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 !"#$%&' ()! *'$+%#&)! *,$#(% %)! 

 

 
3.1  ) "-µ./ 01/ #2345678/ 

 

 ! "#$ %&#  !µ"#$%&  'µ$()*#+ (' ()*+  'µ$()*#+, '  'µ,(#+) ,( !$$##-µ! .+,! 

/0µ( "#1 #)#2#1 #3 43(/"+/!35 ,!6&#-$"(3 "%/# µ3.&75 0/"! $( µ)#&#-µ! $( (8$#-

#-µ! "9$ )!&3/"&#:3.' "#1 .2$9/9. ;**+ .(3 7$( /0µ( µ! -"-".$ µ/0"1 (%<3 (µ!*9-

"7!5) 43(/"+/!35 ,( ($"3µ!"6)2=!"(3 /($ «/6µ("243#» /"9$ )!&2)"6/9 )#1 9 .2$9/' 

"#1 !2$(3 $µ#231 µ"($4+.#%5 ("# /0µ(, 49*(4', 4!$ 1:2/"("(3 )!&3/"&#:').  

 

    >$( /6µ+"3# *78!"(3 "6"78".+ ($ (() 4!$ 1)%.!3"(3 /! .(µ2( (**9*!)24&(/9 µ! 

"#$ 1)%*#3)# .%/µ# ()&+8µ( µ+**#$ ()2,($#!), ' (?) "# /-$#*# "6$ (**9*!)34&+-

/!0$ "#1 !2$(3 (,&#3/"3.+ µ947$ (#3 (**9*!)34&+/!35 (**9*#($(3&#-$"(3 .(3 "# /6-

µ+"3# /1µ)!&3:7&!"(3 /($ $( µ9$ 1)%.!3"(3 /! .(µ2( (**9*!)24&(/9). @-µ:6$( µ! 

"# 0&µ+ (!1 $*.,0"#$1 ' -.3(+ 0&µ+ (+9 :"7('0$, 

 

/0$ "6"78".+  'µ,(#+ %#0")($# -,0(+(" µ"  ($8".5 ($;7(!($ (*!6$*5, "9-

872.$µµ$ %$# +µ$6,) '1 -.+1 +-+#+*5-+(" ,66+  ! "# $%  'µ,(#+.  

 

 ! +**( *%83(, !  ;"(#%5 ($;7(!($ µ"($<7 "6"78".'0  'µ$()'0 ")0$# ;.+0#%,  ($-

8".5, %$# !  ;"(#%5 (+91 "-#(,;90 ! ")0$# µ!*/0 (($ "6"78".$  'µ,(#$ *"0 "-#($;70+-

0($# (+ /0$ '1 -.+1 (+ ,66+).   

 
    A($"(/"!2"! "0&( 7$($ )(&("9&9"' )#1 !2$(3 .(3 # 243#5 !*!-,!&# «/6µ+"3#» 

((1"% 3/<-!3 .("+ )&#/7883/9 83( .+)#3#$ )#1 ?&2/.!"(3 (.2$9"#5 )+$6 /"9$ !)3:+-

$!3( "95 B95). >$(5 "7"#3#5 )(&("9&9"'5 #$#µ+=!"(3 $*.$0"#$%&1 -$.$(!.!(51, .(3 

"# /-/"9µ( /1$"!"(8µ7$6$ ().<., xyz) )#1 <&9/3µ#)#3!2 .(*!2"(3 $*.$0"#$%&  7-

 (!µ$ $0$4+.,1. @-µ:6$( µ! "# $%µ# "95 (4&+$!3(5, 

 

*#$4+."(#%+) $*.$0"#$%+) -$.$(!.!(/1 %#0+70($# µ"  ($8".5 ($;7(!($ (*!6$*5, 

"9872.$µµ$ %$# +µ$6,) + /0$1 '1 -.+1 (+0 ,66+0 (!  ;"(#%5 (+91 ($;7(!($ ")-

0$# ;.+0#%,  ($8".5, %$# !  ;"(#%5 (+91 "-#(,;90 ! ")0$# µ!*/0).  

 

>"/3, 83( )(&+4!38µ(, # !)3?+"95 !$%5 *!6:#&!2#1 )#1 .3$!2"(3 µ! /"(,!&' "(<-"9"( 

65 )&#5 "9 B9 !2$(3 7$(5 (4&($!3(.%5 )(&("9&9"'5, .(3 7$( /-/"9µ( (C%$6$ (x,y,z) 

µ7/( /"# *!6:#&!2# !2$(3 7$( (4&($!3(.% /-/"9µ( ($(:#&+5. 

 

     ! ?+/9 "# $%µ# "95 (4&+$!3(5, 7$( (4&($!3(.% /-/"9µ( ($(:#&+5 µ)#&!2 "0&( 

$( <(&(."9&3/"!2 65 !C'5: 

 

=*.$0"#$%&  7 (!µ$ $0$4+.,1 ")0$# /0$  7 (!µ$  90("($2µ/0'0 (5 $<&0'0) 

'1 -.+1 (+ +-+)+ /0$  ! "# $%  'µ,(#+ %#0")($# µ"  ($8".5 ($;7(!($ ("987-

2.$µµ$ %$# +µ$6,), *!6$*5 *"0 "-#($;70"($#. 

 
@9µ!30$#1µ! %"3 # (4&($!3(.%5 )(&("9&9"'5 )#1 <&9/3µ#)#3!2 "# /-/"9µ( ($(:#-

&+5 !2$(3, !C #&3/µ#-, $%)0!(+1 65 )&#5 (1"%. 

 

    >$( /-/"9µ( ($(:#&+5 )#1 "-#($;70"($# 65 )&#5 7$( (4&($!3(.% /-/"9µ(, )&#-

:($05 *"0 !2$(3 (4&($!3(.%. D#-"# /1µ?(2$!3, ).<., µ! "9 B9 *%86 "95 /-$,!"95 .2-



 2   

$9/'5 "95 65 )&#5 "#$ E*3# (($ ,!6&'/#1µ! "#$ "!*!1"(2# 65 )!&2)#1 (4&($!3(.% 

/-/"9µ( ($(:#&+5). F)!34' %µ65 9 !)3"+<1$/9 "95 B95 !2$(3 /<!"3.+ µ3.&', µ)#-

&#-µ! 83( )&(."3.#-5 *%8#15 $( ,!6&#-µ! )&#/!883/"3.+ "9 B9 /($ (4&($!3(.% /--

/"9µ(. >"/3, %,8" -$.$(!.!(51 -+9 %#0")($# µ"  ($8".5 ($;7(!($ '1 -.+1 (! >! 8$ 

8"'.")($# $*.$0"#$%&1 -$.$(!.!(51. 

 

 

3.2  )3µ9,  :58µ1, ;87 "-µ.7 0.< "6:0=58 

 

G5 (:9&9µ7$9 7$$#3(, 9 *70$µ! !2$(3 7$( µ7"&# "95 )&#/)+,!3(5 )#1 ()(3"!2"(3 83( 

$( µ!"(?*9,!2 9 .3$9"3.' .("+/"(/9 !$%5 /0µ("#5.  3( )&0"9 /.7H9 ,( '"($ $( 

#&2=(µ! "9 4-$(µ9 65 "(1"%/9µ9 µ! "9$ !)3"+<1$/9. ;)% "9$ !µ)!3&2( µ(5, %µ65, 

8$6&2=#1µ! %"3 43(:#&!"3.+ /0µ("( ()(3"#-$ 8!$3.+ 43(:#&!"3.' )&#/)+,!3( 83( $( 

()#."'/#1$ "9$ 243( !)3"+<1$/9 ', )3# ()*+, "9$ 243( "(<-"9"( µ7/( /"# 243# <&#-

$3.% 43+/"9µ(. (I&#/)(,'/"!, ).<., $( !)3"(<-$!"! "# 243# 7$( ?3?*2# .(3 7$( (1"#-

.2$9"# /)&0<$#$"+5 "(!) ;1"% /1µ?(2$!3 43%"3 43(:#&!"3.+ /0µ("( 7<#1$ 43(:#&!-

"3.' $*.,0"#$, 49*(4' !µ:($2=#1$ 43(:#&!"3.' ($"2/"(/9 /"9 µ!"(?#*' "95 .3$9"3-

.'5 "#15 .("+/"(/95. J 343%"9"( (1"', *#3)%$, ,( )&7)!3 $( *9:,!2 1)%H9 /"#$ #&3-

/µ% "95 4-$(µ95. B3( "# /.#)% (1"%, !3/+8#1µ! 7$( $7# :1/3.% µ78!,#5 )#1 "# #$#-

µ+=#1µ! 2.$µµ#%5 +.µ5 ' ()*+ +.µ5 "#1 ,!6&#-µ!$#1 /0µ("#5: 

 

                                                         p mv 
  

     (3.1) 

 

%)#1 v
 

 9 "(<-"9"( "#1 /0µ("#5. K /1$"!*!/"'5 m #$#µ+=!"(3 µ,?$ .(3 !2$(3 7$( 

µ7"&# "95 (4&+$!3(5 "#1 /0µ("#5. 

 

    K *!8%µ!$#5 *"7(".+1 0&µ+1 (+9 :"7('0$ (' /1$',65 ()*+ «0&µ+1 (+9 :"7('0$»), 

)#1 3/<-!3 µ%$# /! $*.$0"#$%, /1/"'µ("( ($(:#&+5, #1/3(/"3.+ +.)?"# "9 4-$(µ9 

)#1 (/.!2"(3 /! 7$( /0µ( /($ "# &1,µ% µ!"(?#*'5 "95 #&µ'5 "#1 /0µ("#5:  

                                                         

                                                          
dp

F
dt

 

 
 

    (3.2) 

 

;**+, 

                                              ( )
dp d dv

mv m
dt dt dt

  

  

 

 

 

%)#1 9 µ+=( m "#1 /0µ("#5 ,!6&!2"(3 4!4#µ7$9 .(3 /"(,!&'. >"/3, 

 

                                                         F ma 
 

 

    (3.3) 

 

%)#1 /a dv dt 
  

 9 !)3"+<1$/9 "#1 /0µ("#5. D#$2=#1µ! %"3 (() 9 µ#&:' (3.3) "#1 $%-

µ#1 "#1 L!-"6$( 3/<-!3 µ%$# 83( /0µ( µ! /"(,!&' µ+=(, .(3 (?) #3 /<7/!35 (3.2) .(3 

(3.3) 3/<-#1$ 1)% "9$ )&#M)%,!/9 %"3 # )(&("9&9"'5 )#1 µ!"&+!3 "9$ "(<-"9"( .(3 

"9$ !)3"+<1$/9 "#1 /0µ("#5 !2$(3 $*.$0"#$%&1 )(&("9&9"'5.  

 

    J (3.3) !2$(3 µ3( 43($1/µ("3.' !C2/6/9 )#1 3/#41$(µ!2 µ! "&!35 (*8!?&3.75 !C3-

/0/!35, µ2( 83( .+,! /1$3/"0/( "6$ 43($1/µ+"6$. B&+:#1µ!:  
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                            ˆ ˆ ˆ ˆ ˆ ˆ, .x x y y z z x x y y z zF F u F u F u a a u a u a u ! !  ! !
 

 

   

 

;$"3.(,3/"0$"(5 "35 !.:&+/!35 (1"75 /"9$ (3.3) .(3 !C3/0$#$"(5 ($"2/"#3<!5 /1$3-

/"0/!5 /"( 4-# µ7*9, /-µ:6$( µ! "9$ (1.8), 7<#1µ!  

 

                                      , ,x x y y z zF ma F ma F ma     (3.4) 

 

    D0&(, /-µ:6$( .(3 µ! "# $%µ# "95 (4&+$!3(5, 9 µ!"(?#*' "95 .3$9"3.'5 .("+-

/"(/95 !$%5 /0µ("#5 )&#M)#,7"!3 (**9*!)24&(/9 "#1 /0µ("#5 µ! "#$ 1)%*#3)# .%-

/µ#. J 4-$(µ9 F
 

 !2$(3 (.&3?05 7$( µ7"&# (1"'5 "95 (**9*!)24&(/95. ;$ "# /0µ( 

4!$ 1)%.!3"(3 /! (**9*!)34&+/!35, "%"! F
 

=0 .(3 ()% "9$ (3.3) /1$+8!"(3 %"3 9 "(<--

"9"( "#1 /0µ("#5 65 )&#5 $*.$0"#$%& /-/"9µ( ($(:#&+5 !2$(3 /"(,!&' (4!4#µ7$#1 

%"3 9 !)3"+<1$/9 !2$(3 µ947$). I(&("9&#-µ!, *#3)%$, %"3 # 4!-"!&#5 $%µ#5 "#1 L!--

"6$( !2$(3 ()%*1"( /1µ?("%5 µ! "# $%µ# "95 (4&+$!3(5, 1)% "9$ )&#M)%,!/9 %"3 #3 

$%µ#3 (1"#2 !C!"+=#$"(3 ()% "9 /.#)3+ !$%5 (4&($!3(.#- /1/"'µ("#5 ($(:#&+5. 

 

    @-µ:6$( µ! "9$ (3.2), ($ /! 7$( /0µ( 4!$ (/.!2"(3 4-$(µ9 ( F
 

=0 ), 9 #&µ' p
 

 

"#1 /0µ("#5 µ7$!3 /"(,!&', (:#- / 0dp dt  
 

. J )&%"(/9 (1"', )#1 !2$(3 7$(5 +**#5 

"&%)#5 43("-)6/95 "#1 $%µ#1 "95 (4&+$!3(5, ()#"!*!2 "9$ )3# ()*' !.4#<' µ3(5 8!-

$3.%"!&95 (&<'5 )#1 #$#µ+=!"(3 $.;5 *#$(5.! !1 (!1 +.µ51 :   

 

@($0  " /0$  7 (!µ$  'µ$(#*)'0 *"0 $ %+70($# "<'(".#%/1 *90,µ"#1, ! +6#%5 

+.µ5 (+9  9 (5µ$(+1 µ/0"#  ($8".5. 

 

J (&<' (1"' µ(5 #498!2 /! 7$($ (.%µ( $%µ# "#1 L!-"6$(, .(3 µ)#&!2 $( ,!6&9,!2 

3/#4-$(µ9 µ! "# $%µ# (1"%. ;5 ,!6&'/#1µ!, 83( )(&+4!38µ(, 7$( /-/"9µ( 4-# /6-

µ("3426$ )#1 1)%.!3$"(3 µ%$# /"9$ (µ#3?(2( "#15 (**9*!)24&(/9 (4!$ 1)+&<#1$ 

"<'(".#%/1 41$+µ!35). J #*3.' #&µ' "#1 /1/"'µ("#5 "35 <&#$3.75 /"38µ75  t  .(3  t+At  

!2$(3   

                                      
1 2 1 1 2 2

1 2 1 1 2 2

( ) ,

( ) .

P t p p m v m v

P t t p p m v m v

 !  !

" " " "! #  !  !

 
    

 
    

   

 

N3("'&9/9 "95 #&µ'5 /9µ(2$!3 %"3   

 

                                1 2 1 2( ) ( )P t P t t p p p p" " ! # $ !  ! $
  

    

 

                                   1 1 2 2 1 2( )p p p p p p" "%  % % & #  %#
      

  (3.5) 

>"/3,   

 

                      1 2 1 2 1 2

0 0
lim lim .

t t

p p p p dp dp

t t t t dt dt# ' # '

# # # #
 % $  % $  %

# # # #

      

 

 

;**+, ()% "9$ (3.2), 

                                               1 2
12 21,

dp dp
F F

dt dt
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%)#1 12F
 

 9 4-$(µ9 )#1 (/.!2"(3 /"# /6µ+"3# 1 ()% "# /6µ+"3# 2, .(3 21F
 

 9 4-$(µ9 

/"# /6µ+"3# 2 ()% "# /6µ+"3# 1. O&(, "!*3.+, 

 

                                                          12 21F F %
  

    (3.6) 

 

J /<7/9 (3.6) !.:&+=!3 "#$ (.)(+ 0&µ+ (+9 :"7('0$ ' 0&µ+ *., !1-$0()*.$ !1. I&#-

/7C"! %"3 # $%µ#5 (1"%5 !2$(3 +µ!/9 /1$7)!3( "95 (&<'5 43("'&9/95 "95 #&µ'5, 9 #-

)#2( (&<', µ! "9 /!3&+ "95, ()#"!*!2 8!$2.!1/9 "#1 $%µ#1 "95 (4&+$!3(5 83( 7$( /--

/"9µ( /6µ("3426$. P(µ?+$#$"(5 1)%H9 %"3 .(3 # 4!-"!&#5 «$%µ#5» "#1 L!-"6$( 

()#1 !2$(3, .("’ #1/2(, ()*+ 7$(5 +.# µ&1, (1"%5 "95 7$$#3(5 "95 4-$(µ95) ()#"!*!2 

µ3( *#83.' /1$7<!3( "#1 )&0"#1 $%µ#1, ($"3*(µ?($%µ(/"! "9 µ!8+*9 /)#14(3%"9"( 

"#1 $%µ#1 "95 (4&+$!3(5 /"9 ,!µ!*26/9 "95 L!1"0$!3(5  9<($3.'5. Q( *78(µ!, µ! 

.+)#3# &2/.# 1)!&?#*'5, %"3 #*%.*9&# "# #3.#4%µ9µ( "95  9<($3.'5 /"9&2=!"(3 

)+$6 /"# $%µ# "95 (4&+$!3(5!   

 

    @"# /-/"9µ( S.I., 9 µ#$+4( µ+=(5 !2$(3 "# 1kg=10
3 

g, !$0 9 µ#$+4( 4-$(µ95 !2$(3 

"# 1Newton=1N=1kg.m.s
 –2

 .   

                     

    >/"6 "0&( %"3 7$( /0µ( µ+=(5 m 1)%.!3"(3 /! 43+:#&!5 (**9*!)34&+/!35 µ! "# 

)!&3?+**#$ "#1, #3 #)#2!5 ($"3/"#3<#-$ /"35 41$+µ!35 1 2, ,F F
  

!. D# 43($1/µ("3.% 

+,&#3/µ(  

                                             1 2i

i

F F F F(  ! !) )
    

!  

 

()#"!*!2 "9  90# ($µ/0! *70$µ! )#1 4&( )+$6 /"# /0µ(. K 4!-"!&#5 $%µ#5 "#1 

L!-"6$( )(2&$!3 "%"! "9 µ#&:'  

 

                                                   
dp

F ma
dt

  )
 

 
 

    (3.9) 

 

>/"6 , ,x y za a a  #3 /1$3/"0/!5 "95 !)3"+<1$/95 a
 

. @-µ:6$( µ! "9 /<7/9 (1.10), #3 

/1$3/"0/!5 "95 /1$3/"(µ7$95 4-$(µ95 F*
 

 !2$(3 @Fx , @Fy , @Fz , %)#1 @Fx "# +,&#3-

/µ( "6$ x-/1$3/"6/0$ "6$ 1 2, ,F F
  

! , .*). FC3/0$#$"(5 ($"2/"#3<!5 /1$3/"0/!5 /"( 

µ7*9 "'5 (3.9), 7<#1µ!  

