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It is shown that, among all possible motions incgbane, inertial motions are the
ones exhibiting maximum proper time. By taking tint® account, the so-called twin
paradox can be resolved.

1. Introduction

The “twin paradox” is a standard paradigm in ursigrphysics textbooks discussing
Special Relativity (relativity in flat spacetimelee, e.g., [1-4]. It is certainly the most
remarkable example of asymmetry between inertidl mon-inertial frames of refer-
ence.

The story is well known: The brother stays@ine while his twin sister goes on a
round trip at very high speed. When she returnsehehe finds that her brother has
grown older than her. Now, the brother can undedstahy this happened: she has
been moving relative to him and hence her clockb&en running slower than his.
But, from the point of view of his sister, it wae that was moving relative to her.
Why then isn’t she the older one?

The key to resolve the paradox is to redlst the symmetry (reciprocity) of the
time dilation effect exists only betweamertial observers. And, while the brothisr
such an observer, his sistemist as she has experienced acceleration in orderrto pe
form her round trip. Hence only the brother is ipasition to properly analyze the
situation.

The resolution of the twin paradox involviee toncept oproper time a Lorentz-
invariant quantity representing time measured bglogk along its own worldline
(spacetime trajectory). As will be shown, amongaiksible motions between two
fixed points (events) in spacetime, inertial mosi@are the ones exhibiting maximum
proper time. It is thus the stationary brother@c&l that will record the longest time.

So, let us begin by defining proper time.

2. Proper time and time dilation

We consider 4-dimensional flat spacetime. két= (X°, X', X%, X°) = (ct, x, y, 2) be the
spacetime coordinates of an inertial frame of exfeeS used by an inertial observer
(wherec is the speed of light in empty space) andXét= (ct’,x’,y’,z") be the coor-
dinates of another fram® used by a different inertial observer (we rechdttthe
speed of light is a frame-independent quantity)cagkding to Special Relativity [5]
the two spacetime coordinate systems are relatéaebynearorentz transformation

x= A XY (1)

(the familiar summation convention for repeatedamal down indices is assumed)
where the constant ¥4) matrix A=[A”,] (1,v=0,1,2,3) satisfies the equation

AgA=g < AYguA, =0 (2)
with
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Moreover,A is required to obey the constraints
dep=+1, A%>1 4) (

In group-theoretical terms\, belongs to theestricted Lorentz groupQ3,1)T.

By differentiating (1) we get the infinitesan_orentz transformation
dx“’= A“, dx’ (5)
(sinceA”, is constant). We define tlspacetime interval

ds’= g,, dx“dx’ = (dx°)? - (dx*)? — (dx?)* - (dx>)?
= cdt’—d¥ —dy — dZ (6)

As can be showrgs® is aLorentz scalari.e., a quantity invariant under the transfor-
mation (1). This means that

ds”= g,, dx“dx’ = g,, dx*"dx"’ (7)
and, explicitly,
c?dt? — d¥ — dy? — dZ = c?(dt’)? = (dx)? = (dy’)? — (dz)?.

Note thatds® may be positive, negative or zero. In particulbe, Lorentz invariance
of the relatiords”=0, valid along the worldline (spacetime trajectasf/a light ray, is
equivalent to the invariance of the spesaf light upon passing from one inertial ref-
erence frame to another.

If ds’> 0 (timelike interva) thends= (ds*)”* may be an element of spacetime dis-
tance along the worldline of a massive particleyiagved by an inertial observer us-
ing a frameS with coordinate” or (x,Y, z,t). The worldline need not be straight,
which means that the particle may exeadeeleratednotion relative to the fram&
We define the Lorentz scaldr (proper-time interval by

dr=ds/c < ds=cdr (8)

Proper time represents time as measured by a cmskng with the particl€thus
moving along the particle’s worldline and beinget relative to the particle). Let us
see why.

According td5, the speed of the particle and the clock movintd wiis

u = dl /dt= (dx +dy? +dZ)*?/ dit
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wheredl is the length of an infinitesimal displacementngldhe spatial trajectory of
the particle. From (6) we have thads$’= c?dt? — di* and, given thad|=udt,

ds?= (c*—u?) dt®> = ds= (c®—u?)*?dt.

By (8) we then have:

u2 1/2 u2 -1/2
dr:(l—?] dt < dt:(l—?] & =y (U & (9)

where y(U)= (1-u?/c?) .

