   
 

δui =  α Di Q[u]  =  α ∆Q ui ,  etc. 
 
[see (10)]. Moreover, for scalar-valued u and by the infinitesimal character of the op-
erator δ, we may write:  
 

[ ] [ ] [ ] [ ]i i i j
i i i j

F F F F F
F u u u Q u D Q u D D Q u

u u u u u
δ δ δ α

 ∂ ∂ ∂ ∂ ∂
= + + = + + +  ∂ ∂ ∂ ∂ ∂ 

⋯ ⋯  

 
while, by (13),  
 

    [ ] [ ] [ ] [ ]Q i i j
i i j

F F F
F u Q u D Q u D D Q u

u u u

∂ ∂ ∂
∆ = + + +

∂ ∂ ∂
⋯                 (27) 

 
      The above observations lead us to the conclusion that, in general, the following 
relation is true:  
 

      δF[u]  =  α ∆Q F[u]                                                (28) 
 
The symmetry condition (20) is thus written:  
 

    ∆Q F[u]  = 0   mod   F[u]                                            (29) 
 
In particular, for a scalar-valued u the above condition assumes the form  
 

    [ ] [ ] [ ] 0 mod [ ]i i j
i i j

F F F
Q u D Q u D D Q u F u

u u u

∂ ∂ ∂
+ + + =

∂ ∂ ∂
⋯                 (30) 

 
which is a linear PDE for Q[u]. More generally, for matrix-valued u and for a function 
F[u] of the form (1), the symmetry condition for the PDE F[u]=0 is a linear PDE for 
the symmetry characteristic Q[u]. We write this PDE symbolically as  
 

        S (Q ; u) ≡ ∆Q F[u]  = 0   mod   F[u]                                     (31) 
 
where the function S (Q ; u) is linear in Q and all total derivatives of Q. The linearity of 
S in Q follows from the Leibniz rule and the specific form (1) of F[u].  
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      Below is a list of formulas that may be useful in calculations:  
 

• ∆Q ui =  Di Q[u] ,   ∆Q uij =  Di Dj Q[u] ,   etc.  

• ∆Q u
2 =  ∆Q (uu) =  Q[u]u+uQ[u]   (etc.)  

• ∆Q (u
–1) = – u–1 (∆Q u) u

–1 = – u–1 Q[u]  u
–1   

• ∆Q [A[u]  , B[u]] = [∆Q A , B] + [A , ∆Q B]   
 
      Comment: According to (29), ∆Q F[u] vanishes if F[u] vanishes. Given that ∆Q is a 
linear operator, the reader may wonder whether this condition is identically satisfied 
(a linear operator acting on a zero function always produces a zero function!). Note, 
however, that the function F[u] is not identically zero; it becomes zero only for solu-
tions of the given PDE. What we need to do, therefore, is to first evaluate ∆Q F[u] for 
arbitrary u and then demand that the result vanish when u is a solution of the PDE 
F[u]=0.  
      An alternative – and perhaps more transparent – version of the symmetry condi-
tion (29) is the requirement that the following relation be satisfied:  
 

     ˆ[ ] [ ]QF u L F u∆ =                                               (32) 

 
where L̂  is a linear operator acting on functions in the jet space (see, e.g., [1], Chap. 2 
and 5, for a rigorous justification of this condition in the case of scalar-valued PDEs). 
For example, one may have  
 

,

[ ] ( ) [ ] ( ) [ ] ( ) [ ] [ ] ( )k k k k
Q i i i j i j

i i j

F u x D F u x D D F u A x F u F u B xβ γ∆ = + + +∑ ∑  

where the βi and γij are scalar-valued while A and B are matrix-valued. Let us see 
some examples, restricting for the moment our attention to scalar PDEs.  

      Example 1. The sine-Gordon (s-G) equation is written  
 

F [u]  ≡  uxt − sin u= 0 . 
 
Here, (x1, x2) ≡ (x, t). Since sinu can be expanded into an infinite series in powers of u, 
we see that F[u] has the required form (1). Moreover, since u is a scalar function, we 
can write the symmetry condition by using (30):  
 

S (Q ; u) ≡ Qxt  –  (cosu) Q =  0   mod   F [u]  
 
where S(Q; u)=  ∆Q F[u] and where by subscripts we denote total differentiations with 
respect to the indicated variables. Let us verify the solution Q[u]  = ux . As will be 
shown in Sec. 9, this characteristic produces the finite symmetry transformation  
 

   : ( , ) ( , ; ) ( , )M u x t u x t u x tα α→ = +                                  (33) 
 
which implies that, if  u(x,t) is a solution of the s-G equation, then ( , ) ( , )u x t u x tα= +   
also is a solution. We have:  
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Qxt  – (cosu) Q = (ux) xt  – (cosu) ux = (uxt − sin u) x = Dx F [u]  =  0   mod   F [u] . 
 

Notice that ∆QF[u]  is of the form (32), with ˆ xL D≡ . Similarly, the characteristic  
Q[u]  = ut  corresponds to the symmetry  
 

         : ( , ) ( , ; ) ( , )M u x t u x t u x tα α→ = +                                   (34) 
 
That is, if  u(x,t) is a solution of the s-G equation, then so is ( , ) ( , )u x t u x t α= + . The 
symmetries (33) and (34) reflect the fact that the s-G equation does not contain the 
variables x and t explicitly. (Of course, this equation has many more symmetries that 
are not displayed here; see, e.g., [1].)  

      Example 2. The heat equation is written  
 

F [u]  ≡  ut − uxx=  0 . 
 
The symmetry condition (30) reads  
 

S (Q ; u) ≡ Qt  – Qxx =  0   mod   F [u]  
 
where S(Q; u)=  ∆Q F[u]. As is easy to show, the symmetries (33) and (34) are valid 
here, too. Let us now try the solution Q[u]  = u .  We have:  
 

Qt − Qxx =  ut − uxx =   F [u] =  0   mod   F [u] . 
 
As will be shown in Sec. 9, this symmetry corresponds to the transformation  
 

      : ( , ) ( , ; ) ( , )M u x t u x t e u x tαα→ =                                   (35) 
 

and is a consequence of the linearity of the heat equation.  

