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Abstract. The study of symmetries of partial differentiabatjons (PDEs) has been
traditionally treated as a geometrical problem.hditgh geometrical methods have
been proven effective with regard to finding infasimal symmetry transformations,
they present certain conceptual difficulties in ttese of matrix-valued PDEs; for
example, the usual differential-operator repregantaof the symmetry-generating
vector fields is not possible in this case. In thiticle an algebraic approach to the
symmetry problem of PDEs — both scalar and matixed — is described, based on
abstract operators (characteristic derivatives)ddanit a standard differential-operator
representation in the case of scalar-valued PDEsimber of examples are given.
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1. Introduction

The symmetry properties of partial differential aions (PDEs) have been tradition-
ally treated as a geometrical problem in the jeicepof the independent and the de-
pendent variables (including a sufficient numberpaftial derivatives of the latter
variables with respect to the former ones). Twoanar less equivalent approaches
have been adopteda)(invariance of a system of PDEs under infiniteditnansfor-
mations generated by corresponding vector fieldbenet space [1]}] invariance of

a differential ideal of differential forms represieg the system of PDEs, under the
Lie derivative with respect to the vector fieldpmesenting the symmetry transforma-
tions [2-6].

Although effective with regard to calculatisgmmetries, these geometrical ap-
proaches suffer from a certain drawback of con@ptature when it comes toa-
trix-valued PDEs. The problem is related to the inevitably edixature of the vari-
ables in the jet space (scalar independent vasal@esus matrix-valued dependent
ones) and the need for a differential-operatoresgmtation of the symmetry vector
fields. How does one define differentiation wittspect to matrix-valued variables?
Moreover, how does one calculate the Lie bracketwaf differential operators in
which some (or all) of the variables, as well as toefficients of partial derivatives
with respect to these variables, are matrices?

Although these difficulties were handled gedmcally in a somewhaid hocway
in [4-6], it was eventually realized that an alegime, purely algebraicapproach to
the symmetry problem would be more appropriatdvéndase of matrix-valued PDESs.
Such an approach was presented in [7], althougtrantice it had already been ap-
plied in particular problems [8-10] before a fuletwvn formal theoretical framework
was developed.
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This algebraic framework for symmetries ofE30is described in this article. In
Sections 2 and 3 we introduce the concepthafracteristic derivatives- an abstract
generalization of the geometrical notion of vedtelds in differential-operator form —
and we demonstrate the Lie-algebraic charactdreo$et of these derivatives.

The general symmetry problem for both scalad matrix-valued PDEs is pre-
sented in Sec. 4, and the Lie-algebraic propertyyofmetries of a PDE is proven in
Sec. 5. In Sec. 6 we discuss the conceptretarsion operatofl1,8-14] by which an
infinite set of symmetries may in principle be pnodd from any known symmetry.
An application of these ideas is made in Sec. ddnyg the chiral field equation as an
example.

A symmetry of a PDE amounts to the invariaotCthis equation under the action
of a corresponding characteristic derivative. Gitlem latter operator, anfinitesimal
symmetry of the PDE may be defined. Section 8 dises the use of symmetry opera-
tors to construcfinite one-parameter symmetry transformations of PDEsa fpgsda-
gogical example, a number of point-symmetry tramsédgions for the two-
dimensional Laplace equation are derived in Secir®ally, in Sec. 10 the case of
Backlund-transformation-related recursion operaji@fss discussed.

To simplify our formalism we will restrict oanalysis to the case of a single PDE
in one dependent variable. For systems of scalaedaPDEs in several dependent
variables see, e.g., [1].

The material presented in this article igédy based on the original article [7],
with additional results contained in Sec. 8-10.

2. The fundamental operators

A PDE for the unknown function=u(x}, »2, ...) = u(x) [where by &) we collectively
denote the independent variablés, ...] is an expression of the foriju]=0, where
Flu] = F(&, u, Uy, g, ...) is a function in théet spacg1] of the independent variables
(X)), the dependent variable and the partial derivatives of various ordersiafith
respect to theX, which derivatives will be denoted by using Sulgger uy, U , Ukm,
etc. Asolutionof the PDE is any function=¢(x") for which the relatiorF[u]=0 is
satisfied.

The dependent variahleas well as all functions[u] in the jet space, will gener-
ally be assumed to be square-matrix-valued of fijed otherwise unspecified) ma-
trix dimensions. In particular, we require that,ii® most general form, a function
F[u] in the jet space is expressible as a finite oinéinite sum of products of alternat-
ing x-dependent and-dependent terms, of the form

Flul=>axX)nrg ) ue§ - (1)

where thea(xX"), b(X"), c(X"), etc., are (generally) matrix-valued and wheeertatrices
I[u], IT'[u], etc., are products of variablesuy, uy , etc., of the “fiber” space (or,
more generally, products of powers of these vaegblThe set of all functions (1) is
thus a (generally) non-commutative algebra.

If uis a scalar quantity, a total derivative operatm be defined in the usual dif-
ferential-operator form
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where the summation convention over repeated updamch indices (such gsandk
in this equation) has been adopted and will be tisedighout. If, howevewn is ma-
trix-valued, the above expression is obviously vadid. A generalization of the defi-
nition of the total derivative is thus necessaryrfatrix-valued PDEs.

Definition 1. Thetotal derivative operatowith respect to the variabiéis a linear
operatorD; acting on function$-[u] of the form (1) in the jet space and having the
following properties:

1. On function§(xX") in the base spac®); f(X) =of/ox = &, f(X).
2. ForF[u]=u, u;, u;, etc., we haveD;u=u;, Djy,=Dju = u; = u;, etc.

3. The operatdD; is aderivationon the algebra of all matrix-valued functions of
the form (1) in the jet space,; i.e., theibniz ruleis satisfied:

Di (F[ulG[ul) = (Di F[ul) G[u] + F[ul DiG[u] ®3)

Higher-order total derivative®;; = D; D; may similarly be defined but they no
longer possess the derivation property. Given &@t ;0 and that;=u; , it follows
thatD; D; = D;D; < Dj = Dj ; that is, total derivatives commute. We writ®; [D;]=0,
where, in general A, B] = AB-BAwill denote thecommutatorof two operators or two
matrices, as the case may be.

If uis the inverse af, such thauu™= u™u= 1, then we can define

D, (u‘l) =—u*(Quju* 4)
Moreover, for any function8[u] andBJ[u] in the jet space it can be shown that
Di[A,B] = [DjA, B] + [A, Di B] (5)
As an example, lex’( x%) = (x, t) and letF[u]=xtu, whereu is matrix-valued.

Writing F[u]=xtuyuy , we haveD; F[u]=Xu,2 + Xt (U Ux + Uy Uyt ).