 

                              , ,x x y y z zF ma F ma F ma   ) ) )   (3.10) 

 

    B3(  )(&+4!38µ(,  7/"6  %"3  7$(  /0µ(  µ+=(5  m=2kg  1)%.!3"(3  /"35  41$+µ!35  

1 (3,1, 1)F N( %
 

 .(3 2 ( 1,3, 1)F N( % %
 

. J /1$3/"(µ7$9 4-$(µ9 !2$(3   

                                            1 2 (2,4, 2)F F F N ! ( %)
   

 

7"/3 0/"!  @Fx=2N,  @Fy=4N,  @Fz= %2N.  ;)% "35 (3.10) ?&2/.#1µ! "9$ !)3"+<1$/9 

"#1 /0µ("#5 :  
2( , , ) (1,2, 1)x y za a a a m s%( ( % +

 

.   
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    P7µ! %"3 7$( /0µ( ?&2/.!"(3 /! # +..+-)$ ($ 9 /1$3/"(µ7$9 4-$(µ9 )+$6 "#1 

!2$(3 µ947$: 0F*  
 

. I&#/7C"! %"3 3/#&&#)2( *"0 /9µ(2$!3 ()(&(2"9"( $%#0! )$ 

( 0v  
 

): @-µ:6$( µ! "9$ (3.9), 7$( /0µ( )#1 3/#&&#)!2 ()*+ 4!$ !)3"(<-$!"(3  

( 0)a  
 

, 49*(4', !2"! .3$!2"(3 !1,-8&(µµ( .(3 #µ(*+, !2"!, ($ !2$(3 (&<3.+ (.2$9"#,  

)(&(µ7$!3 (.2$9"#. ;$"2/"&#:(, 7$( /0µ( µ)#&!2 $( !2$(3  (#2µ#$)$ (.2$9"# (**+ $( 

µ9$ ?&2/.!"(3 /! 3/#&&#)2(. J #*3.' 4-$(µ9 )#1 4&( /! (1"%, "%"!, ,( )&#.(*7/!3 

!)3"+<1$/9 9 #)#2( ,( ,7/!3 "# /0µ( /! .2$9/9 "9$ (µ7/65 !)%µ!$9 /"38µ'. (B3( 

)(&+4!38µ(, ($ )!"+C#1µ! µ3( )7"&( )&#5 "( )+$6, (1"' ,( /"(µ("'/!3 /"38µ3(2( 

µ%*35 :"+/!3 /! 7$( µ783/"# -H#5 .(3 (µ7/65 µ!"+ ,( .3$9,!2 )&#5 "( .+"6 1)% "9$ 

!)24&(/9 "95 ?(&-"9"(5.)  

 

 

3.3   :58µ1 >83:0108/ 

 

R#$"+ /"9$ !)3:+$!3( "95 B95, %*( "( /0µ("( )7:"#1$ )&#5 "9 B9 µ! "9$ 243( !)3-

"+<1$/9 g
 

 (($ (8$#'/#1µ! "9$ ($"2/"(/9 "#1 (7&() )#1 #$#µ+=!"(3 "-#(,;90 ! (!1 

B$.7(!($1 .(3 7<!3 µ7"&# 29.8g m s%+" . J 4-$(µ9 "95 ?(&1"3.'5 7*C95 )#1 1:2/"(-

"(3 7$( /0µ( ()% "9 B9 #$#µ+=!"(3 B,.+1 "#1 /0µ("#5 .(3 ,( /1µ?#*2=!"(3 µ! w
 

. 

;$ m !2$(3 9 µ+=( "#1 /0µ("#5, "%"!, /-µ:6$( µ! "# 4!-"!&# $%µ# "#1 L!-"6$(,  

                                                          

                                                            w mg 
  

    (3.11) 

 

    B3( µ!8(*-"!&!5 ()#/"+/!35 ()% "9$ !)3:+$!3( "95 B95, 9 "3µ' "#- g (+&( .(3 "#1 

?+&#15 !$%5 /0µ("#5) µ!"(?+**!"(3 /($ /1$+&"9/9 "95 ()%/"(/95 ()% "9 B9. R(-

*#-µ! M .(3 R "9 µ+=( .(3 "9$ (."2$( "95 B95, .(3 h "# -H#5 )+$6 ()% "9$ !)3:+-

$!3( "95 B95 83( "# #)#2# ,7*#1µ! $( )&#/43#&2/#1µ! "# g. @-µ:6$( µ! "# 0&µ+ (!1 

B$.7(!($1 "#1 L!-"6$(, 9 ?(&1"3.' 7*C9 )#1 1:2/"("(3 7$( /0µ( µ+=(5 m /"# -H#5 

(1"% !2$(3, .("+ µ7"&#,  

                                                    
2( )

Mm
w G

R h
 

!
     (3.12) 

 

%)#1 G µ3( /"(,!&+. P(µ?+$#$"(5 1)%H9 %"3  w=mg , ?&2/.#1µ! %"3  

 

                                                     
2( )

GM
g

R h
 

!
    (3.13) 

 

    I&#/7C"! %"3 "# )9*2.# w/m , )#1 )(&3/"+ "9$ /0($ ! "#1 ?(&1"3.#- )!42#1 /"9 

,!6&#-µ!$9 ,7/9, )(&3/"+ !)2/95 .(3 "9$ !)3"+<1$/9 "95 ?(&-"9"(5  g. @-µ:6$( µ! 

"9$ (3.13), "# g !2$(3 ($!C+&"9"# ()% "9 µ+=( m "#1 /0µ("#5. D# %"3, 8!$3.+, 9 7-

$"(/9 !$%5 )!42#1 !2$(3 ($!C+&"9"9 ()% "# 1)%,!µ( ().<., µ+=( m, 9*!."&3.% :#&"2# 

q, .*).) "# #)#2# 1:2/"("(3 4-$(µ9 ()% "# )!42#, !2$(3 ($(µ!$%µ!$#. D# %"3, %µ65, 9 

!)3"+<1$/9 "#1 1)#,7µ("#5, /! .+,! /9µ!2# "#1 <0&#1, !2$(3 ($!C+&"9"9 ()% "35 

:1/3.75 343%"9"75 "#1 .(3 243( 83( %*( "( 1)#,7µ("( /"# /9µ!2# (1"%, !2$(3 <(&(-

."9&3/"3.' 343%"9"( "#1 ?(&1"3.#- )!42#1 .(3 3/<-!3 %"($ "# )!42# (1"% !2$(3 "# µ%-

$# )#1 !)34&+ )+$6 /"# 1)%,!µ( /"9 ,!6&#-µ!$9 )!&3#<' "#1 <0&#1.  
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3.4   <54µ67/ (37?9/ 

 

J (.#B5 !2$(3 4-$(µ9 )#1 "!2$!3 $( !µ)#42/!3 "9$ #*2/,9/9 µ3(5 !)3:+$!3(5 )+$6 /! 

µ3( +**9. F2$(3 (,&#3/"3.% ()#"7*!/µ( )#**0$ µ3.&#/.#)3.0$ (**9*!)34&+/!6$ 

9*!."&#µ(8$9"3.'5 :-/95 ($+µ!/( /"( +"#µ( ' µ%&3( "6$ 4-# !)3:($!30$.  

                                                                                                 

 

 

 

 

 

 

 

    ;5 ,!6&'/#1µ!, 83( )(&+4!38µ(, 7$( .3?0"3# ?+&#15 w
 

 )+$6 /! µ3( #&3=%$"3( 

!)3:+$!3(. ;&<3.+ "# .3?0"3# 3/#&&#)!2 1)% "9$ !)24&(/9 4-# 41$+µ!6$: "#1 ?+-

&#15 "#1 .(3 "95 .+,!"95 ($"24&(/95 N
 

 ()% "9$ !)3:+$!3(. P%86 "95 3/#&&#)2(5, 9 

/1$3/"(µ7$9 4-$(µ9 /"# .3?0"3# !2$(3 µ947$ : 0N w N w!  &  %
  

  

. 

 

    @)&0<$#1µ! "0&( "# .3?0"3# )&#5 "( 4!C3+ µ! µ3( 4-$(µ9 F
 

, 9 #)#2( µ)#&!2 $( 

µ!"(?+**!"(3 (?*. /<'µ(). D# .3?0"3# «,7*!3» $( #*3/,'/!3 )&#5 "( 4!C3+, (**+ 1-

)+&<!3 µ3( 4-$(µ9 f
 

 )#1 ($"3"2,!"(3 /! (1"%: 9 "&3?', )#1 7<!3 :#&+ )&#5 "( (&3-

/"!&+. ;$ 9 F
 

 4!$ !2$(3 (&.!"+ µ!8+*9, 9 f
 

 .("(:7&$!3 $( "9$ !C#14!"!&0/!3 .(3 

"# .3?0"3# )(&(µ7$!3 (.2$9"#. P7µ! "%"! %"3 9 f
 

 !2$(3  ($(#%5 (.#B5 .(3 "9 /1µ?#*2-

=#1µ! µ! sf
 

. I&#:($05, 0sF f!  
  

. ;$+*#8( µ! "9$ !:(&µ#=%µ!$9 4-$(µ9 F
 

, 9 

sf
 

 .1µ(2$!"(3 ()% µ947$ (%"($ 0F  
 

) µ7<&3 µ3( µ783/"9 "3µ' ,maxsf
 

. 

 

    S"($ 9 F
 

 C!)!&+/!3 (.("+ µ7"&#) "9$ ,maxsf
 

, "# .3?0"3# "2,!"(3 /! .2$9/9 .(3 !)3-

"(<-$!"(3 )&#5 "( 4!C3+. J "&3?' "%"! !*(""0$!"(3 ()% ,maxsf
 

 /! µ3( $7(, /"(,!&' 

"3µ' kf
 

 (!)2/95 )&#5 "( (&3/"!&+) )#1 ($"3"2,!"(3 /"9$ .2$9/9 .(3 #$#µ+=!"(3 %#0!-

(#%5 (.#B5. J #*3.' 4-$(µ9 /"# .3?0"3# .("+ "9$ .2$9/9 !2$(3 kF F f,-  !
   

.  ;$ 1)#-

,7/#1µ! %"3 "# .3?0"3# .3$!2"(3 /"9 ,!"3.' .("!-,1$/9 "#1 +C#$( x, "%"! 

                               

                              ˆ ˆ ˆ ˆ,x x k k x k xF F u F u f f u f u   %  %
    

 

.(3 

                                   ˆ ˆ ˆ( ) ( )x k x k xF F u f u F f u,-  ! %  %
 

   (3.14) 

 

N3(3&0$"(5 "9$ F,-

 

 µ! "9 µ+=( m "#1 .3?0"3#1, ?&2/.#1µ! "9$ !)3"+<1$/' "#1 a
 

. 

@"9$ #&3(.' )!&2)"6/9 )#1 F= fk , 9 F,-

 

 !2$(3 µ947$ .(3 "# .3?0"3# .3$!2"(3 µ! /"(-

,!&' "(<-"9"(. ;$ ()#/-&#1µ! "9 4-$(µ9 F
 

, 9 "&3?' kf
 

 !)3?&(4-$!3 "# /0µ( 0-

/)#1 "!*3.+ (1"% )(-!3 $( .3$!2"(3.  

 

 

 

w
 

N
 

F
 

kf
 

0v .
 

w
 

N
 

F
 

sf
 

0v  
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    S)65 ?&2/.!"(3 )!3&(µ("3.+, "%/# "# µ7"&# ,maxsf  "95 µ/2# (!1 /"("3.'5 "&3?'5, 

%/# .(3 "# µ7"&# kf  "95 .3$9"3.'5 "&3?'5, !2$(3 ($+*#8( "#1 µ7"&#1 N  "95 .+,!"95 

($"24&(/95 ()% "9$ !)3:+$!3( /"# /0µ(. >"/3, #3 41$("75 "3µ75 "95 /"("3.'5 "&3?'5 

!2$(3   

                                         

                                                  ,max0 s s sf f N/0 0     (3.15) 

 

!$0 9 "3µ' "95 .3$9"3.'5 "&3?'5 !2$(3   

 

                                                           k kf N/     (3.16) 

 

%)#1 s/  .(3 k/  #3  90("6" (/1 (.#B51 (/"("3.'5 .(3 .3$9"3.'5, ($"2/"#3<(), µ!   

k/ < s/ . I&#/7C"! %"3 "( s/  .(3 k/  !2$(3 $*#, ($("1 )#/%"9"!5 (.(,(&#2 (&3,µ#2). 

K3 /1$"!*!/"75 (1"#2 !C(&"0$"(3 ()% "9 :-/9 "6$ 4-# !)3:($!30$, .(3 "1)3.+ .1-

µ(2$#$"(3 µ!"(C- 0.05 .(3 1.5 .  

 

    I!&38&+:#1µ! "0&( µ3( µ7,#4# )!3&(µ("3.#- )&#/43#&3/µ#- "6$ /1$"!*!/"0$ 

"&3?'5 µ!"(C- 4-# !)3:($!30$ : 

                                   

                                 

f
 

N
 

w
 

ˆ
xu

ˆ
yu

1

1
 

 

 

    Q!6&#-µ! .!.*3µ7$# !)2)!4# µ!"(?*9"'5 86$2(5 8, )+$6 /"# #)#2# 7<#1µ! "#)#-

,!"'/!3 .3?0"3# µ+=(5 m . B3( µ3.&75 "3µ75 "95 86$2(5 8 "# .3?0"3# µ7$!3 (.2$9"#, 

43%"3 9 /"("3.' "&3?' sf  !C#14!"!&0$!3 "9 /1$3/"0/( sinxw mg 1  "#1 ?+&#15 .(-

"+ µ'.#5 "#1 .!.*3µ7$#1 !)3)74#1. ;1C+$#$"(5 ?(,µ3(2( "9 86$2( 8, )(&("9&#-µ! 

%"3 "# .3?0"3# )(&(µ7$!3 (.2$9"# µ7<&35 %"#1 9 86$2( C!)!&+/!3 µ3( #&3(.' "3µ' 

8=8c , #)%"! "# /0µ( (&<2=!3 $( #*3/,(2$!3.  

 

    D# /0µ( 1)%.!3"(3 /! "&!35 41$+µ!35: "# ?+&#5 "#1, w mg 
  

, "9$ .+,!"9 4-$(µ9 

N
 

 ()% "# .!.*3µ7$# !)2)!4#, .(3 "9$ "&3?' f
 

 (/"("3.' sf
 

 ' .3$9"3.' kf
 

, ($+*#8( 

($ 0v  
 

 ' 0v .
 

, ($"2/"#3<(). B3( *%8#15 !1.#*2(5, ($(*-#1µ! "# ?+&#5 /! 4-# .+-

,!"!5 /1$3/"0/!5: "9$ sinxw mg 1  .("+ µ'.#5 "#1 .!.*3µ7$#1 !)3)74#1, .(3 "9$ 

cosyw mg 1  .+,!"9 /! (1"%. N3(.&2$#1µ! "35 !C'5 )!&3)"0/!35: 
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    () B3( c1 10 , "# /0µ( 3/#&&#)!2 (.2$9"#. J /1$,'.9 3/#&&#)2(5 !2$(3  

                                                 

                                                   0sF w N f ! !  )
   

 

 

 

', /! /1$3/"0/!5,  

 

                                
0 sin 0 sin

0 cos 0 cos

x s s

y

F mg f mg f

F N mg mg N

1 1

1 1

 $ %  $  

 $ %  $  

)
)

 

 

N3(3&0$"(5 .("+ µ7*9,   

                                              tan tans
s

f
f N

N
1 1 $   .   

;**+,  

                                  ,max tan tans s s sf f N N1 / 1 /0 $ 0 $ 0   .  

 

@"9$ #&3(.' )!&2)"6/9 c1 1 , 7<#1µ! %"3 ,maxs sf f  .(3  

                                                                  

                                                          tan c s1 /     (3.17) 

 

 !"&0$"(5 "9 86$2( c1 , )&#/43#&2=#1µ! "# /1$"!*!/"' s/ .   

 

    ?) B3( c1 12 , "# /0µ( .3$!2"(3 !)3"(<1$%µ!$# .("+ µ'.#5 "#1 .!.*3µ7$#1 !)3)7-

4#1. J "&3?' "0&( !2$(3 .3$9"3.'. ;$ !*(""0/#1µ! ?(,µ3(2( "9 86$2( 8, ,( ?&#-µ! 

.+)#3( "3µ' c cC1 13  "7"#3( 0/"! "# /0µ( $( .3$!2"(3 µ! /"(,!&' "(<-"9"(. ;)% "# 

$%µ# "#1 L!-"6$( (*(µ?+$#$"(5 1)%H9 %"3 "# /0µ( 4!$ !)3"(<-$!"(3), 7<#1µ!  

                                                

                                              0kF w N f ! !  )
   

 

  . 

 

I(2&$#$"(5 /1$3/"0/!5, %)65 )&3$, ?&2/.#1µ!  

                                

                                 sin , cosc k k cmg C f N mg C N1 / 1    

 

.(3 43(3&0$"(5 .("+ µ7*9,  

 

                                                       tan c kC1 /     (3.18) 

 

D# 8!8#$%5 %"3 c cC1 13 , /! /1$41(/µ% µ! "35 (3.17) .(3 (3.18), µ(5 4!2<$!3 %"3 

k s/ /3 . ;1"% /9µ(2$!3 %"3  fk < fs,max  .  
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3.6  +@703-A78 ;87 &6503.µ-B./  :58µ1  

 

Q1µ2=#1µ! (I(&.2.6) %"3 9 !)3"+<1$/9 a
 

 /"9$ .(µ)1*%8&(µµ9 .2$9/9 µ)#&!2, 8!$3-

.+, $( ($(*1,!2 /! !)3"&%<3( /1$3/"0/( Ta
 

, !:()"%µ!$9 /"9$ "&#<3+, .(3 .!$"&#µ%-

*# /1$3/"0/( Na
 

, .+,!"9 /"9$ "&#<3+:  

 

                                   

4
m ˆ

Tu

ˆ
Nu

Ta
 

Na
 

TF
 

NF
 

v
 

a
 

F
 

 
 

 

                                          ˆ ˆ
T N T T N Na a a a u a u !  !

   

   (3.22) 

 

%)#1 

                                             
2

,T N

dv v
a a

dt 5
      (3.23) 

 

 ( v v 6
 

 .(3 .=$%()0$ %$µ-96&(!($1). @1$41+=#$"(5 "9$ (3.22) µ! "# $%µ# "#1 L!--

"6$(, ?&2/.#1µ! "9$ 7.:&(/9 83( "9$ #*3.' (/1$3/"(µ7$9) 4-$(µ9F
 

)#1 (/.!2"(3 

/! /6µ("243# µ+=(5 m "# #)#2# !."!*!2 .(µ)1*%8&(µµ9 .2$9/9:  

 

                                   ˆ ˆ
T N T T N NF ma F F F u F u  !  !

   
 

    (3.24) 

%)#1 

                                  
2

,T T N N

dv v
F ma m F ma m

dt 5
         (3.25) 

 

J "-#(.&;#$ /1$3/"0/( TF
 

 !2$(3 1)!-,1$9 83( "9 µ!"(?#*' "#1 µ/(.+9 "95 "(<-"9-

"(5, !$0 9 %"0(.+µ&6+1 /1$3/"0/( NF
 

 !1,-$!"(3 83( "9 µ!"(?#*' "95 *#"7890 !1 "95 

"(<-"9"(5.  

 

    @"9$ )!&2)"6/9 )#1 9 #*3.' 4-$(µ9 F
 

 !2$(3 %,8"(! /"9$ "&#<3+ (49*(4', .+,!"9 

/"9$ "(<-"9"( "#1 /6µ("342#1), 7<#1µ! %"3 FT = 0 .(3, /-µ:6$( µ! "9$ )&0"9 ()% 

"35 !C3/.(3.25), "# µ/(.+ "95 "(<-"9"(5 µ7$!3 /"(,!&% ()(&%*# )#1 9 43!-,1$/' "95 

µ!"(?+**!"(3).  ! +**( *%83(, 9 .2$9/9 !2$(3 +µ$65 %$µ-96&2.$µµ!. T(&(."9&3/"3-

.% )(&+4!38µ( !2$(3 9 +µ$65 %9%6#%5 %)0! !, /"9$ #)#2( 9 #*3.' 4-$(µ9 F
 

 !2$(3 !C 

#*#.*'&#1 .!$"&#µ%*#5 .(3 437&<!"(3 )+$"( ()% "# .7$"&# "95 .1.*3.'5 "&#<3+5:   
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4

4

v
 

ˆ
Tu

ˆ
Nu

F
 

m
R

7

            
 

;)% "35 /<7/!35 (3.24) .(3 (3.25) 7<#1µ!, /"9$ )!&2)"6/9 (1"',                                     

                                         

                                           
2

2ˆ ˆ
N N

v
F m u mR u

R
7  

 

        (3.26) 

 

    D %! !:  N!2C"! %"3 µ3( !)2)!49, #µ(*' .(µ)1*%8&(µµ9 .2$9/9 )#1 *(µ?+$!3 <0-

&( .+"6 ()% "9$ !)24&(/9 #*3.'5 4-$(µ95 /"(,!&#- µ7"&#1, !2$(3 #µ(*' .1.*3.' 