      Example 3. One form of the Burgers equation is  
 

F [u]  ≡  ut − uxx− ux
2 =  0 . 

 
The symmetry condition (30) is written  
 

S (Q ; u) ≡ Qt − Qxx – 2uxQx =  0   mod   F [u]  
 
where, as always, S(Q; u)=∆Q F[u]. Putting Q= ux and Q= ut , we verify the symme-
tries (33) and (34):  
 

Qt − Qxx – 2uxQx = uxt – uxxx – 2uxuxx = Dx F [u]  = 0   mod   F [u] 

Qt − Qxx – 2uxQx = utt – uxxt – 2uxuxt = D t F [u]  = 0   mod   F [u] 
 

Note again that ∆QF[u] is of the form (32), with ˆ xL D≡  and ˆ
tL D≡ .  Another 

symmetry is Q [u]=1, which corresponds to the transformation (see Sec. 9)  
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       : ( , ) ( , ; ) ( , )M u x t u x t u x tα α→ = +                                 (36) 
 
and is a consequence of the fact that  u enters F [u] only through its derivatives.  

      Example 4. The wave equation is written  
 

F [u]  ≡  utt − c2
 uxx =  0    ( c =  const.) 

 
and its symmetry condition reads  
 

S (Q ; u) ≡ Qtt −  c
2 Qxx = 0   mod   F [u] . 

 
The solution Q[u]  = x ux+  t ut  corresponds to the symmetry transformation (Sec. 9)  
 

          : ( , ) ( , ; ) ( , )M u x t u x t u e x e tα αα→ =                                  (37) 
 
expressing the invariance of the wave equation under a scale change of  x and  t . [The 
reader may show that the transformations (33) – (36) also express symmetries of the 
wave equation.]  

      It is remarkable that each of the above PDEs admits an infinite set of symmetry 
transformations [1]. An effective method for finding such infinite sets is the use of a 
recursion operator, which produces a new symmetry characteristic every time it acts 
on a known characteristic. More on recursion operators will be said in Sec. 6.  
 
 

5.  The Lie algebra of symmetries  
 
As is well known [1] the set of symmetries of a PDE F[u]=0 has the structure of a Lie 
algebra. Let us demonstrate this property in the context of our formalism.  

      Proposition. Let L be the set of characteristic derivatives ∆Q with respect to the 

symmetry characteristics Q[u] of the PDE F[u]=0. The set L is a (finite or infinite-

dimensional) Lie subalgebra of the Lie algebra of characteristic derivatives acting on 
functions F[u] in the jet space (cf. Sec. 3).  

      Proof. (a) Let ∆Q∈L ⇔ ∆Q F[u]=0 (mod F[u]). If λ is a constant then (λ∆Q)F[u]  ≡ 

λ∆Q F[u]=0, which means that  λ∆Q∈L. Given that  λ∆Q = ∆λQ [see Eq. (14)] we con-

clude that, if Q[u] is a symmetry characteristic of F[u]=0, then so is λQ[u].  

(b) Let ∆1∈L and ∆2∈L be characteristic derivatives with respect to the symmetry 

characteristics Q1[u] and Q2[u], respectively. Then, ∆1F[u]=0, ∆2F[u]=0, and hence 
(∆1+∆2)F[u]  ≡ ∆1F[u]+∆2F[u]=0; therefore, (∆1+∆2)∈L. It also follows from Eq. (15) 

that, if Q1[u] and Q2[u] are symmetry characteristics of F[u]=0, then so is their sum 
Q1[u]+Q2[u].  

(c) Let ∆1∈L and ∆2∈L, as above. Then, by (32),  

1 1
ˆ[ ] [ ]F u L F u∆ = ,   2 2

ˆ[ ] [ ]F u L F u∆ = . 
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Now, by the definition of the Lie bracket and by the linearity of both ∆i and ˆiL  (i= 1,2) 

we have:  

1 2 1 2 2 1 1 2 2 1

1 2 2 1

ˆ ˆ[ , ] [ ] ( [ ]) ( [ ]) ( [ ]) ( [ ])

ˆ ˆ( ) [ ] 0 mod [ ]

F u F u F u L F u L F u

L L F u F u

∆ ∆ = ∆ ∆ − ∆ ∆ = ∆ − ∆

≡ ∆ − ∆ =
 

We thus conclude that [∆1 , ∆2]∈L. Moreover, it follows from Eq. (16) that, if Q1[u] 

and Q2[u] are symmetry characteristics of F[u]=0, then so is the function  
 

Q1,2 [u] = ∆1 Q2[u] – ∆2 Q1[u] . 
 
      Assume now that the PDE F[u]=0 has an n-dimensional symmetry algebra L 

(which may be a finite subalgebra of an infinite-dimensional symmetry Lie algebra). 
Let {∆1 , ∆2 , ... , ∆n} ≡{∆k}, with corresponding symmetry characteristics {Qk}, be a set 
of n linearly independent operators that constitute a basis of L, and let ∆i , ∆j be any 

two elements of this basis. Given that [∆i , ∆j]∈L, this Lie bracket must be expressible 

as a linear combination of the {∆k}, with constant coefficients. We write  
 

       
1

[ , ]
n

k
i j i j k

k

c
=

∆ ∆ = ∆∑                                                 (38) 

 
where the coefficients of the ∆k  in the sum are the antisymmetric structure constants 
of the Lie algebra L in the basis {∆k}.  

      The operator relation (38) can be expressed in an equivalent, characteristic form 
by allowing the operators on both sides to act on u and by using the fact that 
∆ku=Qk[u]:  

1 1

[ , ] ( )
n n

k k
i j i j k i j k

k k

u c u c u
= =

 
∆ ∆ = ∆ = ∆ ⇒ 

 
∑ ∑  

 

1

[ ] [ ] [ ]
n

k
i j j i i j k

k

Q u Q u c Q u
=

∆ − ∆ = ∑                                     (39) 

 
      Example. One of the several forms of the Korteweg-de Vries (KdV) equation is  
 

F [u]  ≡  ut +  uux +  uxxx
 =  0 . 