Let nowQ[u] = Q (X5, u, Ug, Ug, ...) be a function in the jet space. We will chikt
acharacteristic functior{or simply acharacteristig of a certain derivative, defined as
follows:

Definition 2. Thecharacteristic derivativavith respect t@[u] is a linear operator
Ag acting on function&[u] in the jet space and having the following prost

1. On function§(x") in the base space,
Ao f(X)=0 (6)
(that is,Aq acts only in the fiber space).
2. ForF[u]=u,
Aqu = Q[U] (7)
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3.Aq commutes with total derivatives:
AgDi=DiAg < [Aq,Di]=0 (alli) (8)

4. The operatkg is aderivationon the algebra of all matrix-valued functions of
the form (1) in the jet space (the Leibniz rulsasisfied):

Aq (F[UIG[ul) = (A F[ul) G[u] + F[u] AQG[u] )
Corollary: By (7) and (8) we have:
AQ Ui = AQ Diu =D, Q[U] (10)

We note that the operat is a well-defined quantity, in the sense thatabgon
of Ag onu uniquely determines the action &4 on any functior[u] of the form (1)
in the jet space. Moreover, since, by assumptiandQ[u] are matrices of equal di-
mensions, it follows from (7) thatg preserves the matrix characterupfas well as of
any functionF[u] on which this operator acts.

We also remark that we have imposed conditi(@) and (8) having a certain
property of symmetries of PDEs in mind; namayerysymmetry of a PDE can be
represented by a transformation of the dependemdbla u alone, i.e., can be ex-
pressed as a transformation in the fiber space{$e€hap. 5).

The following formulas, analogous to (4) ¢6)1 may be written:

AQ(ufl)z—ufl(AQ u) ut (11)
Ag[A B] = [AQA, B] + [A, AgB] 12)

As an example, lex( x*) = (x, t) and letF[u]=a(x,t)u’b(x,t)+[uy, ] , wherea, b
andu are matrices of equal dimensions. Writifguu and using properties (7), (9),
(10) and (12), we findAq F[u]=a(x,t)(Qu+uQ)b(x,t)+[Dx Q, u]+[ux, D: Q].

In the case whereis scalar-valued (thus so @u]) the characteristic derivative
Aq admits a differential-operator representatiorhefform

0 0 0
AQ=Q[UE+(D.QIJ)E+(DD,CD]J)EvL-" (13)

See [1], Chap. 5, for an analytic proof of prop€8)in this case.

3. The Lie algebra of characteristic derivatives

The characteristic derivative’sy acting on functiong-[u] of the form (1) in the jet
space constitute laie algebra of derivationsn the algebra of thig[u]. The proof of
this statement is contained in the following thirgepositions.

Proposition 1.Let Aq be a characteristic derivative with respect todiharacteris-
tic Q[u]; i.e., Agu=Q[u] [cf. Eq. (7)]. LetA be a constant (real or complex). We de-
fine the operatoiAq by the relation
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(2AQ) F[u] =4 (AqF[U]).
Then,AAq is a characteristic derivative with characterig@u]. That is,
AAg =240 (14)

Proof. (a) The operatoiAq is linear, since so &g .
(b) ForF[u]=u, (AAg)u= A(Aqu)=AQ[U] .
(c) AAq commutes with total derivativéy , since so doeAg .
(d) Given thatAq satisfies the Leibniz rule (9), it is easily shothiat so doesAq .

CommentCondition €) would not be satisfied if we allowédo be a function of
thex instead of being a constant, sir¢e) generally does not commute with the
Therefore, relation (14) is not valid for a non-stamti.

Proposition 2.Let A; andA; be characteristic derivatives with respect todhaer-
acteristicsQ,[u] and Q[u], respectively; i.e.Aqu=Q;[u], A.u=Q,[u]. We define the
operatorA;+A; by

(A]_"'Az) F[U] = A1 F[U] + A, F[U] .

Then,A1+A; is a characteristic derivative with characteri€ifu]+Q-[u]. That is,
A +A,=Aq with QU =Q[d+Q L (15)

Proof. (a) The operaton;+A; is linear, as a sum of linear operators.
(b) ForF[ul=u, (Ai+Az)u= Aju+Au= Qi[u]+Q[u] .
(c) A1+A, commutes with total derivativey , since so da; andA; .

(d) Given that each of; andA, satisfies the Leibniz rule (9), it is not hardstwow
that the same is true foR+A; .

Proposition 3.Let A; andA; be characteristic derivatives with respect todhar-
acteristicsQ[u] and Q[u], respectively; i.e.A1u=Q1[u], Au=Q,[u]. We define the
operator A1, A;] (Lie bracketof A; andAy) by

[A1, Ag] F[U] = A1 (A2F[u]) — A2 (AL F[U]) .

Then, A1, A;] is a characteristic derivative with charactecigtiQ,[u]-A,Q1[u]. That
is,

[Ay, Al =Aq with QU =A,Q} I-A,Q b= Q,]u (16)

Proof. (a) The linearity of A1, A;] follows from the linearity oA; andA;.
(b) ForF[ul=u, [A1,AsJu= A1(Azu)—Az(A1U) = A1Qo[u]-A2Q:[u] = Q1 U] .
(©) [A1,A2] commutes with total derivativd3;, since so da; andA; .
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(d) Given that each ok; andA,; satisfies the Leibniz rule (9), one can show (afte
some algebra and cancellation of terms) that threesa true for A1, Az].

In the case where (thus theQ'’s also) is scalar-valued, the Lie bracket admits a
standard differential-operator representation:

(A 8] = Q{02+ (D Ql,z)% +(op Ql,z)ﬁ - (17)
J

where QqJ[u] = [A1, Ag]u= A1Qo[u] —AQ[U] .
The Lie bracketA; , A,] has the following properties:

1. [A]_ , aA2+bA3] = a[A]_ , Az] + b[Al , Ag] ;
[aA1+bA2, Ag] = a[A]_ , Ag] + b[Az , Ag] (a, b= const.)

2. [A1,A)) ==[A2,A1]  (@ntisymmetry

3. [A1, [A2,A3]] + [Az, [Az, Aq]] + [As, [A1,A2]] =0
[[A1,Az], Ag] + [[A2,As], A1l + [[Az,Ad], Al =0 @acobi identity

4. Infinitesimal symmetry transformations of a PDE

Let F[u]=0 be a PDE in the independent variabtés x*, »°, ..., and the (generally)
matrix-valued dependent variahle A transformatioru(x")—>u’(x") from the function
u to a new functioru” represents aymmetryof the PDE if the following condition is
satisfied:u’(x") is a solution of[u]=0 whenu(x) is a solution; that iss[u’]=0 when
F[u]=0.

We will restrict our attention toontinuous symmetriesnd, for the moment, to
infinitesimal transformations. Although such symrest may involve transformations
of the independent variableg) they may equivalently be expressed as transforma
tions ofu alone (see [1], Chap. 5), i.e., as transformatiorie fiber space.