.2$9/9. (U)%4!3C9: I#3( <(&(."9&3/"3.' 343%"9"( 7<!3 9 (."2$( .(µ)1*%"9"(5 /! 

µ3( "7"#3( .2$9/9;)  

 

 

3.7  *03.C.3µ9 ;87 D.@9  :58µ1/ =/ @3./ *1µ6E. 

 

Q!6&#-µ! /6µ("243# µ+=(5 m )#1 !."!*!2 8!$3.+ .(µ)1*%8&(µµ9 .2$9/9 /"# <0&#. 

J /"38µ3(2( ,7/9 "#1 )&#/43#&2=!"(3 µ! "# 43+$1/µ( ,7/95 r
 

 65 )&#5 "9 /"(,!&' 

(&<' E !$%5 (4&($!3(.#- /1/"'µ("#5 ($(:#&+5 (,1µ2=#1µ! %"3 µ%$# /! 7$( "7"#3# 

/-/"9µ( 3/<-#1$ #3 $%µ#3 "#1 L!-"6$(). >/"6 v
 

 9 "(<-"9"( "#1 /6µ("342#1 /! .+-

)#3# /9µ!2# "95 "&#<3+5. J #&µ' "#1 /"# /9µ!2# (1"% !2$(3 p mv 
  

. 

 

    J  (.+4+.µ5 "#1 /6µ("342#1 '1 -.+1 (+  !µ")+ E #&2=!"(3 /($ "# !C6"!&3.% 83-

$%µ!$# 

 

                                                  ( )L r p m r v 8  8
 

    

   (3.27) 

 

I&#/7C"! %"3, /! ($"2,!/9 µ! "9$ #&µ', 9 /"&#:#&µ' L
 

 4!$ #&2=!"(3 µ! ()%*1"# 

"&%)#, (:#- !C(&"+"(3 )+$"( ()% "9$ !.*#8' "#1 /9µ!2#1 ($(:#&+5 E.  

                                                     

R

v R

5 9:;1<5,

7 9:;1<5,

7 9:;1<5,

"  

" 

"  
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û

L
 

r
 v

 O

m
14

4

 
 

    D# 43+$1/µ( L
 

 !2$(3 .+,!"# /"# /"38µ3(2# !)2)!4# )#1 #&2=!"(3 ()% "( r
 

.(3 v
 

, 

.(3 9 :#&+ "#1 .(,#&2=!"(3 µ! "#$ .($%$( "#1 4!C3#- <!&3#-. K .($%$(5 (1"%5 µ)#-

&!2 !40 $( ($(43("1)6,!2 65 !C'5: ;$ *182/#1µ! "( "7//!&( 4+<"1*( "#1 4!C3#- <!-

&3#- .("+ "9 :#&+ )#1 )!&3/"&7:!"(3 /"38µ3(2( "# m 65 )&#5 "# E, # "!$"6µ7$#5 (-

$"2<!3&(5 ,( 4!2<$!3 /"9$ .("!-,1$/9 "#1 L
 

. (I&#/7C"! %"3 9 43("-)6/9 (1"' !2$(3 

+µ!/9 /1$7)!3( "#1 #&3/µ#- "#1 !C6"!&3.#- 83$#µ7$#1 )#1 4%,9.! /"9$ I(&.1.5.) 

;$ 8 !2$(3 9 86$2( )#1 /<9µ("2=!"(3 ()% "( r
 

 .(3 v
 

 (%)#1 0 1 =0 0 ), .(3 ($ .(*7-

/#1µ! r .(3 v "( µ7"&( "6$ r
 

 .(3 v
 

, ($"2/"#3<(, "%"! "# µ7"&# "95 /"&#:#&µ'5 42$!-

"(3 ()% "9 /<7/9  

 

                                                    sinL mrv 1 
 

    (3.28) 

 

     3( !$(**(."3.' 7.:&(/9 83( "# µ7"&# "95 /"&#:#&µ'5 ?&2/.!"(3 65 !C'5:  

                    

 

 

 

 

 

 

 

 

 

I(&("9&#-µ! %"3 sinr l1  , %)#1 l 9 .+,!"9 ()%/"(/9 "#1 E ()% "#$ +C#$( "#1 v
 

. 

>"/3, 9 (3.28) 8&+:!"(3   

                                                     

                                                          L mvl 
 

    (3.30) 

 

(I&#/7C"! %"3 "# 43+$1/µ( L
 

 !2$(3 .+,!"# /"9 /!*24( µ! :#&+ )&#5 "( /<', 49*(4' 

)&#5 !µ+5. I#3( ,( '"($ 9 :#&+ "#- L
 

 ($ ($"3/"&7:(µ! "9 :#&+ "#- v
 

;) 

 

 

4

4

O
r
 

m

1

l

v
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    Q!6&#-µ! "0&( "9$ )!&2)"6/9 )#1 "# /6µ("243# !."!*!2 .1.*3.' .2$9/9 (."2$(5 

R  8-&6 ()% "# E : 

                                       

                                      

4
O

7

r
 m

v
 L

 

4

 
                                                    

I(&("9&#-µ! %"3  8 = -/2  .(3  r = l = R . J /"&#:#&µ' L
 

 "#1 m 65 )&#5 "# E !2$(3 

43+$1/µ( .+,!"# /"# !)2)!4# "#1 .-.*#1, µ! :#&+ )#1 !C(&"+"(3 ()% "9 :#&+ "95 

.2$9/95. ;)% "9$ (3.28) ' "9$ (3.30), .(3 ()% "9 /<7/9  v=R', 7<#1µ! %"3  

 

 

                                                   2L mRv mR 7  
 

    (3.32) 

 

    F)3/"&7:#$"(5 /"9 8!$3.' )!&2)"6/9 .(µ)1*%8&(µµ95 .2$9/95, .(*#-µ! F
 

 "9 

/1$3/"(µ7$9 4-$(µ9 /"# m /"9 ,!6&#-µ!$9 ,7/9 r
 

 "95 "&#<3+5 "#1. J .+-5 "95 4--

$(µ95 F
 

 '1 -.+1 (+  !µ")+ E #&2=!"(3 /($ "# !C6"!&3.% 83$%µ!$#  

    

 

                                                                 (3.33) 

 

                                                                        

          

 

 

           

 

 

 

 

 

 

 

 

 

D# 43+$1/µ( T
 

 !2$(3 .+,!"# /"# !)2)!4# "6$ r
 

 .(3 F
 

, .(3 9 :#&+ "#1 .(,#&2=!"(3 

µ! "#$ .($%$( "#1 4!C3#- <!&3#-: ;$ *182/#1µ! "( "7//!&( 4+<"1*( "#1 4!C3#- <!-

&3#- .("+ "9 :#&+ )#1 (")0"# $( )!&3/"&7H!3 9 F
 

 "# m 65 )&#5 "# E, # "!$"6µ7$#5 

($"2<!3&(5 ,( 4!2<$!3 /"9$ .("!-,1$/9 "#1 T
 

. ;$ 8 !2$(3 9 86$2( )#1 /<9µ("2=!"(3 

()% "( r
 

 .(3 F
 

 (%)#1 0 1 =0 0 ), .(3 ($ .(*7/#1µ! r .(3 F "( µ7"&( "6$ r
 

 .(3 F
 

, 

($"2/"#3<(, "%"! "# µ7"&# "95 &#)'5 !2$(3  

 

                                                      sinT rF 1 
 

    (3.34) 

 

T r F 8
  

 

4
O

û

T
 

r
 

m
1

F
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     3( !$(**(."3.' 7.:&(/9 83( "# µ7"&# "95 &#)'5 ?&2/.!"(3 65 !C'5:  

                                                                   

 

 

 

 

 

 

 

 

I(&("9&#-µ! %"3 sinr l1  , %)#1 l 9 .+,!"9 ()%/"(/9 "#1 E ()% "#$ +C#$( "95  

F
 

. J (3.34), 7"/3, 8&+:!"(3  

 

                                                              T Fl 
 

    (3.36) 

 

    ;$+µ!/( /"9 /"&#:#&µ' .(3 "9 &#)' 1)+&<!3 µ3( /<7/9 ($+*#89 µ! (1"'$ ($+-

µ!/( /"9$ #&µ' .(3 "9 4-$(µ9, /F dp dt 
 

 

. I(&(8682=#$"(5 "9 /"&#:#&µ' 65 )&#5  

t,  7<#1µ!:  

                                     ( )
dL d dr dp

r p p r
dt dt dt dt

 8  8 ! 8

 
  

    

    

()&#/7C"! %"3, .("+ "9$ )(&(8083/9, 4!$ (**+=#1µ! "9 /!3&+ µ! "9$ #)#2( 8&+:#-

$"(3 "( r
 

 .(3 p
 

, (:#- "# !C6"!&3.% 83$%µ!$# 4!$ !2$(3 ($"3µ!"(,!"3.%). ;**+,  

                                ( ) ( ) 0
dr

p v p v mv m v v
dt

8  8  8  8  

 

       

 .  

F)2/95, ()% "# $%µ# "#1 L!-"6$( (3.2) .(3 "#$ #&3/µ% "95 &#)'5 (3.33),  

                                                 
dp

r r F T
dt

8  8  

 
  

  

   

%)#1, ()% 1)%,!/9, 9 F
 

 !2$(3 9  90# ($µ/0! 4-$(µ9 /"# m. O&(, "!*3.+,  

 

                                                         
dL

T
dt

 

 

 

    (3.38) 

 

    I&#/7C"! %"3 9 )(&()+$6 !C2/6/9 3/<-!3 1)% "9$ )&#M)%,!/9 %"3 "( L
 

 .(3 T
 

 

*(µ?+$#$"(3 '1 -.+1 (+ )*#+  !µ")+ E, "# #)#2# ()#"!*!2 (&<' "6$ /1$"!"(8µ7$6$ 

83( "# (4&($!3(.% /-/"9µ( ($(:#&+5 )#1 <&9/3µ#)#3#-µ!. I&#/7C"! !)2/95 %"3 9 

(3.38) !2$(3 +µ!/9 /1$7)!3( "#1 $%µ#1 "#1 L!-"6$(, 4!$ ()#"!*!2 49*(4' 7$( $7# 

,!µ!*304!5 (C26µ( "95  9<($3.'5.  

 

    @"9$ )!&2)"6/9 )#1 0T  
 

, 9 (3.38) 42$!3  

                                           0
dL

L
dt

9:;1<5," $  

 

 

.   

K498#-µ(/"! 7"/3 /"9$ $.;5 *#$(5.! !1 (!1  (.+4+.µ51 :  

 

4

4

O
r
 

m

1

l

F
 



 14   

@($0 ! .+-5 (!1 +6#%51 *70$µ!1  " /0$  'µ,(#+, '1 -.+1 %,-+#+  !µ")+, ")0$# 

µ!*/0, !  (.+4+.µ5 (+9  'µ$()+9 '1 -.+1 (+  !µ")+ $9(& µ/0"#  ($8".5.  

 

F2$(3 41$("%, ?7?(3(, $( 1)+&<#1$ +**( /9µ!2( 65 )&#5 "( #)#2( #-"! 9 &#)' $( 

µ94!$2=!"(3, #-"! 9 /"&#:#&µ' $( µ7$!3 /"(,!&'!  

 

    D %! !: @"# /9µ!2# E ?&2/.!"(3 /"(,!&+ "#)#,!"9µ7$# 7$( 9*!."&3.% :#&"2# Q, 

!$0 7$( +**# :#&"2# q .3$!2"(3 !*!-,!&( /"# <0&#. ;8$#0$"(5 "# ?+&#5 "#- q .(3 

"9$ ($"2/"(/9 "#1 (7&(, 4!2C"! %"3 9 /"&#:#&µ' "#- q 65 )&#5 "# E µ7$!3 /"(,!&'. 

V/<-!3 "# 243# 83( "9 /"&#:#&µ' 65 )&#5 7$( 43(:#&!"3.% /9µ!2# EW ;   
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 !"# $%&  ' !" &% 

 

 
4.1   ()*+,+- 

 

 !"#$%&'(, µ! %) *+µ) %), -!.%"*/ µ0)#).µ! */ 0#)1234),µ! %$* '5*$6$ !*+7 

6"µ/%&85), 9&/ '(:! ;#)*&'< 6%&9µ< t, /#'!5 */ 9*"#5=),µ! (/) %$ :36$ '/& %$* %/-

;.%$%/ %), 6"µ/%&85), %$ 6%&9µ< t=0, '/& (1) %) 0!85) 8,*(µ!"* µ36/ 6%) )0)5) 

1#56'!%/& %) 6"µ/%58&). >%$* 0#(?$, +µ"7, $ 2.6$ %), 0#)12<µ/%)7 8!* !5*/& 0(*%/ 

!.')2$, /@). ) *+µ)7 %), -!.%"*/ 8!* !5*/& µ&/ /02< /29!1#&'< 6;36$ (+0"7 @/5-

*!%/& µ! 0#A%$ µ/%&( /0+ %$ µ)#@< F ma 
  

) /22(, 6%$* ),65/, 3*/ 6.6%$µ/  !"#$-

%!&'( )*!+'+),(:  

                                               ( ) , .
dv dr

m F r v
dt dt

  
  

   
     

B.*)*%/7 %) 6.6%$µ/ 9&/ 8)6µ3*!7 /#;&'37 6,*:<'!7 ( 0r r 
  

 '/& 0v v 
  

 9&/ t=0), 

0#)68&)#5=),µ! %$ :36$ '/& %$* %/;.%$%/ %), 6"µ/%&85), 9&/ '(:!  t >0.  

 

    C 8,6')25/ !052,6$7 %), 0#)12<µ/%)7 (!'%+7 /0+ )#&6µ3*!7 /0237 0!#&0%A6!&7) 

µ/7 )8$9!5 6%$* /*/=<%$6$ µ/:$µ/%&'A* %!;*/6µ(%"*. D) 0&) 1/6&'+ /0+ /,%(, 

0), !@/#µ+=!%/& +µ"7 '(%" /0+ )#&6µ3*!7 µ+*) 0#)E0):36!&7, !5*/& $ "%-.  !"/.-

%0+01 /01 µ0-"(!&.1 )(2%3)!"1, $ )0)5/ 0#)'.0%!& "7 (µ!6$ 6,*30!&/ %), *+µ), %), 

-!.%"*/ (8!* /0)%!2!5, 8$2/8<, 3*/ *3), /*!?(#%$%) /?5"µ/ %$7 F$;/*&'<7).  

 

    F&/ 0&) 9!*&'< /#;<, !056$7 6,*30!&/ %), *+µ), %), -!.%"*/, !5*/& %) 4)'%0µ" 

µ)/"5$6.1 /01 &!(0/!&.1 )(2%3)!"1. G3#/ /0+ %$ :!"#$%&'< %), /?5/, %) :!A#$µ/ /,-

%+ !5*/& &8&/5%!#/ ;#<6&µ) 6! 0#)12<µ/%/ +0), ,0!&63#;!%/& $ %#&1< '/&, "7 !' %).-

%),, $ /#;< 8&/%<#$6$7 %$7 µ$;/*&'<7 !*3#9!&/7 8!* µ0)#!5 */ !@/#µ)6%!5.   

 

 

4.2  ./+0 µ(*1 234*µ51 

 

 !"#).µ! 6"µ/%58&) µ(=/7 m 0), '&*!5%/& '(%" /0+ %$* !058#/6$ 8.*/µ$7 F
 

 $ 

)0)5/, 9!*&'(, µ!%/1(22!%/& '/%( µ<')7 %$7 %#);&(7 %),. H&/ */ !5µ/6%! /'#&136%!-

#)&, %) m 1#56'!%/& 6! 3*/ 7) 8$  9(:µ),( ( )F r
  

, +0), r
 

 %) 8&(*,6µ/ :36$7 %). m 

"7 0#)7 %$* /#;< %"* 6,*%!%/9µ3*"* !*+7 /8#/*!&/'). 6,6%<µ/%)7 /*/@)#(7. I/-

2).µ! dr
 

 %) /0!&#)6%+ 8&(*,6µ/ 0), 0/#&6%( %$ 6%)&;!&A8$ µ!%/%+0&6$ %), 6"µ/-

%&85), '/%( µ<')7 %$7 %#);&(7 %), µ36/ 6! /0!&#)6%+ ;#)*&'+ 8&(6%$µ/ dt. D) dr
 

 

µ0)#!5 )#&/'( */ :!"#$:!5 !@/0%+µ!*) 6%$* %#);&(, 3;!& 8$2/8< %$* '/%!.:,*6$ 

%$7 %/;.%$%/7 v
 

 %), 6"µ/%&85),:  

 

                                                

!

O

r
 

m dr
 v

 

"

F
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    J#5=),µ! %) +/$!-)!' )1 2%3$ %$7 8.*/µ$7 F
 

 '/%( %$ µ!%/%+0&6$ dr
 

 6/* %) !6"-

%!#&'+ 9&*+µ!*)  

                                               

                                                cosdW F dr F ds " #  
  

   (4.1) 

 

+0), F F 
 

 '/& ds dr 
 

 (%) ds µ0)#!5 */ :!"#$:!5 6/* %) µ<')7 !*+7 /0!&#)6%). 

%µ<µ/%)7 %$7 '/µ0.2$7 %#);&(7 %). m). B3µ! +%& $ F
 

 7"%:3)! 3#9) dW 6%) ;#)*&'+ 

8&(6%$µ/ dt.  >.µ@"*/ µ! %) 0#+6$µ) %), cos4, %) 3#9) /,%+ !5*/& :!%&'+ /* 

0 / 2" $% &  '/& /#*$%&'+ /* / 2 .$ " $& %   G#)63?%! +%& µ!"  ;("µ0 &:4)/0 +/0( 

/"-;/0/"  )( 7"%:3)! 2%3$, 8&+%& / 2, cos 0," $ "   )0+%! dW=0. K,%+ 6,µ1/5*!&, 

9&/ 0/#(8!&9µ/, 6%$* 0!#50%"6$ µ&/7 $µ"6.1 '/µ0,2+9#/µµ$7 '5*$6$7, +0), $ /-

6').µ!*$ )2&'< 8.*/µ$ F
 

 !5*/& !? )2)'2<#), '!*%#)µ+2)7 (8$2/8<, '(:!%$ 6%$* 

%/;.%$%/), '& 3%6& %) 3#9) 0), 0/#(9!%/& /0+ %$* F
 

 '/%( %$* '5*$6$ !5*/& µ$83*.   

 

     !"#).µ! %A#/ 3*/ 0!0!#/6µ3*) %µ<µ/ <= %$7 %#);&(7 %). m. L"#5=),µ! %$* 

!0&'/µ0.2&/ 8&/8#)µ< <= 6! 3*/ µ!9(2) 02<:)7 /0+ 6%)&;!&A8!&7 µ!%/%)056!&7 

1 2, , ,dr dr
  

!  '/%( µ<')7 %"* )0)5"* )& 8,*(µ!&7 0), /6').*%/& 6%) 6"µ/%58&) !5*/&, 

/*%56%)&;/, 1 2, ,F F
  

! : 

                                          

!
!

A

B

1dr
 

2dr
 

3dr
 

1F
 

2F
 3F

 

 

D/ 6%)&;!&A8$ 3#9/ 0), 0/#(9)*%/& '/%( %&7 µ!%/%)056!&7 !5*/&  

                                     1 1 1 2 2 2, ,dW F dr dW F dr #  #
    

!  .     

D) $6!&> 2%3$ %$7 /6').µ!*$7 8.*/µ$7 /0+ < "7 = !5*/&  

                       1 2 1 1 2 2 i i

i

W dW dW F dr F dr F dr ' '  # ' # '  #(
      

! !   .   

M0!&8< )& µ!%/%)056!&7 !5*/& /0!&#)6%37 '/& $ 8.*/µ$ !5*/& 6,*(#%$6$ %$7 :36$7 0(-

*" 6%$* %#);&(, µ0)#).µ! */ 9#(4),µ!  