Relation (9) is valid for a frant@with respect to which the particle and the asso-
ciated clock move with speed Sincedr is a Lorentz scalar, its value is independent
of the particular fram&. Consider now éocal inertial frameS’ relative to which the
particle and the clock amomentarilyat rest (obviously, an infinite number of such
frames are needed, one for each momentary positiothe clock). Thenu'=0,
y(u")=1 and, by (9)dt’=y(u")dr=dz . In conclusion:

In the rest frame of the particle (and thus of ¢theck) the proper-time interval
dr is literally a time interval, as measured by theck. Proper time is thus ac-
tual time measured along the particles own spacetiajectory (worldline).

For any other fram&, relative to whichu=0, we have that(u)>1 and salt>dz, hence
dt >dt". This expresses the familiar relativistic effettime dilation Note carefully
that, while thetime interval dt depends on the particular frarfSethe propertime in-
tervaldz is, by its very definition (8), a frame-indepentignantity! Howevergdr is a
genuine time interval in the rest frame of the ipbet whereas it is apacetimanter-
val in any other frame relative to which the pagtis in motion.

3. Time measurements along worldlines; the maximurproper time
To simplify our subsequent analysis, we considar-tivnensional spacetime and an
inertial observer using a frangwith coordinatesxt) (thus we assume thgtz=0).

The observer observes two clocks (1) and (2) moalogg hisx-axis and draws their
worldlines as shown in Fig. 1.
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The clocks start moving together at titnefrom the same poin, of thex-axis,
and meet again at tintg at pointxg . Thus the worldlines of both clocks connect the
spacetime pointeven} A with the spacetime poifg. Clock (1) movesnertially since
its worldline is straight, while the motion of clo¢2) is acceleratedin view of the
respective curved worldline. Regarding the curvexdidiine (2), we can imagine di-
viding it into an infinite number of infinitesimdihear segments, along each of which
the motion of the clock may be considered inerti@ch segment is associated with a
local inertial frame relative to which the clocknementarily at rest.

Since the worldlines (1) and (2) describé meations at speeds less tharall ele-
mentary spacetime intervals along these lines eisinelike[5]:

ds?= c?dt’—d¥ >0 = ds= (ds°)"?eR.

Moreover,ds=cdr = dr=ds/c, wheredz is the proper time of the worldline seg-
ment, equal to the time measured by a local irdrame relative to which the corre-
sponding clock is momentarily at rest. So, tiinege intervaldr measured in the frame
of this clock will be equal to thepacetimanterval ds/c measured in the franfeof
the observer relative to whom the two clocks anmation.

According to either clock the total time beem the eventad andB is given by the
line integral

r:jfdrz(l/c)jfds: s qu(é dt— di)V2 (10)

(a Lorentz scalar sinadr is a frame-independent quantity). Of course, thlees of the
integral (10) depends on the spacetime path #otm B and will be different for the
worldlines (1) and (2). As can be proven (see Aplpgnamong all possible (time-
like) worldlines connectind\ andB, the unique straight-line path (1) corresponding t
inertial motion of the associated clock corresponds tartagimunmproper timer. The
inertial clock (1) will thus measure thengesttime.

Now, according to the observer using the &&with coordinatesx;t), the time
separation between the eveAt®ndB is At=tg —ta. Due to the time dilation effect
this time interval appeatengerthan the proper timemeasured by the inertial clock
(2): At>7.

t/
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Fig. 2

A particular inertial frame is the frame betclock (1) itself. Le&’ be that frame,
with spacetime coordinates’(t") (see Fig. 2). Since the clock is stationanginits
worldline in this frame will correspond tx'=const. (e.g., x'=0). In this case the
proper timer measured by the clodk equal to the time differenat'=tg"—ts". That
IS, At’=7. Of course At’< At, whereAt is the time interval in the frame of Fig. 1.
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4. The twin paradox

We now come to the “paradox”: John and Mary ar@$wiVhile John stays at home,
his sister goes on a round trip at very high sgbe#vhen Mary returns home, she
finds that John has grown older than her.