An infinitesimal symmetry transformation isitten symbolically as

u— u'=u+du

wheredu is an infinitesimal quantity, in the sense thatpalwers §u)" with n>1 may
be neglected. Theymmetry conditiors thus written

Flu+éu] =0 when F[u] =0 (18)
An infinitesimal changéu of u induces a chang#-[u] of F[u], where
OoF[u] = F[u+du] — F[u] < F[u+du] = F[u] + 6F[u] (29)
Now, if éu is an infinitesimal symmetry and if is a solution ofF[u]=0, thenu+du

also is a solution; that i$;[u+du]=0. This means thadF[u]=0 whenF[u]=0. The
symmetry condition (18) is thus written as follows:
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OoF[u]=0 mod F[u] (20)
A finite symmetry transformation (we dendtl) of the PDEF[u]=0 Eroduces a

one-parameter family of solutions of the PDE frony given solutioru(x’). We ex-
press this by writing

M: u(xX) > U(X;a) with T(X;0)= U X) (21)

For infinitesimal values of the parameter

u(xXa)= uUxX)+ad § where qq:ﬂ (22)

da a=0

The functionQ[u] = Q(X*, u, Uy, g, ...) in the jet space is called thearacteristicof
the symmetry (or, theymmetry characterisficPutting

su=u(X;a)- u X) (23)
we write, for infinitesimakb,
ou = aQu] (24)

We notice that the infinitesimal operafdras the following properties:
1. According to its definition (19) is a linear operator

Oo(F[u]+G[u]) = (F[u+du]+ Glu+du]) —(F[u]+G[u]) = oF[u]+G[U] .

2. By the nature of our symmetry transformatiofiggroduces changes in the fiber
space while it doesn't affect functioh6<) in the base space [this is implicitly stated
in (23)].

3. Sinced represents a difference, it commutes with alll tdéaivativesD; :

o (Di AlU]) = Di (6A[L]) -
In particular, forA[u]=u,

ou; = 5(Di U) =bh (5U) = aD; Q[U] )

where we have used (24).

4. Sinceo expresses an infinitesimal change, it may be aqmated to a differential;
in particular, it satisfies the Leibniz rule:

d (ALu]B[u]) = (A[u]) B[u] + A[u] 6B[u] .

For example,o(u?) = 5(uu) = (Su)u+udu = a(Qu+uQ).
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Now, consider the characteristic derivathgewith respect to the symmetry char-
acteristicQ[u]. According to (7),

Aqu= QU] (25)

We observe that the infinitesimal operadaand the characteristic derivati¥g share
common properties. From (24) and (25) it followattkthe two linear operators are
related by

ou =alqu (26)
and, by extension,
oui = aD; Q[u] = alAgui, etc.

[see (10)]. Moreover, for scalar-valuadand by the infinitesimal character of the op-
eratoro, we may write:

S s F sus =g E oF oF
5F[u]_au5u+aq5q+ O{aquaq DQ}HM— P D RJu+ J
while, by (13),

oF oF oF

The above observations lead us to the coiociubat, in general, the following
relation is true:

oF[u] = a AqF[u] 8(2
The symmetry condition (20) is thus written:
AgF[u]=0 mod F[u] (29)

In particular, for a scalar-valuedthe above condition assumes the form
oF oF oF
—Q[u+—0D +— +---=0 mod 30
auQ[] o d 4 aquQQ]J i (30)

which is a linear PDE faQ[u]. More generally, for matrix-valuedland for a function
F[u] of the form (1), the symmetry condition for th®P F[u]=0 is alinear PDE for
the symmetry characterist@u]. We write this PDE symbolically as

S(Q;u)=AgF[u]l =0 mod F[u] (31)

where the functios(Q; u) is linear inQ and all total derivatives @. The linearity of
Sin Q follows from the Leibniz rule and the specificio(1) of F[ul].
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Below is a list of formulas that may be usdficalculations:

o Aou=DiQ[u], Aquj=D;D;Q[u], etc.
o AQU’= Ag(uu)= Q[ulu+uQ[u] (etc.)
o Ag(U=—ut(Aouult=—utQulut

o Aq[AlUl, BIul] = [AgA, B] + [A, AqB]

CommentAccording to (29)AqF[u] vanishes ifF[u] vanishes. Given thalg is a
linear operator, the reader may wonder whetherdbiglition is identically satisfied
(a linear operator acting on a zero function alwageduces a zero function!). Note,
however, that the functioR[u] is not identicallyzero; it becomes zero onlgr solu-
tions of the given PDE. What we need to do, therefardo ifirst evaluatég F[u] for
arbitrary u andthen demand that the result vanigtnen uis a solution of the PDE
F[u]=0.

An alternative — and perhaps more transparergrsion of the symmetry condi-
tion (29) is the requirement that the followingatédn be satisfied:

AoF[ul=LHY (32)

whereL is a linear operator acting on functions in thesfgace (see, e.g., [1], Chap. 2
and 5, for a rigorous justification of this conditiin the case of scalar-valued PDES).
For example, one may have

AFIU =Y A BAT+Y (%) DO E U+ 8§ Flu+ [Flu(B X
I 1)

where theg; andy; are scalar-valued whilé& and B are matrix-valued. Let us see
some examples, restricting for the moment our atterio scalar PDESs.

Example 1Thesine-Gordon (s-G) equatias written
F[u] = ux— sinu=0.
Here, &, x%) =(xt). Since sin can be expanded into an infinite series in powérs

we see thaF[u] has the required form (1). Moreover, sinces a scalar function, we
can write the symmetry condition by using (30):

S(Q;u)=Qx — (co) Q=0 mod F[u]
where§Q; u)= Aq F[u] and where by subscripts we denote total diffeations with
respect to the indicated variables. Let us vetiy solutionQ[u] = ux . As will be
shown in Sec. 9, this characteristic producesithiefsymmetry transformation

M: u(xt)>U(x ta)=u(xa, ) (33)

which implies that, ifu(x,t) is a solution of the s-G equation, the(x, t) = u( X+ «, 1)
also is a solution. We have:
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Qxt — (co) Q = (Ux) xt — (CO) Ux= (Ux — Sinu)x= DxF[u] =0 mod F[u].

Notice thatAgF[u] is of the form (32), with = D, . Similarly, the characteristic
Q[u] =u; corresponds to the symmetry

M: u(xt) > U(x ta)=u(% ta) (34)
That is, if u(xt) is a solution of the s-G equation, then s@i{x t)=u(x t+«a). The
symmetries (33) and (34) reflect the fact that $h® equation does not contain the

variablesx andt explicitly. (Of course, this equation has many ensymmetries that
are not displayed here; see, e.g., [1].)