 

                                                   ( )
B

A
W F r dr #)

   
    (4.2) 

    

    J2)'2$#Aµ/%/ %$7 µ)#@<7 (4.2) )*)µ(=)*%/& )7!&"µ7;6!" '/& $ %&µ< %),7 !?/#-

%(%/&, 9!*&'(, /0+ %$* '/µ0.2$ 0), 6,*83!& %/ 6$µ!5/ < '/& =. N%6&, /$ 2%3$ µ!"1 

 ;("µ01 "7> < ,1 = )*"%/:/"! "7> /0( /%$-!: 7$9  !23%"?) /$ &!(0/> 703"8($(/"1 

"7> /$ < +/$ =. (O$2/8<, 6! 8.) 8&/@)#!%&'37 %#);&37 /0+ < "7 = /*%&6%)&;).* 8.) 

8&/@)#!%&'37 %&µ37 %), 3#9), %$7 8.*/µ$7 F
 

.) >$µ/*%&'< !?/5#!6$ /0)%!2!5 $ 0!#5-

0%"6$ %"* +9(/0%0/!&'(  9(:µ),(, %&7 )0)5!7 :/ 9*"#56),µ! 0/#/'(%". G#)7 %) 

0/#+* :/ /#'!6%).µ! 6! 3*/ /02+ 0/#(8!&9µ/:  
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D) 6Aµ/ '&*!5%/& !,:.9#/µµ/ /0+ < "7 =, '(%" /0+ %$* !058#/6$ µ&/7 +/"4)%.1 

('/%( µ3%#) '/& '/%!.:,*6$) 8.*/µ$7 F
 

. (>%) 6Aµ/ 8#),* '/& (22!7 8,*(µ!&7 0), 

8!* 3;),* 6;!8&/6%!5, +0"7 %) 1(#)7, $ '(:!%$ /*%58#/6$ /0+ %) !050!8), $ %#&1<, 

'20.) F/7 !*8&/@3#!& %) 3#9) %$7 8.*/µ$7 F
 

 /0+ < "7 =. B/µ1(*)*%/7 ,0+4$ +%& 

%) µ3%#) F %$7 F
 

 '/& $ 9"*5/ 4 !5*/& 6%/:!#37 0)6+%$%!7, 3;),µ!:  

                           

                             cos cos
B B B

A A A
W F dr F ds F ds" " #   *) ) )

  
 

                                               

                                                       cosW F s "     (4.3) 

 

+0), s $ /0+6%/6$ <= 0), 8&/*.!& %) '&*$%+. M&8&'(,  W=Fs  +%/* $ F
 

 !5*/& 6%$* 

'/%!.:,*6$ %$7  '5*$6$7 (4=0), !*A  W= +Fs  +%/* $ F
 

 !5*/& /*%5:!%$ 6%$* '5*$6$ 

(4= 7).  

 

    P%/* 6! 3*/ 6"µ/%58&) !0!*!#9).* %/,%+;#)*/ 8&(@)#!7 8,*(µ!&7 1 2, , ,F F
  

!  /$ 

2%3$ /01 +9(!+/"µ2(01  ;("µ01 F
 

 !+$;/"! µ) /$ :4%$!+µ" /,( 2%3,( /,( +9(!+/,+'( 

 9(:µ),(:  

                                               

1
F
 

2F
 

3F
 

dr
 

 
 

    <7> )!*0: D/ !0&µ3#),7 3#9/ %"* 1 2, , ,F F
  

!  '/%( %$ µ!%/%+0&6$ dr
 

, !5*/&  

                                     1 1 2 2, ,dW F dr dW F dr #  #
    

!  .     

D) 3#9) %$7 6,*&6%/µ3*$7 8.*/µ$7 1 2F F F ' '
   

! , 9&/ %$* 58&/ µ!%/%+0&6$, !5*/&  

    1 2 1 2 1 2( )dW F dr F F dr F dr F dr dW dW #  ' ' #  # ' # '  ' '
         

! ! ! ,  ).!.8.  

     

    N6%", %A#/, dt %) ;#)*&'+ 8&(6%$µ/ µ36/ 6%) )0)5) 2/µ1(*!& ;A#/ $ /0!&#)6%< 

µ!%/%+0&6$ dr
 

 !*+7 6"µ/%&85),, '/& 36%" F
 

 $ 8.*/µ$ 0), 8#/ 6%) 6"µ/%58&) 6%) 

8&(6%$µ/ /,%+ (9&/ 3*/ %3%)&) /0!&#)6%+ 8&(6%$µ/, $ F
 

 µ0)#!5 */ :!"#!5%/& 6%/-

:!#<). D) 6%)&;!&A8!7 3#9) %<7 F
 

 6%) 8&(6%$µ/ dt !5*/& dW F dr #
  

. D) 0/#/9+-

µ!*) 2%3$ "(: µ$(: " -%>($9 /0+ %$* F
 

 !5*/& 56) µ!  

                                                           
dW

P
dt

     (4.4) 

'/& )*)µ(=!%/& !+-;1 %), 0/#(9)*%/ 0), /6'!5 %$ 8.*/µ$ F
 

. N;),µ!:  

F
 

F
 

" "

s

A B
,-./0/1
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F dr dr

P F
dt dt

#
  # *

   
 

 

                                                     

                                                           P F v #
  

    (4.5) 

 

+0), v
 

 $ 6%&9µ&/5/ %/;.%$%/ %), 6"µ/%&85),. D) 3#9) 0), 0/#(9!%/& /0+ %$* F
 

 

6%) ;#)*&'+ 8&(6%$µ/ /0+  t1 3"7  t2 !5*/&  

 

                                            
2 2

1 1

( )
t t

t t
W Pdt F v dt  #) )

  
   (4.6) 

 

    >%) 6.6%$µ/ S.I., $ µ)*(8/ 3#9), !5*/& %) 1 Joule (1 J ) = 1 N.m = 1 kg.m
2
.s

 –2
, !*A 

$ µ)*(8/ &6;.)7 !5*/& %) 1 Watt (1 W ) = 1 J.s 
–1

 = 1 kg.m
2
.s 

–3
, µ! 0)22/02(6&/ %/   

1 kW = 10
3
 W  '/&  1 MW = 10

6
 W .  

 

 

4.3  $(456(7-  48/+9(* 7*( :9;/5µ* <96*=0>-1 651 

 

M58/µ! *"#5%!#/ +%& µ&/ 8.*/µ$ '(:!%$ 6%$* %/;.%$%/ 8!* 0/#(9!& 3#9). K0+ %$* 

(22$ µ!#&(, µ&/ 8.*/µ$ '(:!%$ 6%$* %/;.%$%/ 8!* µ!%/1(22!& %) µ2/%$ %$7 %/;.%$-

%/7. K,%+ µ/7 )8$9!5 6%$ 6'34$ +%& ,0(#;!& '(0)&/ 6;36$ /*(µ!6/ 6%) 3#9) '/& %$ 

µ!%/1)2< %), µ3%#), %$7 %/;.%$%/7, 3%6& A6%! ) µ$8!*&6µ+7 %), 3#9), */ 6,*!0(9!-

%/& %$ 6%/:!#+%$%/ %), µ3%#), %$7 %/;.%$%/7, '/& /*%56%#)@/.  

 

    J#5=),µ! %$* &!(0/!&. )(2%3)!" !*+7 6"µ/%&85), µ(=/7 m 0), '&*!5%/& µ! %/;.%$%/ 

µ3%#), v :  

                                                        
21

2
kE mv     (4.7) 

 

K*  p=mv  !5*/& %) µ3%#) %$7 )#µ<7 %), 6"µ/%&85),, $ (4.7) µ0)#!5 */ 9#/@!5 6%$* 

!*/22/'%&'< µ)#@<  

                                                         
2

2
k

p
E

m
     (4.8) 

 

    N6%", %A#/, F
 

 $ $6!&. (+9(!+/"µ2(0) 8.*/µ$ 6%) 6"µ/%58&). P0"7 /0)8!&'*.!-

%/&, %) 3#9) %<7 F
 

 '/%( %$ µ!%/%+0&6$ %), m /0+ 3*/ 6$µ!5) < 6! 3*/ 6$µ!5) = 85-

*!%/& /0+ %$ 6;36$   

 

                                                
2 21 1

2 2
B AW mv mv +    (4.9) 

 

>! 6,*8,/6µ+ µ! %$* (4.7), $ (4.9) 9#(@!%/&  

  

                                               , ,k B k A kW E E E + 2 3    (4.10) 
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J& 6;36!&7 (4.9) '/& (4.10) !'@#(=),* %) 4)'%0µ" µ)/"5$6.1 /01 &!(0/!&.1 )(2%3)!"1 

( FIM), %) )0)5) 8&/%,0A*!%/& "7 !?<7:  

 

@$ 2%3$ /01 +9(!+/"µ2(01  ;("µ01 +) 2(" +,µ"/8 !$ (8+$ µ) /$ $6!&> 2%3$ /,( 

 9(:µ),( 7$9  %$9( +) "9/>), &"/: /0 µ)/"/>7!+0 /$9 +,µ"/! 8$9 "7> 2(" +0-

µ)8$ /01 /%$-!:1 /$9 +) 2(" :66$, !+$;/"! µ) /0 µ)/"5$6. /01 &!(0/!&.1 )(2%-

3)!"1 /$9 +,µ"/! 8$9 &"/: /0 µ)/"/>7!+0 "9/..  

 

N%6&, 6%$* 0!#50%"6$ 0), W=0, 3;),µ! +%&  OEk=0 *  Ek= +/"4)%>, )0+%!, /0+ %$* 

(4.7), v= +/"4)%>. O$2/8<, >/"( 0 +9(!+/"µ2(0  ;("µ0  )( 7"%:3)! 2%3$ 7:(, +/$ 

+,µ"/8 !$, /$ µ2/%$ /01 /"-;/0/"1 /$9 +,µ"/! 8$9 µ2()! +/"4)%>. K,%< !5*/&, 0#)@/-

*A7, $ 0!#50%"6$ +0), $ )2&'< 8.*/µ$ F
 

 6%) 6"µ/%58&) !5*/& '(:!%$ 6%$* %/;.-

%$%( %),, +0"7 6,µ1/5*!& 6%$* )µ/2< '/µ0,2+9#/µµ$ '5*$6$.  

 

    G#)63?%! +%& %)  FIM !5*/& (µ!6$ 6,*30!&/ %), *+µ), %), -!.%"*/, 8!* /0)%!-

2!5 8$2/8< µ&/ *3/, /*!?(#%$%$ /#;< %$7 F$;/*&'<7. K0+ %)* )#&6µ+ (4.7) %$7 '&*$-

%&'<7 !*3#9!&/7, $ µ)*(8/ µ3%#$6<7 %$7 !5*/& 1 kg.m
2
.s

 -2
 = (1 kg.m.s

 -2
)(1 m) = 1 N.m 

= 1 J . O$2/8<, $ Ek µ!%#&3%/& 6! µ)*(8!7 3#9),, +0"7 (22"6%! !5*/& @/*!#+ /0+ %) 

 FIM (4.10).  

 

 

4.4  2?4*µ(7-  48/+9(* 7*( @?465/56(781 2?4Aµ9(1 

 

 !"#).µ! 6"µ/%58&) µ(=/7 m 0), ,0+'!&%/& 6! 8.*/µ$ F
 

 6! '(0)&/ 0!#&);< %), 

;A#),. H!*&'(, $ F
 

 µ!%/1(22!%/& /0+ 6$µ!5) 6! 6$µ!5) %$7 0!#&);<7. D/ 6$µ!5/ 

/,%( 0#)68&)#5=)*%/& µ! %) 8&(*,6µ/ :36$7 r
 

 "7 0#)7 %$* /#;< A %"* 6,*%!%/9µ3-

*"* (x,y,z) !*+7 /8#/*!&/'). 6,6%<µ/%)7 /*/@)#(7. Q0):3%),µ! %A#/ +%& $ 8.*/µ$ 

F
 

 !?/#%(%/& µ+*) /0+ %$ :36$ %), 6"µ/%&85), 6%) ;A#) ('(%& 0), 8!* 6,µ1/5*!&, 

0.;., µ! %$* '&*$%&'< %#&1<, %$7 )0)5/7 $ '/%!.:,*6$ 6! '(:! 6$µ!5) !?/#%(%/& /0+ 

%$* '/%!.:,*6$ %$7 '5*$6$7). H#(@),µ!:  

                                           

                                                ( ) ( , , )F F r F x y z  
    

    (4.11) 

 

H&/ */ !5µ/6%! /'#&136%!#)&, $ 6;36$ (4.11) 0/#&6%( +;& µ&/ µ)*/8&'< 8.*/µ$ /22( 

3*/ 7) 8$  9(:µ),(.  / !?/')2),:<6),µ!, !* %).%)&7, */ ;#$6&µ)0)&).µ! %)* +#) 

« ;("µ0» ;(#&* 6,*%)µ5/7.  

     

    P%/* %) 6"µ/%58&) µ!%/%)05=!%/& /0+ %) 6$µ!5) < 6%) 6$µ!5) = %), ;A#),, %) 3#-

9) %<7 F
 

 !5*/&  

 

                                                      ( )
B

A
W F r dr #)

   
    (4.12) 

 

P0"7 3;),µ! %)*56!&, $ %&µ< %), )2)'2$#Aµ/%)7 /,%). !?/#%(%/& +;& µ+*) /0+ %/ 

)#&/'( 6$µ!5/ < '/& =, /22( '/& /0+ %$  !" %$µ. 0), '(*!& %) m /0+ %) < "7 %) =:  
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" "A B

1C

2C
 

H!*&'(,  1 2W W4  , +0), 1W  '/& 2W  %/ 3#9/ '/%( µ<')7 %"* 8&/8#)µA* C1  '/& C2 , 

/*%56%)&;/ (,0(#;),* (0!&#!7 8&/8#)µ37 0), 6,*83),* %/ < '/& =).  

 

    Q0(#;!& +µ"7 µ&/ !&8&'< '/%$9)#5/ 8,*(µ!"* (6"6%+%!#/, 0!85"*) %$7 µ)#@<7 

(4.11), %) 3#9) W %"* )0)5"* !?/#%(%/& µ+*) /0+ %/ )#&/'( 6$µ!5/ <, = '/& +;& /0+ 

%$ 8&/8#)µ< 0), %/ 6,*83!&. D3%)&!7 8,*(µ!&7 )*)µ(=)*%/& +9(/0%0/!&21.  

 

    A%!+µ>1: F&/ 8.*/µ$ %$7 µ)#@<7 (4.11) )*)µ(=!%/& +9(/0%0/!&. /* ,0(#;!& '(-

0)&/ 6,*(#%$6$ ( ) ( , , )p pE r E x y z 
 

, %3%)&/ A6%! %) 3#9) %<7 F
 

 /0+ < "7 = */ &6).-

%/& µ! %$ 8&/@)#( %"* %&µA* %<7 pE  6%/ 6$µ!5/ < '/& =:  

 

                              , ,( ) ( )
B

p A p B p A p B
A

W F dr E r E r E E #  + 2 +)
    

  (4.13) 

 

O):3*%)7 +%& $ µ!%/1)2< %<7 pE  /0+ < "7 = !5*/&  

                             , ,p p B p AE E E3  +   /)6!&. µ)8$( "%-!&. /!µ. ,    

$ 6;36$ (4.13) 9#(@!%/& 6.*%)µ/:  

                                              

                                                         pW E +3     (4.14) 

 

    C 6,*(#%$6$ ( )pE r
 

 )*)µ(=!%/&  9("µ!&. )(2%3)!" %), 6"µ/%&85), m 6%) 0!85) 

%$7 8.*/µ$7 F
 

 (6,;*( :/ 23µ! +%& $ 8,*/µ&'< !*3#9!&/ Ep  +-)/8B)/"! µ) /0 +9(/0%0-

/!&.  ;("µ0 F
 

). K* 6%) m 8#),* 8&(@)#!7 6,*%$#$%&'37 8,*(µ!&7, '(:! µ5/ /0+ /,-

%37 6;!%5=!%/& µ! µ&/ /*%56%)&;$ 8,*/µ&'< !*3#9!&/. P0"7 !5*/& !.')2) */ 8!5?),µ!, 

$ 8,*/µ&'< !*3#9!&/ 0), 6;!%5=!%/& µ! %$ +9(!+/"µ2(0 !*+7 02<:),7 6,*%$#$%&'A* 

8,*(µ!"* &6).%/& µ! %) :4%$!+µ" %"* 8,*/µ&'A* !*!#9!&A* 0), 6;!%5=)*%/& µ! %&7 

!0&µ3#),7 8,*(µ!&7. N%6&, /* $ F
 

 6%$ 6;36$ (4.13) 0/#&6%( %$* )2&'< 6,*%$#$%&'< 

8.*/µ$ 6%) m, %+%! $ Ep  0/#&6%( %$* )2&'< 8,*/µ&'< !*3#9!&/ %), m. K* 6%) m 

8#),* '/& (22!7, µ0-+9(/0%0/!&21 8,*(µ!&7, /,%37  )( 6,µ0!#&2/µ1(*)*%/& 6%$ 8.-

*/µ$ F
 

 %$7 6;36$7 (4.13) '/&  )( 6;!%5=)*%/& µ! '(0)&/ 8,*/µ&'< !*3#9!&/. >%$* 

0!#50%"6$ /,%<, %) W 6%$* (4.13) 0/#&6%( %) 3#9) %"* +9(/0%0/!&'( 8,*(µ!"* µ+*) 

'/& +;& %) 3#9) %$7 6,*&6%/µ3*$7 8.*/µ$7 6%) m. K0+ %$* (4.13) !5*/& 0#)@/*37 +%& 

$ Ep 3;!& 8&/6%(6!&7 3#9),.  

 

     / µ0)#).6/µ! */ !5;/µ! )#56!& %$* Ep  8&/@)#!%&'(, 3%6& A6%! $ (4.14) */ 9#/-

@+%/* pW E '3 . D).%) :/ 6<µ/&*!, /02(, */ :3%/µ! (+Ep) 6%$ :36$ %). Ep, 8$-

2/8< */ )#5=/µ! %$* Ep µ! /*%5:!%) 0#+6$µ). K,%+ 8!* :/ !5;! '/µ5/ &8&/5%!#$ @,-

6&'< 6,*30!&/! C !'2)9< %), /#*$%&'). 0#)6<µ), 6%$* (4.14) !5*/& '/:/#( :3µ/ 
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6.µ1/6$7 '/& 95*!%/& 3%6& A6%! $ )2&'< µ$;/*&'< !*3#9!&/ %), m (12. 0/#/'(%") */ 

9#(@!%/& 6/* (:#)&6µ/ '/& +;& 6/* 8&/@)#(. G/#/%$#).µ! !056$7 %/ !?<7:  

 

    1. N6%" ( )pE r
 

 $ 8,*/µ&'< !*3#9!&/ 0), /*%&6%)&;!5 6%$ 6,*%$#$%&'< 8.*/µ$ 

( )F r
  

. D+%!, '/& $ 6,*(#%$6$  

                                                   ( ) ( )p pE r E r C1  '
  

 

+0), C /,:/5#!%$ 6%/:!#(, 0/#&6%( 8,*/µ&'< !*3#9!&/ 9&/ %$* 58&/ 8.*/µ$ F
 

. 

G#(9µ/%&: K* W !5*/& %) 3#9) %<7 F
 

, %+%!  

                      , , , , , ,( ) ( )p A p B p A p B p A p BW E E E C E C E E1 1 +  ' + '  +  .   

R230),µ! +%& ) )#&6µ+7 %$7 8,*/µ&'<7 !*3#9!&/7 !0&%#30!& '(0)&) 1/:µ+ /,:/&#!-

65/7, /@). µ0)#).µ! */ 0#)6:36),µ! )0)&/8<0)%! 6%/:!#< 0)6+%$%/ 6%$ 6,*(#-

%$6$ ( )pE r
 

 ;"#57 */ /22)&A6),µ! %$ @,6&'< %), 0#)12<µ/%)7 ($ 8.*/µ$ F
 

 0), 

/*%&6%)&;!5 6%$ 8,*/µ&'< !*3#9!&/ µ3*!& 58&/). B+9" /,%<7 %$7 /,:/&#!65/7, µ0)-

#).µ! */ )#56),µ! '/%( 1).2$6$ 3*/ +0µ)8$ (< 3*/ )787) $) "("#$%:1 +0), $ %&µ< 

%<7  Ep !5*/& µ$83*.  