 
The symmetry condition (31) is written  
 

         S (Q ; u) ≡ Qt +  Q ux +   u Qx + Qxxx = 0   mod   F [u]                         (40) 
 
where S(Q; u)=  ∆Q F[u]. The KdV equation admits a symmetry Lie algebra of infinite 
dimensions [1]. This algebra has a finite, 4-dimensional subalgebra L of point trans-

formations. A symmetry operator (characteristic derivative) ∆Q is determined by its 
corresponding characteristic Q[u]=∆Q u . Thus, a basis {∆1 ,..., ∆4} of L corresponds to 
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a set of four independent characteristics {Q1 ,..., Q4}. Such a basis of characteristics is 
the following:  
 

Q1[u]=  ux ,   Q2[u]=  ut ,   Q3[u]=  tux – 1 ,   Q4[u]=  xux +3tut +  2u 
 
The Q1 ,..., Q4  satisfy the PDE (40), since, as we can show,  
 

S (Q1 ; u) =  Dx F [u] ,    S (Q2 ; u) =  Dt F [u] ,    S (Q3 ; u) =  t Dx F [u] , 

S (Q4 ; u) =  (5 + x Dx +  3t Dt ) F [u] 
 
[Note once more that ∆QF[u] is of the form (32) in each case.] Let us now see two ex-
amples of calculating the structure constants of L by application of (39). We have:  

 

1 2 2 1 1 2 1 2 1 2

4

12
1

∆ ∆ ∆ ∆ (∆ ) (∆ ) ( ) ( ) ( ) ( ) 0t x t x t x x t t x

k
k

k

Q Q u u u u Q Q u u

c Q
=

− = − = − = − = − =

≡ ∑
 

 
Since the Qk are linearly independent, we must necessarily have  12 0 , 1,2,3,4kc k= = . 

Also,  
 

2 3 3 2 2 3 2 3 2 3

4

1 23
1

∆ ∆ ∆ ( 1) ∆ (∆ ) (∆ ) ( ) ( )

( )

x t x t x t

k
t x x xt x k

k

Q Q t u u t u u t Q Q

t u u t u u Q c Q
=

− = − − = − = −

= − + = − = − ≡ ∑
 

 
Therefore,  1 2 3 4

23 23 23 231 , 0c c c c=− = = = .  
 
 

6.  Recursion operators  
 
Let δu=αQ[u] be an infinitesimal symmetry of the PDE F[u]=0, where Q[u] is the 
symmetry characteristic. For any solution u(xk) of this PDE the function Q[u] satisfies 
the linear PDE  
 

        S (Q ; u) ≡ ∆Q F[u]  = 0                                              (41) 
 
Because of the linearity of (41) in Q, the sum Q1[u]+Q2[u] of two solutions of this 
PDE, as well as the multiple λQ[u] of any solution by a constant, also are solutions of 
(41) for a given u. Thus, for any solution u of F[u]=0, the solutions {Q[u]} of the PDE 
(41) form a linear space, which we call Su .  
      A recursion operator R̂  is a linear operator that maps the space Su into itself. 
Thus, if Q[u] is a symmetry characteristic of F[u]=0 [i.e., a solution of (41) for a 

given u] then so is ̂ [ ]RQ u :  
 

          ˆ( ; ) 0 when ( ; ) 0S RQ u S Q u= =                                     (42) 
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Obviously, any power of a recursion operator also is a recursion operator. Thus, start-
ing with any symmetry characteristic Q[u], one may in principle obtain an infinite set 
of such characteristics by repeated application of the recursion operator.  
      A new approach to recursion operators was suggested in the early 1990s [11,15-
17] (see also [8-10]) according to which a recursion operator may be viewed as an 
auto-Bäcklund transformation (BT) [18,19] for the symmetry condition (41) of the 
PDE F[u]=0. By integrating the BT, one obtains new solutions Q΄[u] of the linear 
PDE (41) from known ones, Q[u]. Typically, this type of recursion operator produces 
nonlocal symmetries in which the symmetry characteristic depends on integrals 
(rather than derivatives) of u. This approach proved to be particularly effective for 
matrix-valued PDEs such as the nonlinear self-dual Yang-Mills equation, of which 
new infinite-dimensional sets of “potential symmetries” were discovered [9,11,15]. 
More on this will be said in Sec. 10.  
 
 

7.  An example: The chiral field equation  
 
Let us consider the chiral field equation  
 

   1 1[ ] ( ) ( ) 0x x t tF g g g g g− −≡ + =                                       (43) 

 
where, in general, subscripts x and t denote total derivatives Dx and Dt , respectively, 
and where g is a GL(n,C)-valued function of x and t, i.e., a complex, non-singular 
(n×n) matrix function, differentiable for all x and t. Let δg=αQ[g] be an infinitesimal 
symmetry transformation for the PDE (43), with symmetry characteristic  
Q[g]=∆Q g .  It is convenient to put  
 

Q[g]  =  g Φ[g]   ⇔   Φ[g]  =  g
–1Q[g] . 

 
The symmetry condition for (43) is  
 

∆Q F[g]  =  0   mod   F[g] . 
 
This condition will yield a linear PDE for Q or, equivalently, a linear PDE for Φ. By 
using the properties of the characteristic derivative we find the latter PDE to be  
 

  ( ) ( )1 1( ; ) [ , ] [ , ] 0 mod [ ]x x x t t tS g D g g D g g F g− −Φ ≡ Φ + Φ + Φ + Φ =          (44) 

 
where the square brackets denote commutators of matrices. Note that, since (44) is to 
be valid on solutions g of (43), it can equivalently be expressed as  
 

1 1( ; ) [ , ] [ , ] 0 mod [ ]xx t t x x t tS g g g g g F g− −Φ ≡ Φ + Φ + Φ + Φ =  . 