Example 2Theheat equations written
Flu=u-uw=0.
The symmetry condition (30) reads
S(Q;u)=Q—Qx=0 mod F[u]

where §Q; u)= Ag F[u]. As is easy to show, the symmetries (33) and ¢34)valid
here, too. Let us now try the soluti@Qfiu] =u. We have:

Qt _QXX: Ui — Uxx = F[U] =0 mod F[U] .
As will be shown in Sec. 9, this symmetry corresimto the transformation
M:u(xt) > T0(x ta)=€¢ u X} (35)

and is a consequence of the linearity of the hgaatgon.
Example 30ne form of thdBurgers equatioms

Flul= u- Uxx_ux2: 0.
The symmetry condition (30) is written
S(Q| U) = Qt _Qxx_zuxsz O mOd F[U]

where, as alwaysyQ; u)=Aq F[u]. Putting Q= ux andQ= u; , we verify the symme-
tries (33) and (34):

Qt _QXX_ZUXQXZ Uxt— Wexx— 2uxuxx= DxF[U] =0 mod F[U]
Qt — Qux— 2UxQx = Ut — Uxt— 2UxUy = DtF[u] =0 mod F[u]

Note again thatAgF[u] is of the form (32), withI:zDx and I:th. Another
symmetry iQ [u]=1, which corresponds to the transformation (see S)

10
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M: u(xt)>U(x ta)=u(x )+« (36)

and is a consequence of the fact thanterds=[u] only through its derivatives.
Example 4Thewave equatioris written

F[ul = us— Cuw=0 (c=const.)
and its symmetry condition reads
S(Q;u)=Qy —*Qx=0 mod F[u].
The solutionQ[u] =X uxt tu; corresponds to the symmetry transformation (Sec. 9
M:u(xt)>T(x ta)=u(é& x &1} (37)

expressing the invariance of the wave equation uadeale change ofandt. [The
reader may show that the transformations 3@6) also express symmetries of the
wave equation.]

It is remarkable that each of the above PBdwits an infinite set of symmetry
transformations [1]. An effective method for findisuch infinite sets is the use of a
recursion operatarwhich produces a new symmetry characteristicyetiare it acts
on a known characteristic. More on recursion opesawill be said in Sec. 6.

5. The Lie algebra of symmetries

As is well known [1] the set of symmetries of a PBEJlH]=0 has the structure of a Lie
algebra. Let us demonstrate this property in theecd of our formalism.

Proposition.Let £ be the set of characteristic derivativieg with respect to the

symmetry characteristioQ[u] of the PDEF[u]=0. The setl is a (finite or infinite-

dimensional) Lie subalgebra of the Lie algebralwdracteristic derivatives acting on
functionsF[u] in the jet space (cf. Sec. 3).

Proof. (a) Let Age £ < AgF[u]=0 (modF[u]). If 4 is a constant ther4q)F[u] =
AAq F[u]=0, which means thatAqe L. Given thatiAq = A,q [see Eq. (14)] we con-
clude that, ifQ[u] is a symmetry characteristic Bfu]=0, then so idQ[ul].

(b) Let AseL and A,eL be characteristic derivatives with respect to shemetry

characteristic€1[u] and Q[u], respectively. ThenA;F[u]=0, A,F[u]=0, and hence
(A1+A2)F[u] = A1F[u]+ALF[u]=0; therefore, £1+Az)eL. It also follows from Eq. (15)
that, if Qi[{u] and Q,[u] are symmetry characteristics Bfu]=0, then so is their sum

Qu[u]+Qfu].
(c) LetA1eL£ andA,e L, as above. Then, by (32),

AFlUl =L AU, AF[U=L,HY.

11
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Now, by the definition of the Lie bracket and b tinearity of bot\; and I:I (i=1,2)
we have:

[Ay, AJFIU =A{A D) —AGAF D =AGLFD —AG LF
= (AL, —ALL,)F[u] =0 mod F[u]

We thus conclude thai\f, A;]€£. Moreover, it follows from Eq. (16) that, @;[u]
andQ[u] are symmetry characteristicsEffu]=0, then so is the function

Q1.2[U] = A1 QofU] — A2Qu[U] .

Assume now that the PDHu]=0 has ann-dimensional symmetry algebré&

(which may be a finite subalgebra of an infiniteagnsional symmetry Lie algebra).
Let {A1, Az, ..., An}={ A}, with corresponding symmetry characteristi€dJ, be a set

of n linearly independent operators that constitutasiofL, and letA; , Aj be any

two elements of this basis. Given that,[Aj] € £, this Lie bracket must be expressible
as a linear combination of thag, with constant coefficients. We write

(A A= 26 A 138
k=1

where the coefficients of thl in the sum are the antisymmetsitucture constants
of the Lie algebra in the basis 4y}.

The operator relation (38) can be expresseahi equivalent, characteristic form
by allowing the operators on both sides to actuoand by using the fact that

AU=QyJu]:

[Ai,Aj]u=(Zn:q'j‘Akju=Zn:#(Ak ) =
k=1 k=1

AiQ,-[u]—A,-Q[q=ki¢qp (39)
=1

Example One of the several forms of tk@rteweg-de Vries (KdV) equatios
Flul= U+ U+ U= 0 .
The symmetry condition (31) is written
S(Q;u)=Q+ Qux+ UQx+ Qux=0 mod F [u] (40)

where§Q; u)= AqgF[u]. The KdV equation admits a symmetry Lie algebirantinite
dimensions [1]. This algebra has a finite, 4-din@mal subalgebra of point trans-
formations A symmetry operator (characteristic derivative) is determined by its
corresponding characteris@fu]=Aqu. Thus, a basisA;,...,A4} of £ corresponds to

12
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a set of four independent characteristis {..,Q4}. Such a basis of characteristics is
the following:

Qiul=ux, Qjul=u, Qsu]=tux—1, Qafu]=xuy+3tu;+ 2u
TheQs,...,Q4 satisfy the PDE (40), since, as we can show,

S(Q1;u)=DxF[u], S(Qz;u)=DiF[u], S(Qs;u)=tDgF[U],
S(Qa4; U) = (5+ XDy + 3tDy) F[U]

[Note once more thatgF[u] is of the form (32) in each case.] Let us now tse® ex-
amples of calculating the structure constants bfy application of (39). We have:

AQy,—AL,Q=A U -A,u=(A0—(A,0,=(Q—(QAx=(YW~(W,=0
4

Zcszk

k=1

Since theQx are linearly independent, we must necessarily haye-0, k=1,2,3,
Also,

AyQ3—A3Q,=A (tu —1)-A su= t{A ,U,—(A 39= (Q)x—( Q)
:tutx_(ux+tuxt):_ Ug=— q = i (l2(3 Q
k=1

Therefore, c3,=—1, C3;=C3,= Ch=0.