 

    2. K0+ %)* )#&6µ+ (4.13) !5*/& @/*!#+ +%& %) 3#9) µ&/7 6,*%$#$%&'<7 8.*/µ$7 F
 

, 

'/%( %$ µ!%/%+0&6$ !*+7 6"µ/%&85), /0+ 3*/ 6$µ!5) < 6! 3*/ 6$µ!5) =, !5*/& "()-

*:%/0/$ /01 /%$-!:1 7$9 +9( 2)! /"  ;$ +0µ)8". N%6&, /* C1 '/& C2 !5*/& 8.) 8&/8#)-

µ37 0), !*A*),* %/ < '/& =, '/& /* W1 '/& W2 !5*/& %/ /*%56%)&;/ 3#9/ %<7 F
 

 '/%( 

µ<')7 %"* 8&/8#)µA* /,%A*, %+%!  

                                                1 2 , ,p A p BW W E E  +   .   

-/&, /22( '/& %)  FIM (4.10) µ/7 23!& +%& W= Ek,B –Ek,A , ;"#57 */ 3;),µ! '(*!& 

%$* ,0+:!6$ +%& $ F
 

 !5*/& 6,*%$#$%&'<! G#)6);< +µ"7: C 8&/@)#( OEk )*"%/:/"!,  

9!*&'(, /0+ %$ 8&/8#)µ< 0), 6,*83!& %/ < '/& =, !*A $ 8&/@)#( OEp  )( !?/#%(%/&. 

J 2+9)7 !5*/& +%& $ Ep !5*/& µ&/ 8)6µ3*$ 6,*(#%$6$ %$7 :36$7 %), 6"µ/%&85),, '(%& 

0), 9!*&'( 8!* &6;.!& 9&/ %$* Ek . D)*5=),µ! +%&  

 

%)  FIM, W=OEk (+0), W %) 3#9) %$7 +9(!+/"µ2(01 8.*/µ$7 6%) 6"µ(%&)), 

3;!& 3)(!&. &6;., "()*:%/0/" "7> /$ )8 $1 /,(  9(:µ),( 7$9  %$9( +/$ +,µ:-

/!$. K*%5:!%/, $ 6;36$ W= +OEp  &6;.!& µ+*) 9&/ %) 3#9) %"* +9(/0%0/!&'( 

8,*(µ!"*, '/&  )( 0/#&6%( /0/#/5%$%/ %) )2&'+ 3#9) 0(*" 6%) 6"µ(%&).  

 

    3. D) 3#9) µ&/7 6,*%$#$%&'<7 8.*/µ$7 F
 

 '/%( µ<')7 &6)!+/.1 %#);&(7 !5*/& µ0-

 2(:  

                                               

A B

1C

2C
 

 !"#).µ! '2!&6%< 8&/8#)µ< C 0), /0)%!2!5%/& /0+ 8.) %µ<µ/%/: %) %µ<µ/ C1 /0+ < 

"7 =, '/& %) %µ<µ/ C2 /0+ = 056" 6%) <. H#(@),µ!, 6,µ1)2&'(,  C=C1+C2 . D) 3#9) 
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W  '/%( µ<')7 %$7 C  &6).%/& µ! %) (:#)&6µ/ %"* 3#9"* W1, W2 '/%( µ<')7 %"* C1,   

C2 , /*%56%)&;/:  

                               1 2 , , , ,( ) ( ) 0p A p B P B p AW W W E E E E '  + ' +   .  

D) 3#9) '/%( µ<')7 µ&/7 '2!&6%<7 %#);&(7 0/#56%/%/&, 9!*&'(, µ! &6)!+/> !0&'/µ0.-

2&) )2)'2<#"µ/. N%6&, 9&/ µ&/ 6,*%$#$%&'< 8.*/µ$ F
 

, 9#(@),µ!  

                                                      0W F dr #  )
  

#  .    

 

4.5  2(*6-/5)5 651 <5B*4(7-1  48/+9(*1 

 

 !"#).µ! 6"µ/%58&) µ(=/7 m 0), 8&/9#(@!& %#);&( /0+ %) 6$µ!5) < 6%) 6$µ!5) =, 

'(%" /0+ %$* !058#/6$ µ&/7 8.*/µ$7 (6"6%+%!#/, !*+7 0!85), 8,*(µ!"*) ( )F F r 
   

, 

$ )0)5/ !5*/& $ 6,*&6%/µ3*$ +2"* %"* 8,*(µ!"* 0), 8#),* 6%) m. >.µ@"*/ µ! %) 

 FIM, %) 3#9) W %$7 F
 

 &6).%/& µ! %$ µ!%/1)2< %$7 '&*$%&'<7 !*3#9!&/7 %), m :  

 

                                               , ,k k B k AW E E E 3  +     (4.15) 

 

D)*5=),µ! '/& 0(2& +%& $ (4.15) &6;.!& 9&/ %) 3#9) %$7 +9(!+/"µ2(01 8.*/µ$7, /*!?(#-

%$%/ /* /,%< !5*/& 6,*%$#$%&'< < +;&. DA#/, /* 6,µ1!5 $ )2&'< 8.*/µ$ F
 

 */ !5*/& 

+9(/0%0/!&. (0#(9µ/ 0), &6;.!& +%/* >6)1 )& !0&µ3#),7 8,*(µ!&7 6%) m !5*/& 6,*%$-

#$%&'37), %+%! %) 3#9) %<7 F
 

 µ0)#!5 !056$7 */ !'@#/6%!5 "7 !?<7:  

 

                                             , ,p p A p BW E E E +3  +    (4.16) 

 

+0), Ep $ )2&'< 8,*/µ&'< !*3#9!&/ %), m. M?&6A*)*%/7 %/ 8!?&( µ32$ %"* (4.15) '/& 

(4.16), 1#56'),µ!  

 

                                            , , , ,k A p A k B p BE E E E'  '     (4.17) 

 

C 6;36$ (4.17) &6;.!& 9&/ %,;/5/ !'2)9< %"* 6$µ!5"* < '/& = %$7 %#);&(7 %). m. >,-

µ0!#/5*),µ!, 2)&0+*, +%& $ 0)6+%$%/  

 

                                       
21

( )
2

k p pE E E mv E r '  '
 

   (4.18) 

 

0), )*)µ(=!%/& $6!&. µ0-"(!&. )(2%3)!" %), m 6%) 0!85) %$7 8.*/µ$7 F
 

, µ3*!& 6%/-

:!#< '/%( %$* '5*$6$ %), m .  

 

    J8$9).µ/6%!, 3%6&, 6%$* "%-.  !"/.%0+01 /01 µ0-"(!&.1 )(2%3)!"1 (KOFM):  

 

C/"(  !"# $!  9(:µ)!1 7$9 "+&$;(/"! +) 2(" +,µ:/!$ )8("! +9(/0%0/!&21, 0 $-

6!&. µ0-"(!&. )(2%3)!" D /$9 +,µ"/8$9 µ2()! +/"4)%. &"/: µ.&$1 /01 /%$-!:1 

/$9.  

 

I/%/2/1/5*),µ! %A#/ 9&/%5 )& 8,*(µ!&7 9&/ %&7 )0)5!7 )#5=!%/& 8,*/µ&'< !*3#9!&/ 

'/2).*%/& 6,*%$#$%&'37. H&/ %&7 µ$-6,*%$#$%&'37 8,*(µ!&7 (+0"7, 0.;., $ %#&1<) !5*/& 
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/8.*/%) */ )#56),µ! 8,*/µ&'<, (#/ '/& )2&'< µ$;/*&'< !*3#9!&/. N%6&, $ KOFM :/ 

0#30!& */ !0/*!?!%/6%!5 6%$* 0!#50%"6$ 0), %3%)&!7 8,*(µ!&7 !5*/& 0/#).6!7.  

 

    GA7 /*%&µ!%"05=),µ!, 2)&0+*, %$* 0!#50%"6$ +0), 6! 3*/ 6"µ(%&) m /6').*%/& 

%/,%+;#)*/ 6,*%$#$%&'37 '/& µ$-6,*%$#$%&'37 8,*(µ!&7 (0.;., 1/#.%$%/ '/& %#&1<); 

N6%" F
 

 $ 6,*&6%/µ3*$ 6,*%$#$%&'< 8.*/µ$ 6%) m, '/& 36%" F 1
 

 $ )2&'< µ$-

6,*%$#$%&'< 8.*/µ$ 6! /,%+. C 6,*&6%/µ3*$ +2"* %"* 8,*(µ!"* 6%) m !5*/&  

                                                        F F F56 1 '
   

  

'/& %) 3#9) %$7 /0+ %) < "7 %) = !5*/&  

                                  
B B B

A A A
W F dr F dr F dr56 1 #  # ' #) ) )

      
   (4.19) 

D) 0#A%) )2)'2<#"µ/ 6%/ 8!?&( &6).%/& µ! %$ 8&/@)#( (Ep,A –Ep,B), +0), Ep $ 8,-

*/µ&'< !*3#9!&/ 0), /*%&6%)&;!5 6%$ 6,*%$#$%&'< 8.*/µ$ F
 

. D) 8!.%!#) )2)'2<-

#"µ/ 0/#&6%( %) 3#9) W 1  %$7 µ$-6,*%$#$%&'<7 8.*/µ$7 F 1
 

. D32)7, /0+ %)  FIM, 

%) 3#9) W %$7 6,*&6%/µ3*$7 8.*/µ$7 F56

 

 &6).%/& µ! (Ek,B –Ek,A). K*%&'/:&6%A*%/7 

%&7 0)6+%$%!7 /,%37 6%$* (4.19), 3;),µ!  

                                   , , , ,( )k B k A p A p BE E E E W 1+  + ' *  

 

                         , , , ,( ) ( ) ( )k B p B k A p A k pW E E E E E E1  ' + ' 2 3 '   (4.20) 

 

>,µ0!#/5*),µ! 2)&0+* +%&  

 

>/"( µ0-+9(/0%0/!&21  9(:µ)!1 )8("! 7"%$;+)1, /$ :4%$!+µ" (Ek+Ep) $"% )8("!, 

3)(!&:, +/"4)%>: E µ)/"5$6. /$9 !+$;/"! µ) /$ 2%3$ /,( µ0-+9(/0%0/!&'(  9-

(:µ),(.  

 

    M?/5#!6$ 6%)* 0/#/0(*" '/*+*/ /0)%!2!5 $ 0!#50%"6$ +0), )& µ$-6,*%$#$%&'37 

8,*(µ!&7 8!* 0/#(9),* 3#9): 0W 1  . K,%+ 6,µ1/5*!& +%/* $ 6,*&6%/µ3*$ %),7, F 1
 

, 

!5*/& '(:!%$ 6%$* %/;.%$%/ %), m. >%$* 0!#50%"6$ /,%<, $ (4.20) µ/7 23!& +%& %) (-

:#)&6µ/ (Ek+Ep) !5*/& 6%/:!#+:  

                      

                      ( ) 0k p k pE E E E3 '  7 '  +/"4)%>, >/"( 0W 1  .   

 

F0)#).µ! 2)&0+* */ 8&/%,0A6),µ! %$* KOFM µ! 0&) 9!*&'+ %#+0):  

 

C/"( $! µ0-+9(/0%0/!&21  9(:µ)!1 7$9  %$9( +) 2(" +,µ"/8 !$  )( 7"%:3$9( 

2%3$, 0 $6!&. µ0-"(!&. )(2%3)!" /$9 +,µ"/! 8$9 µ2()! +/"4)%..   

 

H&/ 0/#(8!&9µ/, ;#$6&µ)0)&).µ! %$* KOFM 9&/ %$ µ!23%$ %$7 '5*$6$7 !''#!µ).7, 

0/#+2) 0), $ 6@/5#/ %), !''#!µ).7 ,0+'!&%/& +;& µ+*) 6%$ 6,*%$#$%&'< 8.*/µ$ 

%$7 1/#.%$%/7, /22( '/& 6%$* %(6$ %), *<µ/%)7. C %(6$ 8!* 0/#(9!& 3#9), /@). !5-

*/& 6,*!;A7 '(:!%$ 6%$* %/;.%$%/ %$7 6@/5#/7 (!?$9<6%! 9&/%5).      
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4.6  C*/*D9E+µ*6* @?465/56(7;4 2?4Aµ9,4 

 

/) F;("µ0 5"%;/0/"1 

 

    I)*%( 6%$* !0&@(*!&/ %$7 H$7 $ !0&%(;,*6$ %$7 1/#.%$%/7 g
 

 !5*/& 0#/'%&'( 6%/-

:!#<. N%6&, 6.µ@"*/ µ! %$ 6,=<%$6$ %$7 G/#.2.5, $ '5*$6$ !*+7 6Aµ/%)7 '(%" /0+ 

%$* !058#/6$ %$7 1/#.%$%/7 '/& µ+*), 2/µ1(*!& ;A#/ 6! 6%/:!#+ !050!8), '(:!%) 

6%$* !0&@(*!&/ %$7 H$7. I/2).µ! xy %) !050!8) /,%+, +0), ) (?)*/7  x !5*/& )#&=+-

*%&)7 !*A ) y !5*/& '/%/'+#,@)7 µ! :!%&'< @)#( 0#)7 %/ 0(*". C 6,*%!%/9µ3*$  y 

0#)68&)#5=!& %) .4)7 6%) )0)5) 1#56'!%/& 3*/ 6"µ/%58&) 6! 6;36$ µ! 3*/ /,:/5#!%) 

!050!8) /*/@)#(7 (y=0). D) 6"µ/%58&) 1#56'!%/& 0(*" < '(%" /0+ %) !050!8) /*/-

@)#(7, /*(2)9/ µ! %) /*  y>0 <  y<0, /*%56%)&;/.  

                                                               

                              

O
ˆ

xu

ˆ
yu

x

y

A

B
m

mg
 

dr
 

g
 

B Ay y+

8$-$895 :.:;5<:=1 1
         

 

    D) 1(#)7 %), 6"µ/%&85),  m  (0), !8A :/ %) 6,µ1)256),µ! µ! F
 

) 9#(@!%/&  

 

                                                   ˆ
yF mg mgu  +

  
   

 

!*A $ 6%)&;!&A8$7 µ!%/%+0&6$ %), 6"µ/%&85), '/%( µ<')7 %$7 %#);&(7 %), !5*/&  

 

                                               ˆ ˆ( ) ( )x ydr dx u dy u '
 

 .   

N%6&,  

                                    0 ( )F dr dx mg dy mgdy#  # ' +  +
  

  

 

+0), ;#$6&µ)0)&<6/µ! %$ 6;36$ (1.19) (6%$* 0!#50%"6< µ/7 8!* ,0(#;),* z-6,*&-

6%A6!7). D) 3#9) %<7 F
 

 '/%( %$ µ!%/'5*$6$ %), m /0+ %) < 6%) = !5*/&  

 

                   ( )
B B B

B A
A A A

W F dr mgdy mg dy mg y y #  +  +  + + *) ) )
  

 

                                          

                                                     A BW mg y mg y +     (4.21) 

 

    M5*/& $ F
 

 6,*%$#$%&'<; H&/ */ !5*/&, :/ 0#30!& */ ,0(#;!& µ&/ 6,*(#%$6$ Ep( r
 

), 

$  9("µ!&. )(2%3)!" /$9 m +/$ 7) 8$ 5"%;/0/"1 /01 G01, %3%)&/ A6%!  

                                                      , ,p A p BW E E + .   
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K0+ %$* (4.21) 1230),µ! +%& µ&/ %3%)&/ 6,*(#%$6$ 0#(9µ/%& ,0(#;!&:  

 

                                                       ( )pE y mgy     (4.22) 

 

(G&) 9!*&'(,  Ep=mgy+C ,  +0), C µ&/ /,:/5#!%$ 6%/:!#< 0)6+%$%/. O&/239),µ! %) 

!050!8)  y=0  6/* !050!8) µ$8!*&'<7 8,*/µ&'<7 !*3#9!&/7, 3%6& A6%!  C=0.)  

 

    >.µ@"*/ µ! %$* KOFM, $ )2&'< µ$;/*&'< !*3#9!&/ %), m 0/#/µ3*!& 6%/:!#< '/-

%( %$* '5*$6< %), 6%) 0!85) 1/#.%$%/7 (/* /9*)<6),µ! µ$-6,*%$#$%&'37 8,*(µ!&7 

+0"7 $ /*%56%/6$ %), /3#/):  

                                    21
.

2
k pE E E mv mgy 0>:" '  '     (4.23) 

S6)8.*/µ/, 9&/ 8.) %,;/5/ 6$µ!5/ < '/& =,   

                            2 21 1

2 2
A B A A B BE E mv mgy mv mgy 7 '  '   (4.24) 

 

    H+&0+0: F! ;#<6$ %$7 (4.24) 8!5?%! +%&, 6! µ&/ !2!.:!#$ 0%A6$ '/%( .4)7 h, 3*/ 

6Aµ/ /0)'%( %/;.%$%/  

                                                       2v gh  .     

 / &6;.!& %) /0)%32!6µ/ /,%+ /* 2(1),µ! ,0+4$ %$* /*%56%/6$ %), /3#/;  

 

1) D6"+/!&.  ;("µ0  

       

 

 

 

 

     !"#).µ! 6"µ/%58&) µ(=/7 m 0), '&*!5%/& !,:.9#/µµ/ '/%( µ<')7 %), (?)*/ x, 

'(%" /0+ %$* !058#/6$ µ&/7 8.*/µ$7 %$7 µ)#@<7 

                                                        

                                                      ˆ
xF kx u +

 

    (4.25) 

 

+0), k µ&/ :!%&'< 6%/:!#(. C 8.*/µ$ (4.25) )*)µ(=!%/& )6"+/!&.  ;("µ0 '/& :/ %$ 

µ!2!%<6),µ! /*/2,%&'+%!#/ 6%) I!@.5.  

 

    C 6%)&;!&A8$7 µ!%/%+0&6$ %), m 0(*" 6%)* (?)*/ 9#(@!%/&  

 

                                                           ˆ( ) xdr dx u 
 

 .   

N%6&,  

                                                       F dr kxdx#  +
  

 .   

D) 3#9) %<7 F
 

 '/%( %$ µ!%/%+0&6$ %), m /0+ %) 6$µ!5) < 6%) 6$µ!5) = !5*/&  

                                 2 21 1

2 2

B B

A B
A A

W F dr kxdx kx kx #  +  +) )
  

 .  

0

O

x  x
x

ˆ
xu mF

 

dr
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DA#/, 9&/ */ !5*/& $ F
 

 6,*%$#$%&'<, :/ 0#30!& */ ,0(#;!& 6,*(#%$6$ 8,*/µ&'<7  

!*3#9!&/7  Ep %), m, %3%)&/ A6%!   

                                                       , ,p A p BW E E +  .       

G#(9µ/%&:    

                                                        
21

( )
2

pE x kx     (4.26) 

 

+0), ,0):36/µ! /,:/5#!%/ +%&  Ep=0  6%) 6$µ!5)  x=0. >.µ@"*/ µ! %$* KOFM,  

                                    2 21 1
.

2 2
k pE E E mv kx 0>:" '  '    (4.27) 

 

 

4.7  F $(456(7- G/(=- ,1 <5-@?465/56(7- 234*µ5 

 

C '&*$%&'< %#&1< (!8A :/ %$ 6,µ1)256),µ! F
 

) !5*/& 0(*%/ /*%5:!%$ 6%$* %/;.%$%/ 

v
 

 !*+7 6"µ/%&85),, (#/ '/& 6%$ 6%)&;!&A8$ µ!%/%+0&6$ dr
 

 %), 6"µ/%&85), 0(*" 

6%$* %#);&( %),:  

 

                                           

!
m dr

 

v
 

F
 

 
                                                                                                

N%6&, %) 6%)&;!&A8!7 3#9) %<7 F
 

 '/%( %$ µ!%/%+0&6$ dr
 

 !5*/& 0(*%/ /#*$%&'+:  

                                                     0dW F dr # &
  

 .      