 
      A useful identity that will be needed in the sequel is the following:  
 

  1 1 1 1( ) ( ) [ , ] 0t x x t x tg g g g g g g g− − − −− + =                               (45) 
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      Let us first consider symmetry transformations in the base space, i.e., coordinate 
transformations of x, t. An obvious symmetry is x-translation, x΄=x+α, given that the 
PDE (43) does not contain the independent variable x explicitly. For infinitesimal val-
ues of the parameter α, we write δx=α. The symmetry characteristic is Q[g]=gx , so 
that  Φ[g]=g–1gx . By substituting this expression for Φ into the symmetry condition 
(44) and by using the identity (45), we can verify that (44) is indeed satisfied:  
 

S (Φ ; g) =  Dx F[g] = 0   mod   F[g] . 
 
Similarly, for t-translation, t΄=t+ α (infinitesimally, δt=α) with Q[g]=gt , we find  
 

S (Φ ; g) =  Dt F[g] = 0   mod   F[g] . 
 
Another obvious symmetry of (43) is a scale change of both x and t :  x΄=λx,  t΄=λt. 
Setting λ=1+α, where α is infinitesimal, we write δx=αx, δt=αt. The symmetry char-
acteristic is Q[g]=xgx+tgt , so that Φ[g]=xg–1gx+tg–1gt . Substituting for Φ into the 
symmetry condition (44) and using the identity (45) where necessary, we find that  
 

S (Φ ; g) =  (2 + x Dx +  t Dt ) F[g] = 0   mod   F[g] . 
 
      Let us call Q1[g]=gx , Q2[g]=gt , Q3[g]=xgx+tgt , and let us consider the corre-
sponding characteristic derivative operators ∆i defined by ∆i g=Qi   (i= 1,2,3). It is then 
straightforward to verify the following commutation relations:  
 

[∆1 , ∆2]  g = ∆1 Q2  – ∆2 Q1 = 0   ⇔   [∆1 , ∆2] = 0 ; 
 

[∆1 , ∆3]  g = ∆1 Q3  – ∆3 Q1 = – gx = – Q1 = – ∆1 g   ⇔   [∆1 , ∆3] = – ∆1 ; 
 

[∆2 , ∆3]  g = ∆2 Q3  – ∆3 Q2 = – gt = – Q2 = – ∆2 g   ⇔   [∆2 , ∆3] = – ∆2 . 
 
      Next, we consider the “internal” transformation (i.e., transformation in the fiber 
space)  g΄=gΛ, where Λ is a non-singular constant matrix. Then,  
 

F[g΄ ]  = Λ–1 F[g]  Λ = 0   mod   F[g] , 
 
which indicates that this transformation is a symmetry of (43). Setting Λ=1+αM, 
where α is an infinitesimal parameter while M is a constant matrix, we write, in infini-
tesimal form, δg=αgM. The symmetry characteristic is Q[g]=gM, so that Φ[g]=M . 
Substituting for Φ into the symmetry condition (44) we find:  
 

S (Φ ; g) =  [F[g]  , M ] = 0   mod   F[g] . 
 
      Given a matrix function g(x,t) satisfying the PDE (43), consider the following sys-
tem of PDEs for two functions Φ[g] and Φ΄[g]:  
 

     
1

1

[ , ]

[ , ]

x t t

t x x

g g

g g

−

−

′Φ = Φ + Φ

′− Φ = Φ + Φ
                                            (46) 
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The integrability condition ( ) ( )x t t x′ ′Φ = Φ  of this system requires that Φ satisfy the 

symmetry condition (44); i.e., S (Φ ; g)=0. Conversely, by applying the integrability 
condition ( ) ( )t x x tΦ = Φ  and by using the fact that g is a solution of F[g]=0, one finds 

that Φ΄ must also satisfy (44); i.e.,  S (Φ΄; g) = 0.  
      We conclude that, for any function g(x,t) satisfying the PDE (43), the system (46) 
is an auto-Bäcklund transformation (BT) [18,19] relating solutions Φ and Φ΄ of the 
symmetry condition (44) of this PDE; that is, relating different symmetries of the 
chiral field equation. Thus, if a symmetry characteristic Q=gΦ of the PDE (43) is 
known, a new characteristic Q΄=gΦ΄ may be found by integrating the BT (46); the 
converse is also true. Since the BT (46) produces new symmetries from old ones it 
may be regarded as a recursion operator for the PDE (43) [8-11,15-17].  
      As an example, consider the internal-symmetry characteristic Q[g]=gM (where M 
is a constant matrix) corresponding to Φ[g]=M . By integrating the BT (46) for Φ΄, we 
get  Φ΄=[X, M]   and thus  Q΄=g[X, M], where X is the “potential” of the PDE (43), de-
fined by the system of PDEs  
 

1 1,x t t xX g g X g g− −= − =                                          (47) 

 
Note the nonlocal character of the BT-produced symmetry Q΄, due to the presence of 
the potential X. Indeed, as seen from (47), in order to find X one has to integrate the 
chiral field g with respect to the independent variables x and t. The above process can 
be continued indefinitely by repeated application of the recursion operator (46), lead-
ing to an infinite sequence of increasingly nonlocal symmetries.  
      Unfortunately, as the reader may check, no new information is furnished by the 
BT (46) in the case of coordinate symmetries (for example, by applying the BT for 
Q=gx we get the known symmetry Q΄=gt ). A recursion operator of the form (46), 
however, does produce new nonlocal symmetries from coordinate symmetries in re-
lated problems with more than two independent variables, such as the self-dual Yang-
Mills equation [8-11,15].  
 
 

8.  Generation of finite symmetry transformations  
 
As we saw in Sec. 4, given a symmetry operator ∆Q one may immediately define an 
infinitesimal symmetry of a PDE. Our starting point, however, was the idea of using a 
finite symmetry transformation to generate a one-parameter family of solutions of the 
PDE. We thus need to generalize the discussion of Sec. 4 by allowing the parameter α  
to assume finite values.  
      According to (7), the characteristic derivative ∆Q with respect to the characteristic 
function Q[u] satisfies the relation  
 

∆ Q [u]   u =  Q[u]                                                (48) 
 
By (48) and the properties of ∆Q one may determine the action of ∆Q on any function 
F[u] of the form (1), thus construct a new function  ∆Q[u]F[u].  
      Obviously, a change of u will induce a corresponding change on any function 
F[u]. Given a function u(xk), a continuous change of u may be expressed as a one-
parameter family of transformations  
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    : ( ) ( ; ) with   ( ; 0) ( )k k k kM u x u x u x u xα→ =                         (49) 
 
where α ≥0. We suppress the independent variables xk, which are unaffected by the 
transformation M, and write, simply,  
 

: ( ) with   (0)M u u u uα→ = . 
 