6. Recursion operators

Let su=aQ[u] be an infinitesimal symmetry of the POHu]=0, whereQ[u] is the
symmetry characteristic. For any solutia(x") of this PDE the functio®[u] satisfies
the linear PDE

S(Q; u) = AgF[u] =0 (41)

Because of the linearity of (41) @, the sumQ,[u]+Q[u] of two solutions of this
PDE, as well as the multipk[u] of any solution by a constant, also are solutiohs
(41) for a giveru. Thus, for any solution of F[u]=0, the solutions Q[u]} of the PDE
(41) form a linear space, which we cgJl

A recursion operatorf{ is a linear operator that maps the sp&cénto itself.
Thus, if Q[u] is a symmetry characteristic &fu]=0 [i.e., a solution of (41) for a
givenu] then so isRQ U :

S(RQ =0 when S(Q 0= C (42)

13
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Obviously, any power of a recursion operator assa recursion operator. Thus, start-
ing with any symmetry characteristigfu], one may in principle obtain an infinite set
of such characteristics by repeated applicatiaihn@fecursion operator.

A new approach to recursion operators wagestgd in the early 1990s [11,15-
17] (see also [8-10]) according to which a recursoperator may be viewed as an
auto-Backlund transformatio(BT) [18,19] for the symmetry condition (41) ofeth
PDE F[u]=0. By integrating the BT, one obtains new solnsi®[u] of the linear
PDE (41) from known one$§)[u]. Typically, this type of recursion operator prads
nonlocal symmetries in which the symmetry characteristipeshels onintegrals
(rather than derivatives) af. This approach proved to be particularly effectioe
matrix-valued PDEs such as the nonlinear self-Meaaig-Mills equation, of which
new infinite-dimensional sets of “potential symnett were discovered [9,11,15].
More on this will be said in Sec. 10.

7. An example: The chiral field equation

Let us consider thehiral field equation

Flal=(g7g)«+(g"g), =0 (43)
where, in general, subscriptsandt denote total derivativelS, andD; , respectively,
and whereg is a GL(n,C)-valued function ofx andt, i.e., a complex, non-singular
(nxn) matrix function, differentiable for ak andt. Let 6g=aQ[g] be an infinitesimal

symmetry transformation for the PDE (43), with syetm characteristic
Q[g]=AqQ. Itis convenient to put

Qlg]=g®[d] = @[g]=9"Qq].
The symmetry condition for (43) is
AqF[g]=0 mod F[q] .

This condition will yield a linear PDE fd® or, equivalently, a linear PDE fdr. By
using the properties of the characteristic deneatve find the latter PDE to be

S(®; 9= O(®,+[g" g, @)+ Q(®+[ g' g @])=0 mod K §  (44)

where the square brackets denote commutators ofcesmtNote that, since (44) is to
be valid on solutiong of (43), it can equivalently be expressed as

S(®; g= D, + CDtt+[97l d CDX]+[ gl a, (I)J =0 mod H §.
A useful identity that will be needed in thexjuel is the following:

(97'9)-(g'g)+[g"'g, g-dl=0 (45)

14
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Let us first consider symmetry transformasgion the base space, i.e., coordinate
transformations ok, t. An obvious symmetry ig-translation x=x+«, given that the
PDE (43) does not contain the independent variabbelicitly. For infinitesimal val-
ues of the parameter, we write ox=a. The symmetry characteristic @ g]=gx, SO
that ®[g]=g g« . By substituting this expression fdr into the symmetry condition
(44) and by using the identity (45), we can vetiifgit (44) is indeed satisfied:

S(®;9)=DxF[g]=0 mod F[g] .
Similarly, fort-translationt '=t+ « (infinitesimally, t=«) with Q[g]=g:, we find
S(®;g)=D:F[g] =0 mod F[g] .
Another obvious symmetry of (43) is a scale chaoigboth x andt: x'=1x, t'=it.
SettingA=1+a, wherea is infinitesimal, we writedx=aX, dt=at. The symmetry char-

acteristic isQ[g]=xgx+tg; , so that®[g]=xg ‘gy+tg ‘g . Substituting ford into the
symmetry condition (44) and using the identity (db)ere necessary, we find that

S(®;g) = (2+xDy+tD;) F[g] =0 mod F[g] .

Let us callQi[g]=0x , Q[0]=0: , Q3[g]=Xax+tg: , and let us consider the corre-
sponding characteristic derivative operatdrslefined byA; g=Q; (i=1,2,3). It is then
straightforward to verify the following commutatioelations:

[A1,A2]9=A1Q2—A2Q1=0 < [A1,A2]=0;
[A1,A3] 9 =A1Q3 —A3Q1 =—=—-Q1=-A10 < [A1,A3] =—Ag;
[A2,A3] 9 =A2Q3 —A3Q2=—-0=-Q2=-A2g < [A2,A3] =-A;.

Next, we consider the “internal” transfornoati(i.e., transformation in the fiber
space)g =gA, whereA is a non-singular constant matrix. Then,

Flg'l= A"FlglA=0 mod F[g],
which indicates that this transformation is a syrmnef (43). SettingA=1+oM,
wherea is an infinitesimal parameter whilM is a constant matrix, we write, in infini-

tesimal form,og=agM. The symmetry characteristic [g]=gM, so that®[g]=M.
Substituting ford into the symmetry condition (44) we find:

S(@;9)=[F[d],M] =0 mod Fg] .

Given a matrix functiog(xt) satisfying the PDE (43), consider the following-s
tem of PDEs for two function®[g] and®'[g]:

@) = @ +[g7'g, , D]

’ . (46)
-O =0, +[g 0,, D]
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The integrability condition(®'), = (®}), of this system requires thdt satisfy the
symmetry condition (44); i.e$S(® ; g)=0. Conversely, by applying the integrability
condition (®,), = (®,), and by using the fact thgtis a solution of[g]=0, one finds

that®” must also satisfy (44); i.eS(®"; g) = 0.

We conclude that, for any functig(x,t) satisfying the PDE (43), the system (46)
is anauto-Backlund transformatio(BT) [18,19] relating solution® and®” of the
symmetry condition (44) of this PDE; that is, reigt different symmetries of the
chiral field equation. Thus, if a symmetry charastec Q=g® of the PDE (43) is
known, a new characteristi@’=g®" may be found by integrating the BT (46); the
converse is also true. Since the BT (46) produe®s symmetries from old ones it
may be regarded agecursion operatofor the PDE (43) [8-11,15-17].

As an example, consider the internal-symmettigracteristi€Q[g]=gM (whereM
Is a constant matrix) correspondingdfg]=M. By integrating the BT (46) fob’, we
get ®'=[X, M] and thusQ'=g[X, M], whereX is the “potential” of the PDE (43), de-
fined by the system of PDEs

X,=g7g . -%X=d'q (47)

Note thenonlocal character of the BT-produced symme®¥ due to the presence of
the potentialX. Indeed, as seen from (47), in order to ffadne has tantegratethe
chiral field g with respect to the independent variablesdt. The above process can
be continued indefinitely by repeated applicatiérih@ recursion operator (46), lead-
ing to an infinite sequence of increasingly nonl@syanmetries.