D) 3#9), 2)&0+*, %$7 F
 

 '/%( µ<')7 $7$!"+ .7$/) %#);&(7 !5*/& /#*$%&'+. M&8&'(, 9&/ 

µ&/ '2!&6%< %#);&(,  

                                                        0F dr# &)
  

#  .   

 

N%6&, %) '2!&6%+ !0&'/µ0.2&) )2)'2<#"µ/ %$7 F
 

 !5*/& 8&(@)#) %), µ$8!*+7, 0#(9-

µ/ 0), 6$µ/5*!& +%& 0 &!(0/!&. /%!5.  )( )8("! +9(/0%0/!&.  ;("µ0 (12. G/#.4.4). H&/ 

%$ 6%/%&'< %#&1< 8!* %5:!%/& '/* :3µ/ 6,=<%$6$7, /@). /,%< 8!* 0/#(9!& 3#9).  
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 ! "#$%"%  &$%"'('&) 

 

 
6.1  *+,-./ $0123  45-6µ2-/3 

 

  µ!"#$% $%& '()*µ+,-& !).& /(/$-µ*$0& /1µ*$+'21) 3*40(/+56!+ 34./7!$!& '(-

/,0"2!& /! /89,4+/% µ! $% '()*µ+,- !).& µ0)*'+,08 /1µ*$+'20(. :($. 30( ,*$5 ,8-

4+0 ".90 3!4+3"#,!+ $* 3459µ*$* !2)*+ .$+, /$%) 3!423$1/% !).& /(/$-µ*$0& 34#3!+ 

)* '+*;142/0(µ! *)5µ!/* /! '80 ,*$%9042!& '()5µ!1): $+&  !"# $%&'(, *($#& '%-

"*'- 30( */,08)$*+ µ!$*<8 $1) 2'+1) $1) /1µ*$+'21) $0( /(/$-µ*$0&, ,*+ $+&  )"-

# $%&'(, 30( */,08)$*+ /$0 /8/$%µ* *3. 3*4590)$!& !<1$!4+,08& 1& 340& *($.. 

=31& 7* '08µ!, /! ,57! /8/$%µ* *)$+/$0+;!2 #)* /%µ!20 $0( ;>40(, $0 &'*#$+ µ,-.( 

$0( /(/$-µ*$0&, $0 03020 ,+)!2$*+ /*) )* !2)*+ #)* /1µ5$+0 µ! µ56* 2/% µ! $%) 0"+-

,- µ56* $0( /(/$-µ*$0&, ,*+ 35)1 /$0 03020 */,!2$*+ % 0"+,-  )"# $%&/ '8)*µ% 

30( '4* /$0 /8/$%µ*. 

 

    ?!1408µ! #)* /8/$%µ* /1µ*$+'21) µ! µ56!& 1 2 3, , , ,m m m   $* 0302* @42/,0)$*+ 

,530+* ;40)+,- /$+9µ- /$* /%µ!2* $0( ;>40( µ! *)$2/$0+;* '+*)8/µ*$* 7#/%& 

1 2 3, , , ,r r r
! ! !

  1& 340& $(;*20 /%µ!20 *)*A045& 0. B0 0 !2)*+ /$*7!4. /%µ!20 /! ,5-

30+0 *'4*)!+*,. /8/$%µ* *)*A045&, ,*+ "*µ@5)!$*+ 1& *4;- $1) /()$!$*9µ#)1) 

/$0 /8/$%µ* *($.:  

                                                                 

                                       

 

 

 

 

x y

z

O

1m

2m

3m

C

1r
! 2r

!

3r
!

Cr
!

 
 

  0"+,- µ56* $0( /(/$-µ*$0& !2)*+  

                                          1 2 3 i

i

M m m m m! " " " !#    (6.1) 

B0 &'*#$+ µ,-.( $0( /(/$-µ*$0& 0426!$*+ /*) $0 /%µ!20 C $0( ;>40( µ! '+5)(/µ* 

7#/%&  

                                   1 1 2 2

1 1
( )C i i

i

r m r m r m r
M M

! " " ! #! ! ! !

   (6.2) 
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    C$% /;#/% (6.2), ."* $* '+*)8/µ*$* 7#/%& "*µ@5)0)$*+ 1& 340& #)* /$*7!4. /%-

µ!20 0 $0( /(/$-µ*$0& *)*A045& µ*&. :) 3*24)*µ! #)* '+*A04!$+,. /%µ!20 *)*A0-

45& 0D, $* '+*)8/µ*$* 7#/%& 7* 5""*6*) *""5 % 1'!2 $0( 2'+0( $0( ,#)$40( µ56*& C 

"( 3$+( #+ !4!#2µ. #"* !"µ.#%56"* 7* #µ!)! /$*7!4-, *)!<54$%$% *3. $%) !,"09- 

$0( /%µ!20( *)*A045&!   

 

    :) ( , , )i i ix y z  ,*+ ( , , )C C Cx y z  !2)*+ 0+ /()$!$*9µ#)!& $1) im  ,*+ C, *)$2/$0+;*, 

µ30408µ! )* *)$+,*$*/$-/0(µ! $% '+*)(/µ*$+,- /;#/% (6.2) µ! $4!+& *"9!@4+,#& 

!<+/>/!+&:  

                     
1 1 1

, ,C i i C i i C i i

i i i

x m x y m y z m z
M M M

! ! !# # #  (6.3) 

 

    C*) 3*45'!+9µ*, *& 7!14-/0(µ! '80 /1µ*$2'+* µ! µ56!& 1m m!  ,*+ 2 2m m! , 

$0307!$%µ#)* /$* /%µ!2* x1 ,*+ x2 $0( 5<0)* x. E*"08µ!  a = x2 $ x1 $%) *3./$*/% 

µ!$*<8 $1) '80 /1µ*$+'21):   

                                                                

 

 

 

 

 

  0"+,- µ56* $0( /(/$-µ*$0& !2)*+  M=m1+m2=3m . :3. $+& /;#/!+& (6.3) @"#30(µ! 

*µ#/1& .$+ $0 ,#)$40 µ56*& C $0( /(/$-µ*$0& @42/,!$*+ 35)1 /$0) 5<0)* x, *A08 

yi=zi=0  ( 1,2i ! ) #$/+ >/$!  yC=zC=0  (0+ 5<0)!& y ,*+ z '!) #;0() /;!'+*/$!2). F32-

/%&,  

                            1 1 2 2 1 2 1

1 1 2
( ) ( 2 )

3 3
Cx m x m x x x x a

M
! " ! " ! "     

 

.30( "5@*µ! (3.G% .$+  x2= x1+a . H%"*'-, $0 ,#)$40 µ56*& C @42/,!$*+ /! *3.-

/$*/% 2a/3 *3. $0 m. I40/#<$! .$+ % 7#/% $08 C 1& 340& $0 /8/$%µ* $1) /1µ*$+-

'21) '!) !<*4$5$*+ *3. $%) !,"09- $0( /%µ!20( *)*A045& 0 1& 340& $0 03020 µ!-

$408µ! $+& /()$!$*9µ#)!& $1) µ*6>).  

 

    C%µ!+>)0(µ! .$+, .31& !2)*+ A*)!4. ,*+ *3. $0 3*4*35)1 3*45'!+9µ*, % 7#/% $0( 

,#)$40( µ56*& !).& /(/$-µ*$0& 5 * !7µ363# % .3.$.6#2#. µ  #2 1'!2 &,3+%+7 !"-

µ.#%56+7 #+7 !7!#/µ.#+(. (H>/$! 3*4*'!29µ*$* /(/$%µ5$1) .30( $0 C /(µ323$!+ µ! 

,530+0 *3. $* /1µ*$2'+*, ,*7>& ,*+ /(/$%µ5$1) .30( '!) /(µ323$!+.)   

 

 

6.2  )7µ/3 -/4 )89-:,2 ;2< (<2-6.=5= -=3 >.µ63  

 

J/$1 1 2, , ,v v
! !

  0+ /$+9µ+*2!& $*;8$%$!& $1) /1µ*$+'21) !).& /(/$-µ*$0&.   +8%&/ 

+$µ/ $0( /(/$-µ*$0& !2)*+  

                                        1 2 1 1 2 2P p p m v m v! " " ! " "
!
! ! ! !

     

-, /8)$0µ*,  

                                                     i i i

i i

P p m v! !# #
!

! !

   (6.4) 

    
O C

x
m 2m

1x 2xCx

a
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    ?!1408µ!, 9+* !(,0"2*, #)* /8/$%µ* '80 /1µ*$+'21) m1 , m2 . E*"08µ! 1 2,F F
! !

 $+& 

*)$2/$0+;!& 0"+,#&  )"# $%&'( '()5µ!+& 30( */,08)$*+ /$* /1µ*$2'+* *3. 3*4590-

)$!& !<1$!4+,08& 1& 340& $0 /8/$%µ*. K307#$0(µ!, !32/%&, .$+ (354;0() ,*+  !"# -

$%&'( '()5µ!+&: 12F
!

 /$0 /1µ*$2'+0 1 *3. $0 /1µ*$2'+0 2, ,*+ 21F
!

 /$0 /1µ*$2'+0 2 

*3. $0 /1µ*$2'+0 1. C8µA1)* µ! $0 ).µ0 '45/%&-*)$2'4*/%&, 12 21F F! $
! !

.   

                                                                                                            

  

 

 

 

  0"+,- '8)*µ% /$0 /1µ.1 !2)*+ 1 12F F"
! !

, !)> *($- /$0 /1µ.2 !2)*+ 2 21F F"
! !

. :3. $0 

).µ0 $0( L!8$1)*, #;0(µ!  

                                        1 2
1 12 2 21,

dp dp
F F F F

dt dt
! " ! "

! !
! ! ! !

 .     

I40/7#$0)$*& ,*$5 µ#"% ,*+ "*µ@5)0)$*& (3.G% .$+ 12 21 0F F" !
! !

, @42/,0(µ!  

                                      1 2
1 2 1 2( )

dp dp d
p p F F

dt dt dt
" ! " ! "

! !
! !

! !

  .     

 

    M!)+,!80)$*& $0 3*4*35)1 *30$#"!/µ* 9+* /8/$%µ* µ! *(7*24!$0 *4+7µ. /1µ*-

$+'21), #;0(µ!  

                                                     i i

i i

d
p F

dt
!# #

!
!

               (6.5) 

B0 *4+/$!4. µ#"0& $-& (6.5) !2)*+ % ;40)+,- 3*459190& $%& 0"+,-& 04µ-& P
!

 $0( /(-

/$-µ*$0&. B0 '!<2 µ#"0& 3*4+/$5 $%) +8%&/  )"# $%&/ 54*.µ2 30( '4* /$0 /8/$%µ*:  

 

                                                        i

i

F F%& !#
! !

    (6.6) 

J$/+, % (6.5) 945A!$*+  

                                                         
dP

F
dt

%&!

!

!

    (6.7) 

 

H%"*'-, + $71µ9( µ #.:+8/( #2( +8%&/( +$µ/( #+7 !7!#/µ.#+(  6*.% 6!+( µ  #2* +8%&/ 

 !"# $%&' 54*.µ2 3+7 5$. !#+ !4!#2µ.. I*4*$%408µ! .$+ 0+  !"# $%&'( '()5µ!+& 

(30( *)5 '80 *""%"0*)*+408)$*+) 5 * µ30408) )* µ!$*@5"0() $%) 04µ- $0( /(/$--

µ*$0&: *($. $0 !3+$(9;5)0() µ.)0 0+ !<1$!4+,#& '()5µ!+&.  

     

    I0+0& !2)*+ 0 4."0& $0( ,#)$40( µ56*& /! ."* *($5;   *35)$%/% @42/,!$*+ /! '80 

/%µ*)$+,#& 340$5/!+& $+& 0302!& 7* *30'!2<0(µ! 3*4*,5$1:  

 

1.   0"+,- 04µ- $0( /(/$-µ*$0& !2)*+ 2'+* µ! *($- !).& (307!$+,08 /1µ*$+'20( 

$0 03020 #;!+ µ56* 2/% µ! $%) 0"+,- µ56* ; $0( /(/$-µ*$0& ,*+ ,+)!2$*+ µ! 

$%) $*;8$%$* $0( ,#)$40( µ56*& $0( /(/$-µ*$0&.   

  1m
2m

1F
!

2F
!

12F
!

21F
!
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2. B0 ,#)$40 µ56*& $0( /(/$-µ*$0& ,+)!2$*+ /*) )* !2)*+ #)* /1µ*$2'+0 µ! µ56* 

2/% µ! $%) 0"+,- µ56* ; $0( /(/$-µ*$0&, 35)1 /$0 03020 */,!2$*+ % 0"+,- 

!<1$!4+,- '8)*µ% 30( '4* /$0 /8/$%µ*.  

 

    <395 %)2:  
 

1) I*4*919260)$*& $%) (6.2), @42/,0(µ! $%) $*;8$%$* $0( ,#)$40( µ56*& C $0( /(-

/$-µ*$0&:  

                               
1 1C i

C i i i

i i

dr d dr
v m r m

dt dt M M dt

' (
! ! ! )* +

, -
# #

! !

! !

 

                                            
1 1

C i i i

i i

v m v p
M M

! !# #! ! !

           (6.8) 

 

C()'(560)$*& $%) (6.8) µ! $%) (6.4), @42/,0(µ!  

 

                                                        CP M v!
!

!

     (6.9) 

 

2) I*4*919260)$*& $%) (6.9), #;0(µ!  

                                      ( ) C
C C

dP d dv
M v M M a

dt dt dt
! ! !

!
!

! !

   

.30( Ca
!

 % !3+$5;()/% $0( ,#)$40( µ56*&. J$/+, ".91 $%& (6.7),  

 

                                                      CF M a%& !
!

!

    (6.10) 

 

    I*4*$%408µ!, "0+3.), .$+ $0 ,#)$40 µ56*& C 3*26!+ $0 4."0 !).& (307!$+,08 /1-

µ*$+'20( $0( 03020( % ,2)%/% *)$+340/13!8!+, ,*$5 ,530+0) $4.30, $%) ,2)%/% 0".-

,"%40( $0( /(/$-µ*$0&.  

 

    J)* /8/$%µ* /1µ*$+'21) "#9!$*+ .3+µ+*"µ'*+ .$*) (*) '!) (3.,!+$*+ /! !<1$!-

4+,#& !3+'45/!+& (3459µ* 30( µ.)0 7!14%$+,5 µ304!2 )* /(µ@!2), - (@) % 0"+,- !<1-

$!4+,- '8)*µ% 35)1 /! *($. !2)*+ µ%'#): 0F%& !
!

. C! µ+* $#$0+* 3!423$1/%, 0+ /;#-

/!+& (6.7) ,*+ (6.9) 0'%908) /! '80 @*/+,5 /(µ3!45/µ*$*:  

 

1. = +8%&/ +$µ/ P
!

  *9( .3+µ+*"µ'*+7 !7!#/µ.#+( 5%.#2$ 6#.% !#.1 $/  

(($)' *%(#'$+,+- #+- .$µ'-).  

2. >+ &'*#$+ µ,-.( C  *9( .3+µ+*"µ'*+7 !7!#/µ.#+( &%* 6#.% µ  !#.1 $/  

#.?4#2#. Cv
!

 .   

 

    C*) 3*45'!+9µ*, 7!1408µ! '80 µ56!&  m1, m2, /()'!'!µ#)!& µ!$*<8 $0(& µ! !"*-

$-4+0, 0+ 0302!& µ30408) )* ,+)08)$*+ ;142& $4+@- 35)1 /! "!2* 04+6.)$+* !3+A5)!+* 

(.31& !<%9-/*µ! /$%) I*4.3.1, 0+ µ56!& µ30408) )* *)$+µ!$13260)$*+ /*) «/1µ*-

$2'+*» /$0 @*7µ. 30( µ*& !)'+*A#4!+ µ.)0 % µ!$*A04+,- $0(& ,2)%/%):  
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1m 2m

k

          
 

B0 /8/$%µ* !2)*+ *30µ0)1µ#)0, '+.$+ % 0"+,- !<1$!4+,- '8)*µ% !2)*+ µ%'#) ($* @5-

4% $1) '80 /1µ5$1) !<0('!$!4>)0)$*+ *3. $+& ,57!$!& *)$+'45/!+& *3. $%) 04+-

6.)$+* !3+A5)!+*, !)> '!) (354;!+ $4+@-). J$/+, % 0"+,- 04µ- $0( /(/$-µ*$0&, ,*-

7>& ,*+ % $*;8$%$* $0( ,#)$40( µ56*& $0(, µ#)0() /$*7!4#& ,*$5 $%) ,2)%/% $1) 

µ*6>) 35)1 /$0 !323!'0. C$0 /8/$%µ* (354;!+ !32/%& ,*+ µ+*  !"# $%&/ '8)*µ%, 

µ#$40( F k l%. ! /  (.30( l/ % 3*4*µ.4A1/% $0( !"*$%420( /! /;#/% µ! $0 A(/+,. 

$0( µ-,0&), % 0302* 5 * !3%4!56!+ $%) 04µ- $0( /(/$-µ*$0&. :) ,*+, /$%) 34*9µ*$+-

,.$%$*, % '8)*µ% *($- */,!2$*+ /$+& µ56!& *3. $0 !"*$-4+0, µ30408µ! )* 7!1408µ! 

.$+ % F%.  */,!2$*+ *3. $% µ2* µ56* /$%) 5""% µ'!" $0( !"*$%420(. (B0 !"*$-4+0 

7!14!2$*+ *@*4#&, 54* µ! µ%'!)+,- µ56*, ,+ #$/+ '!) "0926!$*+ /*) µ#40& $0( /(/$--

µ*$0&.)  

 

 

6.4  *<,=-<;6 ?,+.@8<2  45-6µ2-/3  :µ2-<AB:, 

 

?(µ260(µ! .$+, /8µA1)* µ! $0 ?NEF (I*4.4.3), % µ!$*@0"- $%& ,+)%$+,-& !)#4-

9!+*& !).& /1µ*$+'20( µ#/* /! #)* ;40)+,. '+5/$%µ* +/08$*+ µ! $0 #490 $%& +8%&/( 

'8)*µ%& 30( '4* 35)1 /$0 /1µ*$2'+0 /$0 '+5/$%µ* *($.. C$%) 3!423$1/% /(/$-µ*-

$0& /1µ*$+'21), $0 ?NEF 9!)+,!8!$*+ 1& !<-&:  

 

= µ #.:+8/ #2( +8%&/( &%*2#%&/(  *'$@ %.(  *9( !7!#/µ.#+( !"µ.#%56"* %!+4-

#.% µ  #+ '$@+ #"*  )"# $%&A* &(% #"*  !"# $%&A* 57*,µ "* 3+7 5$+7* !#+ 

!4!#2µ..  

 

                                      , ,k B k A kE E E W W%& %.$ 0 / ! "    (6.23) 

 

    =$*) /$0 /8/$%µ* '!) */,08)$*+ !<1$!4+,#& '()5µ!+&, $.$! 340A*)>& W )=0, 0-

3.$! % µ!$*@0"- $%& 0"+,-& ,+)%$+,-& !)#49!+*& $0( /(/$-µ*$0& 0A!2"!$*+ *30-

,"!+/$+,5 /$+&  !"# $%&'( '()5µ!+&. M+* 3*45'!+9µ*, 7!14-/$! '80 %"!,$4+,5 A04$2* 

30( @42/,0)$*+ ,0)$5 $0 #)* /$0 5""0 ,*+ $* 0302* ,4*$5µ! *4;+,5 *,2)%$*. :) $* 

*A-/0(µ! !"!87!4*, 0+ µ!$*<8 $0(& */,08µ!)!& '()5µ!+& Coulomb (!/1$!4+,#& '(-

)5µ!+&) 7* 7#/0() $* A04$2* /! ,2)%/% ,*+ 7* 340/'>/0() /$0 /8/$%µ* ,+)%$+,- 

!)#49!+* 2/% µ! $0 0"+,. #490 $1) '()5µ!1) *($>). I40/#<$! .$+, /$%) *30(/2*  -

)"# $%&A* '()5µ!1), % 0"+,- 04µ- $0( /(/$-µ*$0& µ#)!+ /$*7!4-, ,5$+ 30( 9!)+,5 

5 * +/;8!+ 9+* $%) ,+)%$+,- !)#49!+* (!,$.& *) % *""%"!32'4*/% $1) /1µ*$+'21) !2-

)*+ *µ!"%$#*).   