Expanding ( )u α  in powers of α, we have:  
 

( ) [ ] higher-order terms in u u Q uα α α= + +                            (50) 
 
where Q[u] is given by  

[ ]0
( ) [ ] Q u

d
u Q u u

d α
α

α =
= = ∆                                        (51) 

 
      Now, we assume that, for finite values of the parameter α,  
 

       [ ] [ ( )]( ) ( ) ( )Q u
d

u Q u u
d αα α α

α
= = ∆                                  (52) 

 
which is obviously consistent with (51). By the properties of the characteristic deriva-
tive it then follows that, for any function F[u] of the form (1),  
 

[ ] [ ][ ( )]( ) ( )Q u
d

F u F u
d αα α

α
= ∆                                     (53) 

 

As an example, let 2[ ] [ ( )] ( ) ( )F u u F u u uα α α= ⇒ = . Then, by (52) and by using 
the Leibniz rule, we have:  
 

{ }
( ) [ ]

[ ( )] [ ( )]

[ ( )] [ ( )]

( ) ( )
[ ( )] ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

Q u Q u

Q u Q u

d du du
F u u u

d d d

u u u u

u u F u

α α

α α

α α
α α α

α α α
α α α α

α α α

= +

= ∆ + ∆

= ∆ = ∆

 

 
      Equation (52), together with the initial condition (0)u u= , is an initial-value prob-
lem that, upon integration, yields a one-parameter transformation of the form (49). We 
say that the operator ∆Q is the generator of this transformation. As regards its action 
on functions, the operator ∆Q is seen to be equivalent to the Lie derivative of differen-
tial geometry (see, e.g., Chap. 5 of [19]). And, the latter derivative plays a key role in 
the differential-geometric methods for studying invariance properties of PDEs [2-4]. 
We now revisit the symmetry problem for PDEs in the context of our present, more 
abstract algebraic formalism.  
      The transformation M in Eq. (49) is a symmetry transformation for the PDE 
F[u]=0 if it leaves this PDE invariant, in the sense that [ ( )] 0 [ ] 0F u if F uα = = . We 
write:  
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       [ ( )] 0 mod [ ]F u F uα =                                           (54) 
 

So, if ( ;0) ( )k ku x u x=  is a solution of F[u]=0, then so is ( ; )ku x α  for all values of 
the parameter α >0. This means that [ ( )]F u α , viewed as a function of α, retains a 
constant (zero) value under continuous changes of  α. In mathematical terms,  
 

[ ] [ ]( ) 0 mod ( )
d

F u F u
d

α α
α

=  

or, in view of (53),  

[ ] [ ][ ( )] ( ) 0 mod ( )Q u F u F uα α α∆ =  . 

 
Since this must be valid for any value of  α, the above relation will still be true if we 
replace α by a new parameter β=α+c, where c is any constant such that β ≥0. In par-
ticular, by choosing  c= – α ⇒ β=0, we rewrite the above equation in the simpler form  
 

∆ Q [u] F [u]  = 0   mod   F [u]                                           (55) 
 
which is the condition for invariance of the PDE F[u]=0. As we have seen, this condi-
tion yields a linear PDE for the symmetry characteristic Q[u], of the form  
 

S (Q ; u) ≡ ∆ Q [u] F [u]  = 0   mod   F [u]                                   (56) 
 
where the expression S (Q ; u) is linear in Q and all total derivatives of Q. In particular, 
for scalar-valued u (thus scalar Q[u] also) the operator ∆Q has the form (13) and the 
symmetry condition (56) takes on the form  
 

[ ] [ ] [ ] 0 mod [ ]i i j
i i j

F F F
Q u D Q u D D Q u F u

u u u

∂ ∂ ∂
+ + + =

∂ ∂ ∂
⋯                (57) 

 
      An important class of symmetries is local (point) symmetries. As discussed in [1], 
the symmetry characteristic Q[u] of a local symmetry cannot depend on second or 
higher-order derivatives of u with respect to the xk, while the dependence of Q on the 
first-order derivatives uk is also subject to certain restrictions. Once a local symmetry 
characteristic Q[u] is found by solving (56) or (57), a one-parameter family of sym-
metry transformations of the PDE F[u]=0,  of the form  
 

      : ( ) ( ; ) ;    ( ; 0) ( )k k k kM u x u x u x u xα→ =                            (58) 
 
is obtained by solving the initial-value problem [cf. Eq. (52)]  
 

           
[ ]( ; )

( ; 0) ( )

k

k k

d
u x Q u

d

u x u x

α
α

=

=

                                             (59) 
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9.  Example: The two-dimensional Laplace equation  
 
As an example for illustrating the process of finding one-parameter symmetry trans-
formations of a PDE, we choose the two-dimensional Laplace equation for a scalar 
function u(x,t):  

       F [u]  ≡  uxx + utt =  0                                               (60) 
 
Here, (x1, x2) ≡ (x, t). The symmetry condition (56) or (57) yields the linear PDE  
 

       S (Q ; u) ≡ Qxx +
 Qtt = 0   mod   F [u]                                 (61) 

 
where subscripts indicate total differentiations. Each symmetry of the PDE (60) corre-
sponds to a solution Q[u] of (61) and leads to a one-parameter family of symmetry 
transformations (58) by solving the initial-value problem (59). Let us see some exam-
ples:  

      1.  Q[u]=1  is a solution of (61), hence a symmetry characteristic of (60). The ini-
tial-value problem (59) is written  

( ) 1 ; (0)
d

u u u
d

α
α

= =  

which is easily integrated to give ( , ; ) ( , )u x t u x tα α= + . Thus, if u(x,t) is a solution of 
(60), then so is  u(x,t)+α . This symmetry reflects the fact that u enters the PDE (60) 
only through its derivatives (i.e., F[u] does not contain u itself).  