Unfortunately, as the reader may check, ne iméormation is furnished by the
BT (46) in the case of coordinate symmetries (faanaple, by applying the BT for
Q=gx we get the known symmeti®'=g; ). A recursion operator of the form (46),
however, does produce new nonlocal symmetries ftoordinate symmetries in re-
lated problems with more than two independent Wé&® such as the self-dual Yang-
Mills equation [8-11,15].

8. Generation of finite symmetry transformations

As we saw in Sec. 4, given a symmetry opera@one may immediately define an
infinitesimal symmetry of a PDE. Our starting peinbwever, was the idea of using a
finite symmetry transformation to generate a one-pararfetaly of solutions of the
PDE. We thus need to generalize the discussioraf&by allowing the parameter
to assume finite values.

According to (7), the characteristic derivatig with respect to the characteristic
function Q[u] satisfies the relation

Agpu u = Q[u] 84

By (48) and the properties af, one may determine the action&d on any function
F[u] of the form (1), thus construct a new functiagF[u].

Obviously, a change af will induce a corresponding change on any function
F[u]. Given a functionu(x), a continuous change afmay be expressed as a one-
parameter family of transformations
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M: u(xX) > U(xX; ) with T(X;0)= y %) (49)

wherea >0. We suppress the independent variatfesvhich are unaffected by the
transformatiorM, and write, simply,

M:u—U(a) with Tu(0)= u.
Expandingu(«) in powers ofz, we have:
U(a) = u+aQ 4y + higher-order terms irax (50)
whereQ[u] is given by

d _
EU(Ot)LF0 = QU = Agy U (51)

Now, we assume that, for finite values of plaeameter,

d _ — —
P U(a) = Q[U(@)]= Aqqu(ey W) (2)

which is obviously consistent with (51). By the pegtties of the characteristic deriva-
tive it then follows that, for any functidf{u] of the form (1),

d _ _
P FU(a)] = Agpuy FU(@)] (53)

As an example, leF[ul=u* = AU )] =W o) Wa) . Then, by (52) and by using
the Leibniz rule, we have:

d U(a) dTJ(a)

—F[U( a)] = U(a) + U o) ——

- {AQ[U(a)] u (0!)} U(a)+ u(“)Aqua)] )
- AQ[U(Ol)] (U(d)U(O{)) = Aqqa)] F[U(O{)]

Equation (52), together with the initial carmwh T(0)=u, is an initial-value prob-
lem that, upon integration, yields a one-paramietersformation of the form (49). We
say that the operatdYg is thegeneratorof this transformation. As regards its action
on functions, the operatay, is seen to be equivalent to thie derivativeof differen-
tial geometry (see, e.g., Chap. 5 of [19]). Ana, katter derivative plays a key role in
the differential-geometric methods for studyingarnance properties of PDEs [2-4].
We now revisit the symmetry problem for PDEs in tdomtext of our present, more
abstract algebraic formalism.

The transformatioM in Eq. (49) is asymmetry transformatiofior the PDE
F[u]=0 if it leaves this PDE invariant, in the sense thfii(a)] =0 if F[u] =0 . We
write:
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Fla(a)] =0 mod F[u] (54)

So, if O(X;0)= u(X) is a solution ofF[u]=0, then so isi(X;«) for all values of
the parameter >0. This means thaF[U(«)], viewed as a function aof, retains a
constant (zero) value under continuous changes lof mathematical terms,

%F[U(a)]:o mod F[U )

or, in view of (53),

Aoy F[U(@)]=0 mod F[U@) .

Since this must be valid for any value @fthe above relation will still be true if we
replacea by a new parametgi=a+c, wherec is any constant such th&t0. In par-
ticular, by choosing=—-a = =0, we rewrite the above equation in the simplemfor

AQ[U]F[U]:O mod F[u] (55)

which is the condition for invariance of the PBRI]=0. As we have seen, this condi-
tion yields a linear PDE for the symmetry charasterQ[u], of the form

S(Q;u) = Ag F[u]=0 mod F[u] (56)
where the expressid®(Q;u) is linear inQ and all total derivatives @. In particular,

for scalar-valued (thus scalaQ[u] also) the operatofg has the form (13) and the
symmetry condition (56) takes on the form

oF oF oF
EQ[u]ﬁuaaqthaDE}CD]H---:O mod F U (57)

An important class of symmetriedasal (point) symmetries. As discussed in [1],
the symmetry characteristiQ[u] of a local symmetry cannot depend on second or
higher-order derivatives af with respect to the&*, while the dependence fon the
first-order derivativesi is also subject to certain restrictions. Oncecaalleymmetry
characteristidQ[u] is found by solving (56) or (57), a one-paramdgamily of sym-
metry transformations of the POMEu]=0, of the form

M:u(xX) > u(xX;a) ; T(¥;0)= u X) (58)
Is obtained by solving the initial-value problenh [Eq. (52)]
d _ _
Eu(xk;a) = Q1]
a(x*; 0) = u(xX)

(59)
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9. Example: The two-dimensional Laplace equation

As an example for illustrating the process of fmglone-parameter symmetry trans-
formations of a PDE, we choose the two-dimensiduagdlace equatiorfor a scalar
functionu(x,t):

Flul = U+ =0 J60
Here, &%) =(x,t). The symmetry condition (56) or (57) yields tirehr PDE

S(Q;U)=Q«+Qu=0 mod F[u] (61)

where subscripts indicate total differentiationack symmetry of the PDE (60) corre-
sponds to a solutio®[u] of (61) and leads to a one-parameter family ghisetry
transformations (58) by solving the initial-valuemplem (59). Let us see some exam-
ples:

1. Q[u]=1 is a solution of (61), hence a symmetry charadterdd (60). The ini-
tial-value problem (59) is written

iU(a)zl ; u(0)=u
do

which is easily integrated to givie@(x, t;) = u( x )+ « . Thus, ifu(xt) is a solution of
(60), then so isu(x,t)+a. This symmetry reflects the fact thaenters the PDE (60)
only through its derivatives (i.é=[u] does not contain itself).

2. For the symmetry characteris@fu]=u we have
d

Eﬁ(a):ﬁ ; U(0)=u

with solution U(x t;a)= € U x ). Thus, ifu(xt) is a solution of (60), then so is
Au(x,t) for any constant. This symmetry reflects the fact that the PDE (@t)omo-
geneous linear in.

3.Q[u]=uy is another symmetry characteristic; indeed, ncae3{Q;u)=D,F[u]=0
whenF[u]=0. The initial-value problem is written

d _ _ _
—Uu(xt;a)=T, ; U(x%t0)=ux9.
do
A way to solve this is to consider the parametes a variable of equal footing wixh
andt. The above ordinary differential equation thendmees a homogeneous linear

first-order PDE that can be integrated by standaethods (see, e.g., Chap. 4 of [19]):

0 -0,=0 (62)

We form the characteristic system
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and we seek 3 first integrals of this system. Thasei =C,, t=C,, x+a = C,.