 

 

6.5  (<2-6.=5= -=3 ?,+.@8<23  45-6µ2-/3  :µ2-<AB:, 

 

B0 9!)+,!(µ#)0 ?NEF (6.23) #;!+ 9!)+,- +/;8, *)!<54$%$* *3. $% A8/% $1) !<1$!-

4+,>) ,*+ $1) !/1$!4+,>) '()5µ!1) 30( '40() /$0 /8/$%µ*. C$% /;#/% (6.23), $* 

W ) ,*+ W !  3*4+/$08) $* *)$2/$0+;* #49* $1) '()5µ!1) *($>) .$*) $0 /8/$%µ* 

µ!$*@*2)!+ *3. µ+* ,*$5/$*/% < /! µ+* 5""% ,*$5/$*/% B µ#/* /$0 ;40)+,. '+5-

/$%µ*  tA tB .  
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    =$*) $./0 0+ !/1$!4+,#&, ./0 ,*+ 0+ !<1$!4+,#& '()5µ!+& !2)*+ !7*#2$2#%&'(, (-

354;0() !,A45/!+& Ep, ! ( !"# $%&/ 57*.µ%&/  *'$@ %.) ,*+ Ep, ) ( )"# $%&/ 57*.µ%&/ 

 *'$@ %.), 0+ 0302!& !2)*+ /()*4$-/!+& $1) /()$!$*9µ#)1) $1) /1µ*$+'21), $#$0+!& 

>/$!  

                                               , ,( ) ( )p A p BW E E%. %. %.! $    (6.24) 

,*+ 

                                               , ,( ) ( )p A p BW E E%& %& %&! $    (6.25) 

 

  (6.23), $.$!, 945A!$*+  

                          , , , , , ,( ) ( )k B k A p p A p p BE E E E E E%. %& %. %&$ ! " $ " )  

 

                                , , , ,( ) ( )k p p A k p p BE E E E E E%. %& %. %&" " ! " "   (6.26) 

 

  /;#/% (6.26), 30( *30$!"!2 $%) :HNF 9+* /8/$%µ* /1µ*$+'21), +/;8!+ 9+* $(;*2!& 

,*$*/$5/!+& < ,*+ B $0( /(/$-µ*$0&. C(µ3!4*2)0(µ!, "0+3.), .$+ % 30/.$%$*  

 

                                        , ,k p p k pE E E E E E%. %&! " " ! "    (6.27) 

 

30( 3*4+/$5 $%) +8%&/ µ2?.*%&/  *'$@ %. $0( /(/$-µ*$0&, µ#)!+ /$*7!4- ,*$5 $%) 

,2)%/% $0( /(/$-µ*$0&, (3. $%) 340O3.7!/% .$+ 98 ( 0+ '()5µ!+& 30( '40() /$0 /8-

/$%µ*,   !/1$!4+,#&  ,*+  !<1$!4+,#&,  !2)*+  /()$%4%$+,#&.   I40/#<$!  .$+  ,*"#/*µ!  

, ,p p pE E E%. %&! "  $%) +8%&/ 57*.µ%&/  *'$@ %. $0( /(/$-µ*$0&. F32/%&, 0+ !,A45/!+& 

Ep, !  ,*+  Ep, )  /$%) 0(/2* 3*4+/$08) *7402/µ*$* '()*µ+,>) !)!49!+>) 30( /;!$260-

)$*+ µ! ."!& $+& /()$%4%$+,#& '()5µ!+& 30( '40() /$0 /8/$%µ*, !/1$!4+,#& ,*+ !<1-

$!4+,#&, *)$2/$0+;*.  

 

    =$*) ,530+!& *3. $+& '()5µ!+& 30( '40() /$0 /8/$%µ* (!/1$!4+,#& - !<1$!4+,#&) 

!2)*+ µ%-/()$%4%$+,#&, $0 5740+/µ* (Ek+Ep) '!) µ#)!+ /$*7!4.: % µ!$*@0"- $0( 3!-

4+945A!$*+ *3. µ+* /;#/% *)5"09% $%& (4.20). J$/+, *) W 1 !2)*+ $0 #490 $1) µ%-

/()$%4%$+,>) '()5µ!1) ,*$5 $% µ!$5@*/% $0( /(/$-µ*$0& *3. µ+* ,*$5/$*/% < /! 

µ+* 5""% ,*$5/$*/% B, !2)*+ !8,0"0 )* '!2<0(µ! .$+   

 

                            ( ) ( ) ( )k p B k p A k pW E E E E E E1 ! " $ " 0 / "   (6.28) 

 

H%"*'-, 2 µ #.:+8/ #+7 .1$+6!µ.#+( (Ek+Ep) %!+4#.% µ  #+ '$@+ #"* µ2-!7*#2$2#%-

&A* 57*,µ "* ( !"# $%&A* /  )"# $%&A*). B0 5740+/µ* (Ek+Ep) µ#)!+ /$*7!4. µ.)0 

/$%) !+'+,- 3!423$1/% .30( 0+ µ%-/()$%4%$+,#& '()5µ!+& '!) 3*4590() #490 

( 0)W 1 ! .   

     

    H2)0(µ! $>4* '80 3*4*'!29µ*$* /()$%4%$+,>) /(/$%µ5$1):   

 

    1) ?!1408µ! #)* 5$0µ0 ('409.)0( *30$!"08µ!)0 *3. #)* %"!,$4.)+0 ,*+ #)* 

341$.)+0 µ! µ56!& m1 ,*+ m2 , *)$2/$0+;*. K307#$0(µ! .$+ $* /1µ5$+* '!) (3.,!+-

)$*+ /! 5""!& '()5µ!+& 3#4*) *3. $% µ!$*<8 $0(& #"<% Coulomb, % 0302*  3*26!+ $0 

4."0 !/1$!4+,-& '8)*µ%& /$0 /8/$%µ* ,*+ !2)*+ /()$%4%$+,-. J;0(µ!:  
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y

0y !

1y

2y

1m

2m

k

%232%45 6768596:1 1

                      
2

2 2

1 1 2 2 , ,

1 1
, , 0

2 2
k p p

q
E m v m v E k E

r
%. %&! " ! $ !    

.30( q % *3."($% $+µ- $0( A04$20( $0( %"!,$40)20( ,*+ r % *3./$*/% $0( %"!,$40-

)20( *3. $0) 3(4-)* $0( *$.µ0( (341$.)+0).   :HNF '2)!+                

                 

                                   
2

2 2

1 1 2 2

1 1
.

2 2

q
E m v m v k

r
.;6<! " $ !     (6.29) 

 

 

    2) ?!1408µ! '80 µ56!& m1, m2 30( /()'#0)$*+ µ!$*<8 $0(& µ! !"*$-4+0 /$*7!45& 

k. B0 /8/$%µ* @42/,!$*+ /$0) *#4*, ,0)$5 /$%) !3+A5)!+* $%& M%&:   

                                                                                 

 

 

 

 

 

 

 

 

 

 

 

 

E*"08µ! y1, y2 $* /$+9µ+*2* 8G% /$* 0302* @42/,0)$*+ 0+ µ56!& 35)1 *3. $0 !323!'0 

*)*A045& y=0 (3.;., !3+A5)!+* $%& M%&), /$0 03020 % '()*µ+,- !)#49!+* $%& @*48$%-

$*& 0426!$*+ 1& µ%'#). F32/%&, ,*"08µ! x $%) 3*4*µ.4A1/% (!3#,$*/% - /(µ32!/%) 

$0( !"*$%420( /! /;#/% µ! $0 A(/+,. $0( µ-,0&. C$0 /8/$%µ* */,08)$*+ $#//!4+& 

'()5µ!+&: '80 !/1$!4+,#&, µ#$40( kx, 30( !,A4560() $%) *""%"!32'4*/% $1) '80 

µ*6>) µ#/1 $0( !"*$%420(, ,*+ '80 !<1$!4+,#&, m1 g ,*+ m2 g, 30( 3!4+945A0() $%) 

#"<% $%& M%& /$+& '80 µ56!&. P+ '()*µ+,#& !)#49!+!&, !/1$!4+,- ,*+ !<1$!4+,-, $0( 

/(/$-µ*$0& !2)*+  

                                 2

, , 1 1 2 2

1
,

2
p pE k x E m g y m g y%. %&! ! "   

(340/#<$! .$+ % Ep, )  !2)*+ $0 5740+/µ* $1) '()*µ+,>) !)!49!+>) 30( *)$+/$0+;08) 

/! ,57! µ56* <!;14+/$5).   :HNF '2)!+  

 

                   2 2 2

1 1 2 2 1 1 2 2

1 1 1
.

2 2 2
E m v m v k x m g y m g y .;6<! " " " " !  (6.30) 
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6.6  *./958<3  

 

  &$+4!2 !2)*+ µ+* µ04A- *""%"!32'4*/%& µ!$*<8 '80 µ*6>), ,*$5 $%) 0302* 0+ µ5-

6!& #4;0)$*+ /! «!3*A-» (*) ,*+ *($. '!) !2)*+ *,4+@#& /! *$0µ+,. !323!'0!), *)$*"-

"5//0)$*& 04µ- ,*+ !)#49!+*. ?!1408µ! .$+ $0 A*+).µ!)0 "*µ@5)!+ ;>4* µ#/* /! 

#)* 354* 30"8 µ+,4. (*3!+40/$.) ;40)+,. '+5/$%µ* dt. H%"*'-, % *""%"!32'4*/% 

$1) µ*6>) !2)*+ /;!'.) /$+9µ+*2*: *µ#/1& 34+) ,*+ *µ#/1& µ!$5 $%) !3*A-, 0+ µ56!& 

0(/+*/$+,5 '!) */,08) ,*µ2* '8)*µ% % µ2* /$%) 5""%.  

 

    B* 340@"-µ*$* ,408/%& µ5& '2)0() µ+* ,*"- !(,*+42* )* µ!"!$-/0(µ! /$%) 345-

<% '+5A040(& ).µ0(& '+*$-4%/%&:  

 

 

    1) H+*$-4%/% $%& 04µ-& 

 

=31& 9)14260(µ!, % µ!$*@0"- dP
!

 $%& 0"+,-& 04µ-& P
!

 !).& /(/$-µ*$0& /! #)* ;40-

)+,. '+5/$%µ* dt 0A!2"!$*+ /$%) 0"+,- !<1$!4+,- '8)*µ% F%&

!

 (3.;., @*48$%$*, $4+@-, 

,"3.) 30( '4* /$0 /8/$%µ* /$0 '+5/$%µ* *($.. B* 3*4*35)1 µ!9#7% /()'#0)$*+ µ! 

$% /;#/%  

                                            .
dP

F dP F dt
dt

%& %&! ) !

!

! ! !

   

B>4*, /$+& ,408/!+& 0+ !<1$!4+,#& '()5µ!+& (30( *740260)$*+ /$%) F%&

!

) !2)*+ /;!'.) 

*µ!"%$#!& /! /89,4+/% µ! $+& !/1$!4+,#& '()5µ!+& 30( 0A!2"0)$*+ /$%) *""%"!32-

'4*/% $1) µ*6>). F3+3"#0), $0 ;40)+,. '+5/$%µ* dt 30( '+*4,!2 % *""%"!32'4*/% 

!2)*+ *3!+40/$.. J$/+, µ30408µ! )* 945G0(µ!  

 

                                                  0 0 .F dt dP%& = ) =
! !

   

B08$0 /%µ*2)!+ .$+  

 

&.#, #2 5%,$& %. µ%.( &$+4!2(, 2 +8%&/ +$µ/ #+7 !7!#/µ.#+( µ'* % !#.1 $/. 

C28.5/, 2 +$µ/ (µ/,"- 0$%1 #2* &$+4!2  6*.% 6!2 µ  #2* +$µ/ (µ/,"- µ #2 

#2* &$+4!2.   

 

 

    2) E+)%$+,- !)#49!+*  

 

C! *)$27!/% µ! $%) 04µ-, % 0"+,- ,+)%$+,- !)#49!+* 5 * '+*$%4!2$*+ *3*4*2$%$* /! 

µ+* ,408/%. B08$0 !<%9!2$*+ 1& !<-&: ?(µ260(µ! .$+ % µ!$*@0"- $%& ,+)%$+,-& !)#4-

9!+*& !).& /(/$-µ*$0& /! #)* ;40)+,. '+5/$%µ* (!'>, /$0 '+5/$%µ* dt 30( '+*4,!2 % 

,408/%) +/08$*+ µ! $0 #490 $1) !<1$!4+,>) &.% $1) !/1$!4+,>) '()5µ!1) 30( 

'40() /$0 /8/$%µ* /$0 '+5/$%µ* *($.. E*+, *) $0 #490 $1) !<1$!4+,>) '()5µ!1) 

/! #)* *3!+40/$. ;40)+,. '+5/$%µ* !2)*+ *µ!"%$#0, $0 #490 $1) !/1$!4+,>) '()5-

µ!1) µ304!2 )* !2)*+ /%µ*)$+,., +'+*2$!4* *) % ,408/% 340,*"!2 3.$.µ9$D"!2 $1) 

/(9,40(.µ!)1) /1µ5$1). C! µ+* $#$0+* 3!423$1/%, µ#40& $%& *4;+,-& ,+)%$+,-& !-

)#49!+*& $0( /(/$-µ*$0& ,*$*)*">)!$*+ ".91 $0( (*4)%$+,08) #490( $1) !/1$!4+-

,>) '()5µ!1) 30( 340,*"08) $%) 3*4*µ.4A1/%.  
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    N! @5/% $% '+*$-4%/% - .;+ $%& ,+)%$+,-& !)#49!+*&, '+*,42)0(µ! $* !<-& !2'% 

,408/%&:  

 

    *) >'8 %.  8.!#%&/ &$+4!2 (- *3"5  8.!#%&/):   0"+,- ,+)%$+,- !)#49!+* $0( /(-

/$-µ*$0& µ#)!+ /$*7!4- ,*$5 $% '+54,!+* $%& ,408/%&. H%"*'-, 0+ $+µ#& $%& ,+)%$+-

,-& !)#49!+*& .µ'!"( 3$%* ,*+ .µ'!"( µ #, $%) ,408/% !2)*+ 2/!&. B08$0 +/;8!+ .$*) 

% ,408/% '!) 340,*"!2 3*4*µ.4A1/% $1) /1µ5$1). I*45'!+9µ*: % /89,40(/% *-

)5µ!/* /! '80 µ35"!& $0( µ3+"+54'0(.  

 

    @) ;2- 8.!#%&/ &$+4!2: N#40& $%& ,+)%$+,-& !)#49!+*& $0( /(/$-µ*$0& ;5)!$*+ 

".91 3*4*µ.4A1/%& ,*$5 $%) ,408/%, ,+ #$/+ % !)#49!+* *($- '!) µ#)!+ /$*7!4-. 

I*45'!+9µ*: % /89,40(/% *)5µ!/* /! '80 "*/$+;#)+!& µ35"!&.  

 

    9) E8.!#%&/ &$+4!2: F2)*+ *,4*2* µ04A- µ%-!"*/$+,-& ,408/%& ,*$5 $%) 0302* $* 

/(9,40(.µ!)* />µ*$* 340/,0"">)$*+ $0 #)* /$0 5""0 ,*+ ,+)08)$*+ µ*62, /*) #)* 

/>µ*, µ! ,0+)- $*;8$%$*. N#40& $%& *4;+,-& ,+)%$+,-& !)#49!+*& $0( /(/$-µ*$0& 

;5)!$*+ ".91 3*4*µ.4A1/%& $1) /1µ5$1). I*45'!+9µ*: % /89,40(/% *)5µ!/* /! 

'80 µ35"!& *3. 3%"..   

 

 

6.7  CD25-<;6 ;2< ?D25-<;6 *./95=  

 

*) E8.!#%&/ &$+4!2  

  

 

 

 

 

 

 

 

    ?!1408µ! '80 µ56!& m1 ,*+ m2 30( ,+)08)$*+ ,*$5 µ-,0& $0( 5<0)* x µ! $*;8$%-

$!& 1 1
ˆ

xv v u!
!

 ,*+ 2 2
ˆ

xv v u!
!

. (I40/#<$! .$+ $* 1v ,*+ 2v !2)*+ .8@ :$%&'( #%µ'( ,*+ µ30-

4!2 )* !2)*+ 7!$+,5 - *4)%$+,5. C$0 3*45'!+9µ* $0( /;-µ*$0&, v1>0 ,*+ v2<0.) N!$5 

$% /89,40(/- $0(&, 0+ µ56!& 340/,0"">)$*+ % µ2* /$%) 5""% ,*+ ,+)08)$*+ /*) #)* 

/>µ* µ56*& (m1+m2), µ! $*;8$%$* ˆ
xV V u!

!

.   

 

    F'> +/;8!+ µ.)0 % '+*$-4%/% $%& 04µ-&. F<+/>)0)$*& $+& $+µ#& $%& 0"+,-& 04µ-& 

*µ#/1& 34+) ,*+ *µ#/1& µ!$5 $%) ,408/%, #;0(µ!:  

                                   

                                            1 1 2 2 1 2( )m v m v m m V" ! " )
!

! !

     

 

                                   1 1 2 2 1 1 2 2

1 2 1 2

ˆ ˆ
x x

m v m v m v m v
V u V u

m m m m

" "
! ! 0

" "

! !
!

           (6.31) 

 

    C$%) 3!423$1/% 30( 0+ '80 µ56!& !2)*+ 2/!& (m1=m2) ,*+ /(9,4080)$*+ µ!$13+,5 

µ! $*;8$%$!& 2/!& ,*$5 µ#$40 (v2= $v1), % (6.31) '2)!+ V
!

=0. H%"*'-, % /8)7!$% µ56* 

1m 2m 1 2m m"

1v
!

2v
!

V
!

ˆ
xu

>937 ?%;61
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30( 340,83$!+ µ#)!+ *,2)%$%. M!)+,5, % ,*$!87()/% $%& $*;8$%$*& V
!

 340/'+0426!$*+ 

*3. $0 34./%µ0 $%& *"9!@4+,-& $+µ-& V.    

 

    F!&2!2: Q4!2$! $%) $*;8$%$* V
!

/$%) 3!423$1/% 30( $0 />µ* m2 !2)*+ *4;+,5 *,2-

)%$0. B+ 7* /(µ@!2 *)  m2>>m1  (.31&, 3.;., .$*) #)* ,0µµ5$+ 3%"08 !,$0<!8!$*+ /! 

#)*) $02;0);  

 

 

@) G8.!#%&/ &$+4!2 

    

 

 

 

 

 

 

     

    ?!1408µ! '80 µ56!& m1 ,*+ m2 30( ,+)08)$*+ ,*$5 µ-,0& $0( 5<0)* x µ! $*;8$%-

$!& 1 1
ˆ

xv v u!
!

 ,*+ 2 2
ˆ

xv v u!
!

. P+ µ56!& /(9,4080)$*+ !"*/$+,5 ,*+, *µ#/1& µ!$5 $%) 

,408/%, *30,$08) )#!& $*;8$%$!& 1 1
ˆ

xv v u1 1!
!

 ,*+ 2 2
ˆ

xv v u1 1!
!

. (B* v1 , v2 , 1v 1 , 2v 1  !2)*+ 
*"9!@4+,#& $+µ#& ,*+ µ304!2 )* !2)*+ 7!$+,5 - *4)%$+,5. C$0 3*45'!+9µ* $0( /;-µ*-

$0&, v1>0, v2<0, ,"3.) R%$08µ! $+& $*;8$%$!& $1) µ*6>) µ!$5 $%) ,408/%.   

 

      '+*$-4%/% $%& 04µ-& '2)!+  

           1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2
ˆ ˆ( ) ( )x xm v m v m v m v m v m v u m v m v u1 1 1 1" ! " ) " ! " )

! ! ! !

          

 

                                            1 1 2 2 1 1 2 2m v m v m v m v1 1" ! "           (6.32)    

 

 :3. $% '+*$-4%/% $%& ,+)%$+,-& !)#49!+*&, #;0(µ!  