      2. For the symmetry characteristic  Q[u]=u  we have  

( ) ; (0)
d

u u u u
d

α
α

= =  

with solution ( , ; ) ( , )u x t e u x tαα = . Thus, if u(x,t) is a solution of (60), then so is  
λu(x,t) for any constant λ. This symmetry reflects the fact that the PDE (60) is homo-
geneous linear in u.  

      3. Q[u]=ux is another symmetry characteristic; indeed, note that S(Q;u)=DxF[u]=0 
when F[u]=0. The initial-value problem is written  

( , ; ) ; ( , ;0) ( , )x
d

u x t u u x t u x t
d

α
α

= = . 

A way to solve this is to consider the parameter α as a variable of equal footing with x 
and t. The above ordinary differential equation then becomes a homogeneous linear 
first-order PDE that can be integrated by standard methods (see, e.g., Chap. 4 of [19]):  
 

        0xu uα− =                                                     (62) 

We form the characteristic system  

1 0 1 0

dx dt d duα
= = =

−
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and we seek 3 first integrals of this system. These are 1 2 3, ,u C t C x Cα= = + = . 

The general solution of (62) is then  Φ(C1 , C2 , C3)=0 , where the function Φ is arbi-
trary. That is,  

( , , ) 0 ( , ; ) ( , )u t x u x t x tα α ω αΦ + = ⇒ = + . 

By the initial condition ( , ;0) ( , )u x t u x t=  we have that ω(x,t)=u(x,t), and hence 
ω(x+α, t)=u(x+α, t). Thus, finally, ( , ; ) ( , )u x t u x tα α= + .  
      In a similar manner, from the symmetry characteristic  Q[u]=ut  we get the trans-
formation ( , ; ) ( , )u x t u x tα α= + . The two symmetries found above reflect the fact 
that the PDE (60) does not contain the independent variables x and t explicitly.  

      4. For the symmetry characteristic  Q[u]=  xux+tut  we have  

( , ; ) ; ( , ;0) ( , )x t
d

u x t xu t u u x t u x t
d

α
α

= + = . 

Working as in the previous example, we form the first-order PDE  
 

           0x txu t u uα+ − =                                                  (63) 

with characteristic system  

1 0

dx dt d du

x t

α
= = =

−
 . 

Three first integrals are  1 2 3, ln , lnu C x C t Cα α= + = + = . The general solution of 

the PDE (63) is  Φ(C1 , C2 , C3)=0 , with Φ arbitrary. That is,  

( ) ( )
( , ln , ln ) 0

( , ; ) (ln , ln ) ln , ln

u x t

u x t x t e x e tα α

α α

α ω α α ω

Φ + + = ⇒

 = + + =  
 

By the initial condition ( , ;0) ( , )u x t u x t=  we have that ω(ln x, ln t)=u(x,t), and hence 

ω[ln(eαx), ln(eαt)]=u(eαx, eαt). Thus, finally, ( , ; ) ( , )u x t u e x e tα αα = . This transforma-

tion expresses the invariance of the PDE (60) under a scale change  x→λx,  t→λt  of  x  

and  t.  

      5. Q[u]=  tux – xut  is a symmetry characteristic since S(Q;u)=(tDx – xDt)F[u]=0 
when F[u]=0. We write  

( , ; ) ; ( , ;0) ( , )x t
d

u x t tu xu u x t u x t
d

α
α

= − =  

and form the PDE  
        0x tt u xu uα− − =                                                 (64) 

with characteristic system  

                   
1 0

dx dt d du

t x

α
= = =

− −
                                              (65) 

One first integral is 1u C= . Another one is found from  dx/t = – dt/x ⇒ d (x2+t2)=0 ⇒ 

x2+  t 
2 =  C2 . A third integral is  

α + arctan (x/t) = C3 .  
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Let us prove this. Setting  x/t=z, we have:  

2 2 2
( arctan )

1

dz tdx xdt
d z d d

z x t
α α α

−
+ = + = +

+ +
. 

But, by the system (65),  dx= –tdα  and  dt=xdα ,  so that  

[ ]
2 2

2 2

( )
arctan( / ) 0

x t d
d x t d

x t

α
α α

+
+ = − =

+
,   q.e.d. 

The general solution of the PDE (64) is Φ(C1 , C2 , C3)=0 , with Φ arbitrary. That is,  

2 2, , arctan( / ) 0u x t x tα Φ + + = ⇒   

       2 2( , ; ) , arctan( / )u x t x t x tα ω α = + +                                 (66) 

By the initial condition ( , ;0) ( , )u x t u x t=  we have that  ω[x2+t  
2, arctan(x/t)]=u(x,t). 

Putting  x cosα+t  sinα  and  t cosα – x sinα  in place of x and t, respectively, we find:  

    2 2 cos sin
( cos sin , cos sin ) , arctan

cos sin

x t
u x t t x x t

t x

α α
α α α α ω

α α
+ + − = + − 

       (67) 

On the other hand, we can show that  

[ ] cos sin
tan arctan( / )

cos sin

x t
x t

t x

α α
α

α α
+

+ = ⇒
−

 

      
cos sin

arctan( / ) arctan
cos sin

x t
x t

t x

α α
α

α α
+

+ =
−

                              (68) 

From (67) and (68) we have that  

u (x cosα+t  sinα ,  t cosα – x sinα) = ω [  x2+t  
2,  α+arctan(x/t)] . 

Thus (66) assumes the final form  

       ( , ; ) ( cos sin , sin cos )u x t u x t x tα α α α α= + − +                         (69) 

The transformation (69) admits a certain geometrical interpretation that becomes evi-
dent if we define the new variables  x΄=  x cosα+t  sinα  and  t΄=  –x sinα+t  cosα . In ma-
trix form,  

cos sin

sin cos

x x

t t

α α
α α

′     
=     ′ −     

 . 