The general solution of (62) is thed(C;, C,, C3)=0 , where the functio® is arbi-
trary. That is,

U, t, x+a)=0 = (X tx)=w(X+a,t).
By the initial conditionU(x, t;0)=u(xt) we have thatw(xt)=u(xt), and hence
o(X+a,t)=u(X+a,t). Thus, finally,u(x t;a) = u(x+«, ).

In a similar manner, from the symmetry chagastic Q[u]=u; we get the trans-
formation U(x t;a) = u(x t+«). The two symmetries found above reflect the fact

that the PDE (60) does not contain the independsmblesx andt explicitly.
4. For the symmetry characterisfu]= xu+tu; we have

d _ L
—Uu(xt;a)=xu+tg ; UXt0)= u xJ.
do

Working as in the previous example, we form thstforder PDE

XU, +14 -1, =0 3§16
with characteristic system
dx_dt_ dr_ du
x t -1 0
Three first integrals arei = C, Inx+a=GC,, Int+a = G,. The general solution of
the PDE (63) is®(Cy,C,,C3)=0, with® arbitrary. That is,

U, Inx+a,Int+a)=0 =

U(x t;a)=o(n x+a, In t+a):w[|n(éf ¥, In( & )]

By the initial conditiont(x, t;0)= u(x t) we have that(In x, Int)=u(x,t), and hence
o[In(e”x), In(e"t)]=u(ex, €'t). Thus, finally,u(x t;a)=u(€& x € }. This transforma-

tion expresses the invariance of the PDE (60) uadsrale change—Ax, t—At of x
andt.

5. Q[u]= tux—Xxu is a symmetry characteristic sin€Q;u)=(tDx — xDy)F[u]=0
whenF[u]=0. We write

d _ _ _ _
—U(xta)=t4 - Xy ; Uxt0)= uUXx]}
da
and form the PDE
with characteristic system
x_k_di_du 5
t -x -1 O
One first integral i = C,. Another one is found fronux/t = — d’x = d(*+t%)=0=
X+ t%= C,. A third integral is
o + arctanx/t) = Cs.
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Let us prove this. Setting/t=z, we have:

d(a +arctanz )= dy 192 _ 4, tdx xdi

1+ 22 X+ 12
But, by the system (65)dx= —tdx and dt=xda , so that

2, 42
d[a+arctank /] = da—%: ( g.e.d.

The general solution of the PDE (64)1i6C,,C,,C3)=0 , with® arbitrary. That is,

@[U, X+ %, a + arctanf /tﬂ: 0=

U(X,t;a)za)[xz-i- , o+ arctanx /tj (66)

By the initial conditionT(x,t;0)= u(x t) we have thatw[x*+t 2, arctang/t)]=u(xt).
Putting xcosr+t sine and tcost—xsina in place of andt, respectively, we find:

. : X +1tsi
u(xcosa + t sin ,t cos— x sim %ca)( R+ €, arctan X s'ru} (67)
t cosa — X sinx

On the other hand, we can show that

XCOSx +t Sin
t cosa — X Sinx

tan[a + arctang 1 )=

Csi
a +arctani t )= arctad coSa +1 Sl (68)

tcosa — X Sinx

From (67) and (68) we have that
u(xcosi+t sina, tcosi—xsing) = w[X°+t?, a+arctangit)] .
Thus (66) assumes the final form
U(x t;a) = u(xcosx + tsinx ,— X sSim+ t cos (69)

The transformation (69) admits a certain geomdtiidarpretation that becomes evi-
dent if we define the new variables= xcos:+t sine and t'= —xsina+t cosz. In ma-

trix form,
X | cosa sinx || X
t'| |—sina cosx||t]|’

This relation describes a rotation of the vecior) (on thext-plane by an angle. The
PDE F[u]=0 is thus invariant under such a rotation on trem@lof the independent
variables.

10. Béacklund-transformation-related recursion opeators
As defined in Sec. 6, a recursion operator is aalinoperator that produces a new

symmetry characteristic of a PDE when it acts oricda’ characteristic. As seen in
the example of Sec. 7, a recursion operator canlssviewed as an auto-Backlund
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transformation (auto-BT) for the symmetry conditmfithe PDE, which condition is a
linear PDE for the symmetry characteristic, vabd $olutions of the original PDE.

It is known that when two (generally nonlineRDEs are connected by a BT,
symmetries of one PDE can be associated with syrmesetf the other. In [9] we
went one step further by asking the question: carimd a transformation that relates
recursion operatorof these PDEs? This would be a relation connediv auto-
BTs, each of which relates symmetries of a respe®DE. In other words, we were
after “a transformation of transformations” ratktean a transformation of functions.

Our “laboratory” model was theelf-dual Yang-Mills equatio(SDYM) and its
potential version, thpotential SDYM equatio(PSDYM). The two PDEs are related
by a BT and it was shown in [15] that the symmetoé PSDYM can be used to con-
struct potential symmetriesf SDYM. As proven in [9], SDYM and PSDYM have
isomorphic infinite-dimensional symmetry Lie subeldgas generated by BT-related
recursion operators.

The SDYM equation is written

F[I]=(J3J),+(J*3),=0 (70)

Wy
where the y,zy,z are complex variables which will be collectivelyermted

x* (u=1,...,4). As usual, subscripts indicate total daiixesD, with respect to thex”.
We assume that the dependent variabie SL(N,C)-valued, i.e., is represented by a
complex NxN) matrix with detJ=1.

We consider a system of PDEs involvihg@nd another matrix functioK that
plays the role of the “potential” of (70)

JN, =X, J'l=-X (71)

The system (71) is a BT relatidgwith X. The integrability condition(Xy ), = (X-)

yields the SDYM equation (70). Another integralgildondition is found by applying
the matrix identity (45):

(07)y - (079), +[979,, 37,1 =0,
which yields the PSDYM equation fot
G[X]= X,y + X—[ X, X]=0 (72)
As follows from (71), the conditiodetJ=1 can be satisfied by requiring thaiX=0,
which is compatible with (72). ThusSLN,C) SDYM solutions correspond to
sl(N,C) PSDYM solutions through the BT (71).
For this problem we need an enhanced jetespith variables<”, J, X and partial

derivatives of various orders dfandX with respect to the” . FunctionsM [J; X] in
this space are assumed to be of a form generalizing

MIJ XI=> & x)I[ I X b XTI 3 K(ck - (73)
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where the matriceH[J; X], IT'[J; X], etc., are products of powers and/or derivatives
of J and X with respect to thex” . Characteristic derivatives acting on function3)(7
are of the form

A=Ag+ Ay (74)
where

Ao J=Q[J;X], ApX=®[J;X] and AqgX=AgJ=0.
Therefore,
AJ=Q[J;X] , AX=®[J;X] (75)

for given characteristic functior@3[J; X] and®[J; X] . Clearly, the operatak has all
the properties of characteristic derivatives stateBec. 2. For example,

Af(x")=0,
AD,=D,A,
A(MN) = (AM)N + M(AN) ,
A[M,N]=[AM,N] + [M,AN],
AM™) = —MTAM)M™ | etc.