Note that John and Mary d@requivalentobservers, given that John isiaertial
observer while Mary isot (due to the various accelerations she must underger-
form a round trip). So, John’s worldline in an itm&r frame will be a straight line,
while Mary’s worldline will be curved. To simplifynatters, we choose this inertial
frame to be the rest frame of John himself, witbrdmates X, y, z,t), and we assume
that Mary’s trip is confined to the-axis. So, in effect we are dealing with a two-
dimensional spacetime with coordinatgg), We let (1) and (2) be the worldlines of
John and Mary, respectively (see Fig. 3).

t

Q1 +@

Fig. 3

Letr; andz,; be the proper times along the worldlines (1) a2y €qual to the
times measured by the clocks of John and Mary,ectsely, during Mary’'s round
trip. According to the discussion in Sec. 3, khegestproper time corresponds to the
clock executinginertial motion, which here is John’s stationary clock. rEfiere
71 > 72, Wwhich means that John will record a longer timerval. Hence John will be
older than Mary when she returns home.

One might now argue that, from Mary’s poifitveew, it is John who has per-
formed a round trip while she has remained statior\&hy then isn’tshethe oldest
one at the moment of John’s “retufh”

The answer is that the preceding analysiswahd only with respect to anertial
frame of reference, like that of John’s. A simidenalysis of the situation from Mary’s
rest frame would be improper, given that Mary i$ ao inertial observer. Thus her
“conclusion” that she ought to be the older one @imply be wrong! (See [2] for a
more thorough discussion.)



C. J. Papachristou

Appendix

Consider a line integral of the form
t2
Q=" X, X(9, (A1)

wheref is a given function of the indicated variables fwit=dx/dt) and wherex(t) is
a curve joining two point{, t;) and &, t2) on the planex(t); that is,

X(t]_) =X1, X(tz) =X (AZ)

We seek the curve(t) for which the value of the integr@l is anextremum(whether
this might be a maximum or a minimum). As showihi@ calculus of variations (see,
e.g., Chap. 2 of [6]) this particular functigft) satisfies thé&uler-Lagrange equation

22 -0 A.
ox dtoX ®

with the initial condition (A.2).
Let us now go back to the line integral (1&)pressing proper time along the
worldline of a particle or a clock in two-dimensarspacetime:

r=(c)[ (Fdf - k)"

where c?dt? — dx* >0 (timelike interval) and wherd andB are fixed spacetime
points (events). We have:

(Czdtz _ dx2)1/2 — (CZ_Xr 2)1/2 dt .
Thus,

7 =(1/c) jt‘B (2= X?)H2dt (A.4)

We seek the spacetime cux(® that will make the integral in (A.4) an extremuho
this end, we call

(Cz_x,z)l/zE f(x, X", 1)
and demand that the differential equation (A.3¥aksfied. Since

ﬂzo of X'
OX

"X (Cz_ sz)l/z '
from (A.3) we have that

!

X

—(Cz_xz)m:const — ¥ = cons{ t- 'R) = ‘%= con

and sox’(t) =const Thusx(t) is a linear function:x(t) = xt+ 1.
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Geometrically, this function describesteaight worldline on the planex(t) and
corresponds tanertial motion fromA to B. This motion thus corresponds to ex:
tremumof the integral in (A.4), thus an extremum of greper timer measured by a
clock moving fromA to B. But, is this extremum a maximum or a minimum?

Let us first note that, physically, represents the velocity of a (generally acceler-
ated) clock that moves along a (generally curvedildiine fromA to B, in the iner-
tial frameSwith spacetime coordinateg{): x'= dx/dt= u. We thus rewrite (A.4) as

r=(L/c) j:B (- )2 dt.
We have: ¢ -/ =c(1-u?/c®)"?=cy(u)™, wherey(u)= (1-u?c?) 2. Hence,
tB —
r= th y(u)Ldt BA.

Let us assume that the fra®es the frame of the inertial observer whose world-
line from A to B is a straight line (this choice of frame will raffect the value of
given that this quantity is a Lorentz scalar). is dwn frameS the observer (and his
clock) is stationary, so that=0, y(u)=1 and, by (A.5),r1 = tg—ta (See Fig. 4).

Q1 1@

Fig. 4

Any other worldline connecting with B will necessarily be curved and will rep-

resent a clock in accelerated motion. In this c@as@ and y (u)™*<1. The integration
in (A.5) will thus yield a valuer; < tg—ta.

Conclusion: The inertial observer’s straight worldline corresge to maximum
proper time, equal to the actual time measurecbybserver's own clock. This ob-
server, therefore, will record thengesttime between the evemtsandB.
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