This relation describes a rotation of the vector (x, t) on the  xt-plane by an angle α. The 
PDE F[u]=0 is thus invariant under such a rotation on the plane of the independent 
variables. 
 
 

10.  Bäcklund-transformation-related recursion operators  
 
As defined in Sec. 6, a recursion operator is a linear operator that produces a new 
symmetry characteristic of a PDE when it acts on an “old” characteristic. As seen in 
the example of Sec. 7, a recursion operator can also be viewed as an auto-Bäcklund 
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transformation (auto-BT) for the symmetry condition of the PDE, which condition is a 
linear PDE for the symmetry characteristic, valid for solutions of the original PDE.  
      It is known that when two (generally nonlinear) PDEs are connected by a BT, 
symmetries of one PDE can be associated with symmetries of the other. In [9] we 
went one step further by asking the question: can we find a transformation that relates 
recursion operators of these PDEs? This would be a relation connecting two auto-
BTs, each of which relates symmetries of a respective PDE. In other words, we were 
after “a transformation of transformations” rather than a transformation of functions.  
      Our “laboratory” model was the self-dual Yang-Mills equation (SDYM) and its 
potential version, the potential SDYM equation (PSDYM). The two PDEs are related 
by a BT and it was shown in [15] that the symmetries of PSDYM can be used to con-
struct potential symmetries of SDYM. As proven in [9], SDYM and PSDYM have 
isomorphic infinite-dimensional symmetry Lie subalgebras generated by BT-related 
recursion operators.  
      The SDYM equation is written  
 

         1 1[ ] ( ) ( ) 0y y z zF J J J J J− −≡ + =                                     (70) 

 
where the , , ,y z y z are complex variables which will be collectively denoted   
x µ  (µ=1,...,4). As usual, subscripts indicate total derivatives Dµ with respect to the  x µ. 
We assume that the dependent variable J is SL(N,C)-valued, i.e., is represented by a 
complex (N×N) matrix with  det J=1 .  
      We consider a system of PDEs involving J and another matrix function X that 
plays the role of the “potential” of (70) :  
 

        1 1,y z z yJ J X J J X− −= = −                                       (71) 

 
The system (71) is a BT relating J with X. The integrability condition ( ) ( )y z z yX X=  

yields the SDYM equation (70). Another integrability condition is found by applying 
the matrix identity (45):  
 

(J –1Jz ) y  –  (J –1Jy ) z  + [J –1Jy  ,  J –1Jz ] = 0 , 
 
which yields the PSDYM equation for X:  
 

       [ ] [ , ] 0y y z z y zG X X X X X≡ + − =                                   (72) 

 
As follows from (71), the condition det J=1 can be satisfied by requiring that  trX=0, 
which is compatible with (72). Thus, SL(N,C) SDYM solutions correspond to   
sl (N,C)  PSDYM solutions through the BT (71).  
      For this problem we need an enhanced jet space with variables  x µ , J, X and partial 
derivatives of various orders of J and X with respect to the  x µ . Functions  M [J ; X ] in 
this space are assumed to be of a form generalizing (1):  
 

              [ ; ] ( ) [ ; ] ( ) [ ; ] ( )M J X a x J X b x J X c xµ µ µ′= Π Π∑ ⋯                     (73) 
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where the matrices Π[J ; X ], Π΄[J ; X ], etc., are products of powers and/or derivatives 
of J and X with respect to the  x µ . Characteristic derivatives acting on functions (73) 
are of the form  
 

              ∆ = ∆ Q + ∆ Φ                                                     (74) 

where  

∆ Q J =  Q [J ; X ]   ,   ∆ Φ X =  Φ [J ; X ]   and   ∆ Q X =  ∆ Φ J =  0 . 
 
Therefore,  

         ∆ J =  Q [J ; X ]  ,    ∆ X= Φ [J ; X ]                                       (75) 
 
for given characteristic functions Q [J ; X ] and Φ [J ; X ]  . Clearly, the operator ∆ has all 
the properties of characteristic derivatives stated in Sec. 2. For example,  
 

∆ f (x µ) = 0 , 

∆ Dµ = Dµ ∆ , 

∆ (MN ) = (∆ M ) N + M (∆ N ) , 

∆ [M , N ] = [∆ M , N ] + [M , ∆ N ] , 

∆ (M –1
 ) =  – M –1 (∆ M ) M –1 ,  etc. 

 
      We introduce the “covariant derivative” operators (a term borrowed from gauge 
theories):  

            
1

1

ˆ [ , ] [ , ]

ˆ [ , ] [ , ]

y y y y z

z z z z y

A D J J D X

A D J J D X

−

−

= + = +

= + = −
                                 (76) 

 
where the BT (71) has been taken into account. As can be shown, the “zero curvature” 

condition ˆ ˆ[ , ] 0y zA A =  is satisfied, consistently with the fact that the “connections”   

J –1Jy  and  J –1Jz  are pure gauges. The linear operators (76) are derivations on the Lie 
algebra of sl (N,C)-valued functions, satisfying the Leibniz rule in the form  
 

ˆ ˆ ˆ[ , ] [ , ] [ , ] ,

ˆ ˆ ˆ[ , ] [ , ] [ , ] .

y y y

z z z

A M N A M N M A N

A M N A M N M A N

= +

= +
 

 
      Let now  δ J =  α Q [J ; X ]  and  δ X= α Φ [J ; X ]  represent an infinitesimal symmetry 
of the system (71), where  α  is an infinitesimal parameter. This means that the pair of 
functions (J+δJ , X+δX) is a solution of the system if (J, X) is a solution. This, in turn, 
suggests that the integrability conditions  F [J+δJ ]=0  and G [X+δX ]=0 are satisfied 
when the integrability conditions F [J ]=0 and G [X ]=0 are satisfied; that is, J+δJ and 
X+δX are solutions of (70) and (72), respectively, when J and X are solutions of these 
PDEs. The functions Q [J ; X ] and Φ [J ; X ] are thus, respectively, SDYM and PSDYM 
symmetry characteristics. The characteristic derivative ∆ with respect to these func-
tions is given by Eqs. (74) and (75) and represents a symmetry of the BT (71), thus 
also of the PDEs (70) and (72).  
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      The symmetry condition for the SDYM equation (70) is  ∆ F [J ]=0  (mod F [J ], a 
condition that will not be stated explicitly in the sequel), which yields  
 

1 1( ) ( ) 0y y z zD J J D J J− −∆ + ∆ =  . 