We introduce the “covariant derivative” ogera (a term borrowed from gauge
theories):

A =D,+[J", 1= D,+[ X, |

. (76)
Az:Dz+[‘J_l‘]z’ ]: Dz_[ x*y ]

where the BT (71) has been taken into account.adsbe shown, the “zero curvature”
condition [A,, A]=0 is satisfied, consistently with the fact that titkennections”

J‘lJy and J'J, are pure gauges. The linear operators (76) aieatiens on the Lie
algebra ofl(N,C)-valued functions, satisfying the Leibniz ruletive form

AIM,N=[AM N+{ M AN,
AIMNI=[AM N{ M AN.

Let nowdJ=aQ[J; X] and 6 X=a®[J;X] represent an infinitesimal symmetry
of the system (71), where is an infinitesimal parameter. This means thatpiie of
functions §+0J, X+0X) is a solution of the system i,(X) is a solution. This, in turn,
suggests that the integrability conditioRdJ+0J ]=0 and G[X+0X]=0 are satisfied
when the integrability conditions[J]=0 and G[X]=0 are satisfied; that id+4J and
X+0X are solutions of (70) and (72), respectively, wiemdX are solutions of these
PDEs. The function®[J; X] and®[J; X] are thus, respectively, SDYM and PSDYM
symmetry characteristics. The characteristic déxigaA with respect to these func-
tions is given by Egs. (74) and (75) and represandgmmetry of the BT (71), thus
also of the PDEs (70) and (72).
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The symmetry condition for the SDYM equat{@0) isAF[J]=0 (modF[J], a
condition that will not be stated explicitly in tkequel), which yields

Dy;A(J7M))+ D,A(J1I)=0 .
By using (76) and the fact thatJ=Q it can be shown that
AQN)=ATQ, A(ITY=AITQ (77)
The SDYM symmetry condition then becomes
(Dy A, +D,A)(I"Q =0 (78)

The symmetry condition for PSDYM (72) 8G [X ]=0, which yields, by using
(76) and the fact that X=:

A D+ AD,=(AD+ AD)D=0 (79)
The following operator identity can be proven:
A,Dy+AD,=D,A+ D,A
by which (79) is written in the alternative form
(DyA, +D,A)D =0 (80)
By comparing (78) and (80) we observe thatRISDYM symmetry characteristic
® and the functiord *Q , whereQ is an SDYM characteristic, satisfy the same sym-

metry condition. We thus conclude the following:

e If Qis an SDYM characteristic, theh=JQ is a PSDYM characteristic.
Conversely,
e if ®isaPSDYM characteristic, th&p=Jd is an SDYM characteristic.

Finally, by using (75) and (77) we find ampai PDEs that express the symmetry
condition for the BT (71):

A('Q=0,, A(J'Q=-0, (81)

The system (81) is a BT relating a symmetry charatic ® of PSDYM with a
symmetry characteristicQ of SDYM. Indeed, the integrability condition
(@;)y = (P+)-, yields the symmetry condition (78) of SDYM, whilee integrability

condition [A/, AZ]( J1Q =0, valid in view of the commutativity of the covamiade-
rivatives (76), yields the PSDYM symmetry conditiai9).
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Now, as mentioned previously, the proddctQ is a PSDYM characteristic,
which we calld,. We thus rewrite the first equation in the sys{8i) as

D, =AD, ,
which is formally integrated to give
®=D,'A®, = RD, (82)

where we have introduced the linear operator
R=D,"A (83)

As suggested by (82), the operator (83) re@ursion operatofor PSDYM, produc-
ing a new symmetry characteris@icwhen acting on an “old” characteristig .

Let® and®, be PSDYM symmetry characteristics related to ezbler by (82).
Then Q=J® and Qy=J @, are SDYM characteristics, in terms of which (82)aerit-
ten as

Q=JRJ*'Q=TQ (84)

where the linear operator

T=JRJ? (85)

is a recursion operator for SDYM. This operator wasstructed previously by using
a Lax pair for SDYM [11].

Equation (85) can be regarded as a transtaymeelating recursion operators of
two PDEs — namely, (70) and (72) — connected td edber by the BT (71). As
shown in [9], the recursion operators (83) and (g§&herate isomorphic, infinite-
dimensional symmetry Lie algebras of PSDYM and SDY#&&pectively. In practical
terms, infinite-dimensional symmetry subalgebraSbiYM, such as Kac-Moody and
Virasoro algebras, can be obtained directly frora #asier-to-find corresponding
symmetries of PSDYM [20].

11. Concluding remarks

The algebraic approach to the symmetry problemDES$, presented in this article, is,
in a sense, an extension to matrix-valued problehthe ideas contained in [1], in
much the same way as [4] and [5] constitute a g@dization of the Harrison-
Estabrook geometrical approach [2] to matrix-valas well as vector-valued and
Lie-algebra-valued) PDEs.

The symmetry transformations we have consui@nvolve only the change of the
dependent variable of the PDE while leaving theepehdent variables unchanged.
Indeed, as Olver [1] has showevery symmetry of a PDE may be expressed as a
transformation of the dependent variable alone, ag a transformation in the fiber
space. The symmetry-generating characteristic v’ Aq corresponds to Olver’s
evolutionary vector fieldvith characteristi®.
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Inlocal (point) symmetries of the PDHu]=0 the symmetry characteristiG§u]
contain at most first-order derivativeswoWith respect to the independent variables (a
number of such symmetries were considered in Setcébnnection with the Laplace
equation). The case generalizednon-local) symmetries is more complex; a formal
solution to the problem of obtaining one-paraméderilies of generalized symmetry
transformations of PDEs is given in Sec. 5.1 of [1]

Admittedly, the abstract algebraic formaligra have presented does not exhibit
significant advantages over the standard geometriethods (in particular, those de-
scribed in [4]) with regard téinding symmetries of PDEs. However, by employing
the concept of the characteristic derivative onabie to bypass the difficulty of hav-
ing to represent symmetry-generating operatorseatov fields in the form of differ-
ential operators when matrix-valued variables awlved, which situation can only
be handled by making certaad hocassumptions regarding the action of such “un-
natural” operators. The algebraic view offers aenigorous framework for identify-
ing symmetry operators and finding infinitesimahsyetry transformations of ma-
trix-valued PDEs, as well as for studying the Ligehraic structure of the set of
symmetry generators [9,20].
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