 
By using (76) and the fact that ∆ J=Q it can be shown that  
 

       1 1 1 1ˆ ˆ( ) ( ) , ( ) ( )y y z zJ J A J Q J J A J Q− − − −∆ = ∆ =                           (77) 

 
The SDYM symmetry condition then becomes  
 

           1ˆ ˆ( )( ) 0y y z zD A D A J Q−+ =                                          (78) 

 
      The symmetry condition for PSDYM (72) is  ∆G [X ]=0, which yields, by using 
(76) and the fact that  ∆ X= Φ :  
 

        ˆ ˆ ˆ ˆ( ) 0y y z z y y z zA A A D A DΦ + Φ ≡ + Φ =                                   (79) 

 
The following operator identity can be proven:  
 

ˆ ˆ ˆ ˆ
y y z z y y z zA D A D D A D A+ = +  

 
by which (79) is written in the alternative form  
 

        ˆ ˆ( ) 0y y z zD A D A+ Φ =                                            (80) 

 
      By comparing (78) and (80) we observe that the PSDYM symmetry characteristic 
Φ and the function J –1Q , where Q is an SDYM characteristic, satisfy the same sym-
metry condition. We thus conclude the following:  
 

• If Q is an SDYM characteristic, then  Φ = J –1Q  is a PSDYM characteristic.  

Conversely,  

• if Φ is a PSDYM characteristic, then  Q =  J Φ  is an SDYM characteristic.  
 
      Finally, by using (75) and (77) we find a pair of PDEs that express the symmetry 
condition for the BT (71):  
 

           1 1ˆ ˆ( ) , ( )y z z yA J Q A J Q− −= Φ = − Φ                                   (81) 

 
The system (81) is a BT relating a symmetry characteristic Φ of PSDYM with a 
symmetry characteristic Q of SDYM. Indeed, the integrability condition 
( ) ( )z y y zΦ = Φ  yields the symmetry condition (78) of SDYM, while the integrability 

condition 1ˆ ˆ[ , ]( ) 0y zA A J Q− = , valid in view of the commutativity of the covariant de-

rivatives (76), yields the PSDYM symmetry condition (79).  
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      Now, as mentioned previously, the product J 
–1Q is a PSDYM characteristic, 

which we call Φ0 . We thus rewrite the first equation in the system (81) as  
 

0
ˆ

z yAΦ = Φ   , 

 
which is formally integrated to give  
 

          1
0 0

ˆ ˆ
z yD A R−Φ = Φ ≡ Φ                                              (82) 

 
where we have introduced the linear operator  
 

              1 ˆˆ
z yR D A−=                                                       (83) 

 
As suggested by (82), the operator (83) is a recursion operator for PSDYM, produc-
ing a new symmetry characteristic Φ when acting on an “old” characteristic Φ0 .  
      Let Φ and Φ0 be PSDYM symmetry characteristics related to each other by (82). 
Then Q=J Φ and Q0=J Φ0 are SDYM characteristics, in terms of which (82) is rewrit-
ten as  

            1
0 0

ˆ ˆQ J RJ Q TQ−= ≡                                                (84) 

 
where the linear operator  

              1ˆ ˆT J RJ−=                                                       (85) 
 
is a recursion operator for SDYM. This operator was constructed previously by using 
a Lax pair for SDYM [11].  
      Equation (85) can be regarded as a transformation relating recursion operators of 
two PDEs – namely, (70) and (72) – connected to each other by the BT (71). As 
shown in [9], the recursion operators (83) and (85) generate isomorphic, infinite-
dimensional symmetry Lie algebras of PSDYM and SDYM, respectively. In practical 
terms, infinite-dimensional symmetry subalgebras of SDYM, such as Kac-Moody and 
Virasoro algebras, can be obtained directly from the easier-to-find corresponding 
symmetries of PSDYM [20].  

 
11.  Concluding remarks  
 
The algebraic approach to the symmetry problem of PDEs, presented in this article, is, 
in a sense, an extension to matrix-valued problems of the ideas contained in [1], in 
much the same way as [4] and [5] constitute a generalization of the Harrison-
Estabrook geometrical approach [2] to matrix-valued (as well as vector-valued and 
Lie-algebra-valued) PDEs.  
      The symmetry transformations we have considered involve only the change of the 
dependent variable of the PDE while leaving the independent variables unchanged. 
Indeed, as Olver [1] has shown, every symmetry of a PDE may be expressed as a 
transformation of the dependent variable alone, i.e., as a transformation in the fiber 
space. The symmetry-generating characteristic derivative ∆Q corresponds to Olver’s 
evolutionary vector field with characteristic Q.  
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      In local (point) symmetries of the PDE F[u]=0 the symmetry characteristics Q[u] 
contain at most first-order derivatives of u with respect to the independent variables (a 
number of such symmetries were considered in Sec. 9 in connection with the Laplace 
equation). The case of generalized (non-local) symmetries is more complex; a formal 
solution to the problem of obtaining one-parameter families of generalized symmetry 
transformations of PDEs is given in Sec. 5.1 of [1].  
      Admittedly, the abstract algebraic formalism we have presented does not exhibit 
significant advantages over the standard geometrical methods (in particular, those de-
scribed in [4]) with regard to finding symmetries of PDEs. However, by employing 
the concept of the characteristic derivative one is able to bypass the difficulty of hav-
ing to represent symmetry-generating operators as vector fields in the form of differ-
ential operators when matrix-valued variables are involved, which situation can only 
be handled by making certain ad hoc assumptions regarding the action of such “un-
natural” operators. The algebraic view offers a more rigorous framework for identify-
ing symmetry operators and finding infinitesimal symmetry transformations of ma-
trix-valued PDEs, as well as for studying the Lie-algebraic structure of the set of 
symmetry generators [9,20].  
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