 

                               2 2 2 2

1 1 2 2 1 1 2 2

1 1 1 1

2 2 2 2
m v m v m v m v1 1" ! " )    

                                         2 2 2 2

1 1 2 2 1 1 2 2m v m v m v m v1 1" ! "    (6.33) 

                                                                   

  (6.32) 945A!$*+  

                                           1 1 1 2 2 2( ) ( )m v v m v v1 1$ ! $    (6.32D) 

!)> % (6.33) '2)!+  

                             1 1 1 1 1 2 2 2 2 2( )( ) ( )( )m v v v v m v v v v1 1 1 1$ " ! $ "   (6.33D) 

 

B>4*, !2)*+ "09+,. )* (307#/0(µ! .$+ 0+ $*;8$%$!& $1) µ*6>) µ!$*@5""0)$*+ ,*$5 

$%) ,408/%. J$/+, 1 1 2 20, 0,v v v v1 1$ @ $ @  3459µ* 30( µ*& !3+$4#3!+ )* '+*+4#/0(µ! 

,*$5 µ#"% $%) (6.33D) µ! $%) (6.32D):  

 

1m 2m 2m1m
1v
!

1v 1!
2v 1!

2v
!

ˆ
xu

>937 ?%;61
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                                                   1 1 2 2v v v v1 1" ! "     (6.34) 

 

P+ (6.32) ,*+ (6.34) *30$!"08) /8/$%µ* µ! *9)>/$0(& $* 1v 1  ,*+ 2v 1 , 9+* '0/µ#)* v1 

,*+ v2 . S8)0)$*& $0 /8/$%µ* *($., @42/,0(µ!  

 

  

                  1 2 1 2 2 1 1 2 1 2
1 2

1 2 1 2

( ) 2 2 ( )
,

m m v m v m v m m v
v v

m m m m

$ " " $1 1! !
" "

 (6.35) 

 

 

    F+'+,#& 3!4+3$>/!+&:  

 

1) :) m1=m2 , % (6.35) '2)!+ 1 2 2 1,v v v v1 1! ! . H%"*'-, #. !Aµ.#. .*#.88,!!+7* #.?4-

#2# (. F+'+,5, *) $0 m2 !2)*+ *4;+,5 *,2)%$0, µ!$5 $%) ,408/% *30,$5 $%) $*;8$%$* 

30( !2;! *4;+,5 $0 m1, $0 03020 µ!$5 $%) ,408/% µ#)!+, µ! $% /!+45 $0(, *,2)%$0.   

 

2) :) m2>>m1 , µ30408µ! )* ,5)0(µ! $%) 340/#99+/% 1 2/ 0m m " .   (6.35) $.$! '2-

)!+ 1 1 2 2 22 ,v v v v v1 1$ "" "  ('!2<$! $0!). F+'+,5, *) $0 m2 !2)*+ *4;+,5 *,2)%$0 (v2=0), 

$.$! 1 1 2, 0v v v1 1$" " . H%"*'-, µ!$5 $%) ,408/% $0 m2 3*4*µ#)!+ *,2)%$0, !)> % 

A045 ,2)%/%& $0( m1 *)$+/$4#A!$*+ ;142& )* *""5<!+ $0 µ#$40 $%& $*;8$%$5& $0(. 

:($. /(µ@*2)!+, 3.;., .$*) µ+* µ35"* $0( µ3+"+54'0( 340/,408!+ ,57!$* /! µ+* 

/,"%4- !3+A5)!+* ,*+ *)*,"5$*+.  

 

    H2µ 6"!2: B0 !2'0& $%& ,408/%& 30( 3!4+945G*µ! 0)0µ56!$*+ & *#$%&/ &$+4!2, 

,*+ #;!+ /*) ;*4*,$%4+/$+,. .$+ ."!& 0+ $*;8$%$!&, 34+) ,*+ µ!$5 $%) ,408/%, !2)*+ 

/$% '+!87()/% $%& !(7!2*& 30( !)>)!+ $* ,#)$4* µ56*& $1) /(9,40(.µ!)1) /1µ5-

$1). =$*) % /()7-,% *($- '!) 3"%408$*+, % ,408/% ,*"!2$*+ '&& *#$2.  
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 39  

 ds

dF
 

!"#$%

&$'()$%

 !"#$%#& '($&)#*(  !+) ,%- !+) 

 

 
8.1  #./0123 -453  

 

 ! "#$ %&#  !"#$% !$$##'µ! ($) *+$!,(- µ(*# .#+ µ.#&!/ $) &(!0. 1$23#4) µ! "0- 

5+*06(- "#+- 070%"8"!-, ") &!+*"2 ,9&/:#$")0 *! "& ' 6)0 () *(. ;"# 6!523)0# )+"% 

<) .!&0#&0*"#'µ! *"8 µ!3("8 "9$ +4&=$, 6)0 µ! )+"> "8 *8µ)*/) <) ,&8*0µ#.#0#'µ! 

*"# !?>- "#$ %&# «&!+*"%». @ µ8,)$06> "9$ &!+*"=$ ,9&/:!")0 *! 7'# !$%"8"!-: "8$ 

#$($*+, "9$ &!+*"=$ (-. /#$($*+,), .#+ µ!3!"2!0 ") &!+*"2 *! 6)"2*")*8 0*#&&#-

./)-, 6)0 "8$ ."0(µ*+, "9$ &!+*"=$ (-. /."0(µ*+,), .#+ µ!3!"2!0 ") &!+*"2 *! 6/-

$8*8.  

 

    ;"#$ 6%*µ# 7!$ +.2&,!0 "/.#") "# 07)$06%! A!$ !/$)0 ).)0*0%7#?8 70)./*"9*8 )3-

32 ).3> !&µ8$!/) "#+ %&#+ «07)$06%-» (=*.)(): 62"0 .#+ B&/*6!")0 µ%$# *"8 *6(C8 

µ)-, .#+ 7!$ +.2&,!0 *"8$ .&)4µ)"06%"8"). D.!07> ") 1 (&µ($*+' +4&2 (,#+$ ,)&)-

6"8&0*"062 (..,., 0?=7!-) .#+ *+,$2 7+*6#3!'#+$ "8 µ!3("8 "#+-, !.0$##'µ! µ0) !?0-

7)$/6!+*> "#+- .#+ "8$ 6)3#'µ! *.(0*+% "& %, µ! "0- !?>- 070%"8"!-:  

1. D/$)0 $!2!345 (#"µ13!#$/. E#'"# (,!0 *)$ *+$(.!0) %"0 8 .+6$%"8") !$%- 07)-

$06#' +4&#' !/$)0 *")<!&> *! %38 "8$ (6")*8 "#+ +4&#'. (1+"> !/$)0 6)0 µ0) 

).% "0- B)*06(- 70)5#&(- "9$ +4&=$ ).% ") )(&0).)  

2. A!$ (,!0 !#4$! *+)5 $ *6)5 (*78.!5). 1+"% (,!0 070)/"!&8 *8µ)*/) *"8$ F7&#-

7+$)µ06>, 40)"/ µ.#&#'µ! $) ,&8*0µ#.#0>*#+µ! "8$ )&,> 70)">&8*8- "8- µ8-

,)$06>- !$(&4!0)- 40) $) µ!3!">*#+µ! "8$ 6/$8*8 "#+ +4&#'.  

 

    G#332 .&)4µ)"062 +4&2 (%.9-, ..,., "# $!&%) (,#+$ 070%"8"!- .#+ .&#*!44/:#+$ 

)+"(- "9$ 07)$06=$. D$ "#'"#0-, #0 ).#63/*!0- "9$ +4&=$ ).% "8$ 07)$06> 6)"2*")*8 

7!$ !/$)0 .2$") )$!.0<'µ8"!-. H0) .)&27!04µ), )$ ") +4&2 >")$ $!2!345 )*+µ./!*"), 

7!$ <) !.("&!.)$ "8 7027#*8 !3)*"06=$ 6+µ2"9$ (%.9- # >,#-) *"# !*9"!&06% "#+-.  

 

 

8.2  -.5678/8129 :;<7=  

 

I!60$=$")- "8 µ!3("8 "8- F7&#*")"06>-, <!9&#'µ! ($) +4&% .#+ 8&!µ!/ (0*#&&#.!/) 

6)0 6)3#'µ! ds µ0) #$/*9!*8.: ().!0&#*">) !.052$!0) .#+ B&/*6!")0 "#.#<!"8µ($8 

*! 62.#0# *8µ!/# ; "#+ +4&#'. @ ds µ.#&!/ $) ).#"!3!/ "µ>µ) "8- !.052$!0)- !$%- 

)$"06!0µ($#+ .#+ B&/*6!")0 µ(*) *"# +4&%, > 6)0 $) !/$)0 "µ>µ) µ0)- 0/:$,5 !.052-

$!0)- µ(*) *"# +4&% (µ0)- !.052$!0)-, 783)7>, .#+ ).#"!3!/")0 ).% *8µ!/) .#+ )$>-

6#+$ *"# /70# "# +4&%).  0) "("#0) ).!0&#*"> !.052$!0) µ.#&!/ .2$"), (*"9 .&#*!4-

40*"062, $) <!9&!/")0 !./.!78. J)3#'µ! dF
 

 "8 *"#0,!0=78 7'$)µ8 .#+ )*6!/ "# +-

4&% *"8$ !.052$!0) ds :  
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    K.9- B&/*6!")0 .!0&)µ)"062, 8 dF
 

 (,!0 "0- !?>- 070%"8"!-:  

1) D/$)0 )$!?2&"8"8 ).% "8 5'*8 "8- !.052$!0)- ds. A83)7>, 8 7'$)µ8 .#+ )*6!/ "# 

+4&% *"# *"#0,!/# ds 7!$ !?)&"2")0 ).% "8 µ#&0)6> *'$<!*8 "#+ ds ().% "# +306% 

).% "# #.#/# ).#"!3!/")0 "# ds).  

2) @ 70!'<+$*8 "8- dF
 

 !/$)0 .2$") +'<!$: *"# ds, )$!?2&"8") ).% "#$ .&#*)$)"#30-

*µ% "#' ds. E#'"# !?84!/")0 ).% "8$ ).#+*/) !*9"!&06=$ "&0B=$ *"# +4&% 6)0 "8$ 

+.%<!*8 %"0 "# +4&% 0*#&&#.!/.  

3) E# µ("&# dF "8- dF
 

 !/$)0 )$!?2&"8"# "#+ .&#*)$)"#30*µ#' "#' ds (783)7>, "# 

dF  7!$ )332:!0 )$ *"&(C#+µ! "# ds, )5>$#$"2- "# %µ9- *")<!&2 "#.#<!"8µ($# *"# 

*8µ!/# ; "#+ +4&#'). K.9- B&/*6!")0, "# dF !?)&"2")0 µ%$# ).% "8 <(*8 "#+ *8-

µ!/#+ ; 6)0, 40) ).!0&#*"% ds, !/$)0 )$23#4# "#+ !µB)7#' "#' ds ("# !µB)7%$ )+"%, 

40) !+6#3/), <) *+µB#3/:!")0 !./*8- µ! ds).  

 

    @ "!3!+")/) )+"> .)&)">&8*8 µ)- #784!/ *"#$ #&0*µ% "8- ". /#$($*+,5 13!#:5 = 

*"# <!9&#'µ!$# *8µ!/# ; "#+ +4&#':  

                                          

                                          
dF

P dF P ds
ds

* + *    (8.1) 

 

G)&)"8&#'µ! ") !?>-:  

1) @ = !/$)0, 4!$062, *+$2&"8*8 "8- <(*8- "#+ *8µ!/#+ ;.  

2) @ = 7!$ !?)&"2")0 ).% "#$ .&#*)$)"#30*µ% "#' ds (40)"/;), #'"!, !.#µ($9-, 6)0 

).% "#$ .&#*)$)"#30*µ% ">- dF
 

. L&), 8 = !/$)0 µ/0%µ!$ / µ(4!<#-.  

3) @ = #&/:!")0 40) 62<! *8µ!/# "#+ +4&#' ,9&0*"2, .!0 #&/:!")0 )<&#0*"062. M"*0, 

7!$ (,!0 $%8µ) $) µ032µ! 40) «#306> ./!*8» .2$9 *! µ0) !.052$!0) (%.9- 7!$ µ032µ!, 

..,., 40) «#306> <!&µ#6&)*/)» µ(*) *! ($) 79µ2"0#). 1$"/<!"), 8 7'$)µ8 !30(* )-

<&#0*"06% µ(4!<#-. M"*0, µ.#&#'µ! $) #&/*#+µ! "8$ #306> 7'$)µ8 .2$9 *! µ0) !.0-

52$!0) S *)$ "# 70)$+*µ)"06% 2<&#0*µ) "9$ *"#0,!097=$ 7+$2µ!9$ dF
 

 .#+ )*6#'-

$")0 ).% "# +4&% *"0- 7025#&!- *"#0,!0=7!0- !.052$!0!- ds ).% "0- #.#/!- ).#"!3!/")0 

8 S.  

 

    K.9- B&/*6!")0 .!0&)µ)"062,  

 

%2( $( #:µ!3( µ*(5  !"#$%&"'( !1*>'0!*(5 µ)#( #! )0( "& % 1/" : !µ!3 )9/"0 

$: 3.*( 13!#:.  

 
1+"% *8µ)/$!0 %"0 8 +7&#*")"06> ./!*8 µ!")B233!")0 µ%$# *"8$ +($(+% ">: 70!'-

<+$*8, 783)7> *"8 70!'<+$*8 "#+ .!7/#+ B)&'"8")-. (N &%3#- "8- B)&'"8")- 4/$!")0 

5)$!&%- 6)0 ).% "8$ .)&#+*/) "8- *")<!&2-  g *"0- B)*06(- !?0*=*!0- "8- F7&#*")-

"06>-.) ;)$ !0706> .!&/."9*8, 8 *")<!&> ./!*8 *"8$ !2!?<! : !1*>'0!*( "#+ +4&#' (8 

#.#/) !/$)0 .2$") #&0:%$"0) !.052$!0)) !/$)0 /*8 µ! "8$ )"µ#*5)0&06> ./!*8 =0 .   
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    O!9&#'µ! "=&) µ0) / *@%0$*( !.052$!0) !µB)7#' S µ(*) *"# +4&%. P9&/:#+µ! "8$ 

S *! ($) .#3' µ!423# .3><#- ).% *"#0,!0=7!0- !.052$!0!- dsi :  

 

                                                           i

i

S ds*,  .   

                                        
S

ids

idF
 

 
 

@ #306> 7'$)µ8 F
 

 .#+ )*6!/ "# +4&% *"8$ S !/$)0 +'<!$: *"8$ S, 6)0 "# µ("&# "8-, 

F, !/$)0 "# 2<&#0*µ) "9$ µ("&9$ dFi %39$ "9$ *"#0,!097=$ 7+$2µ!9$ idF
 

 .#+ )-

*6#'$")0 62<!") *") )$"/*"#0,) dsi :   

                                                        i

i

F dF*,  .   

1332,  dFi=Pdsi , %.#+ = 8 #$(<! , ./!*8 .2$9 *"8$ S, 6#0$> 40) %3!- "0- *"#0,!0=-

7!0- !.052$!0!- dsi . M"*0,  

                                           i i

i i

F Pds P ds* * -, ,   

                                             
F

F PS P
S

* + *       (8.2) 

 

    G&#*(?"! %"0 8 (8.2) 0*,'!0 µ%$# 40) / *@%0$*( !.052$!0), 70%"0 .&#Q.#<("!0 %"0 8 

./!*8 = !/$)0 *")<!&> .2$9 *"8$ S. 1$"/<!"), 8 (1!* /#$, *,(*8 (8.1), .#+ )5#&2 

*"#0,!0=78 !.052$!0) ds *! µ!µ#$9µ($# *8µ!/# ; "#+ +4&#', 0*,'!0 .2$"), )$!?2&-

"8") ).% "#$ .&#*)$)"#30*µ% ">- ds.  

 

 

8.3  ><µ<?1@.=A %B;7C7= 8=A -.5678/8129A  

 

1$)5(&<86! $9&/"!&) %"0 8 +7&#*")"06> ./!*8 = *! ($) +4&% .#+ 0*#&&#.!/, µ!")-

B233!")0 µ%$# *"8$ +($(+% ">: 70!'<+$*8. 1$):8"#'µ! "=&) "8$ !?/*9*8 .#+ .!-

&04&25!0 )+"> "8 µ!")B#3>.  

 

    O!9&#'µ! ($) +4&% .+6$%"8")-  . J)3#'µ! P "8$ ./!*8 *! µ0) #&0:%$"0) !.052-

$!0) .#+ B&/*6!")0 *! 'C#- y .2$9 ).% ($) )+<)/&!"# #&0:%$"0# !./.!7# )$)5#&2- 

(9- "("#0# !./.!7# )$)5#&2- µ.#&!/ $) 3)µB2$!")0, ..,., # .+<µ($)- "#+ 7#,!/#+). 

K.9- B&/*6!")0, 8 µ!")B#3> "8- ./!*8- A===2 .=1 , 6)<=- µ!")60$#'µ)*"! ).% '-

C#- y1 *! 'C#- y2 (783)7>, 6)"2 Ay=y2 .y1), 7/$!")0 ).% "8$ (65&)*8:  

 

                           2 1 2 1( )P P g y y P g y# #. * . . + / * . /   (8.6) 

 

G&#*(?"! %"0 8 ./!*8 !2($$80!$(* (A=<0) %")$ )+?2$!0 "# 'C#- (Ay>0).   
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    D$)33)6"062, )$"/ 40) ") 'C8 y, .#+ (,#+$ <!"06> 5#&2 .&#- ") 1'04, µ.#&#'µ! 

$) )$)5!&%µ)*"! *") 6'<: h µ! <!"06> 5#&2 .&#- ") +'$4 6)0 µ! !./.!7# )$)5#&2- 

(*+$><9-) "8$ !3!'<!&8 !.052$!0) "#+ +4&#'. E%"!, 8 <!µ!30=78- !?/*9*8 (8.6) 

.)/&$!0 "8 µ#&5>:   

 

                                  2 1 2 1( )P P g h h P g h# #. * . + / * /   (8.8) 

 

G&#*(?"! %"0 8 ./!*8 ("7'0!* µ! "# B2<#- (A=>0 %")$ Ah>0).   

 

    M*"9 "=&) %"0 :8"#'µ! "8$ ./!*8 = *! ($) *8µ!/# ; *! B2<#- h 62"9 ).% "8$ !-

3!'<!&8 !.052$!0) "#+ +4&#'. R+*062, %2( ") *8µ!/) "#+ +4&#' *"# /70# B2<#- h µ! 

"# ; <) (,#+$ "8$ /70) ./!*8 =. @ ./!*8 *"8$ !.052$!0) "#+ +4&#', %.#+ h=0, !/$)0 

/*8 µ! "8$ )"µ#*5)0&06> ./!*8 =0 :   

 

                                         

h

h
! 

0P
0h *

 
 

O("#$")-  h1=0,  =1==0 ,  6)0  h2=h,  =2==,  *"8 *,(*8 (8.8), (,#+µ!:  

 

                                              0 ( 0)P P g h#. * . -   

 

                                                    0P P gh#* 0     (8.9) 

 

@ *,(*8 (8.9) !/$)0 µ0) !$)33)6"06>, 0*#7'$)µ8 µ#&5> "8- <!µ!30=7#+- !?/*9*8- 

(8.8). [D5)&µ%:#$")- "8$ (8.9) *! 7'# *8µ!/) =1 6)0 =2 *! B2<8 h1 6)0 h2 , )$"/-

*"#0,), B&!/"! .230 "8$ (8.8).] G&#*(?"! %"0 8 )"µ#*5)0&06> ./!*8 =0 .&#*"/<!")0 

*"8$ ./!*8   gh .#+ <) .&#6)3#'*! ).% µ%$# "#+ "# +4&% *"# *8µ!/# ;. @ .)&)">-

&8*8 )+"> !65&2:!0 "8$ ( 9, $/" Pascal, "8$ #.#/) <) !?!"2*#+µ! *"8$ G)&.8.6.   

 

 

 8.5  &5D9 8C0  E42610C06F08C0 G6D<;C0  

 

R)$")*"!/"! "# !?>- .!/&)µ): G)/&$#+µ! 7'# 7#,!/) "#+ /70#+ 'C#+-, ($) 3!."% 6)0 

($) 5)&7', ") "&+.2µ! *! *8µ!/) 6#$"2 *"#+- .+<µ($!- "#+-, 6)0 .&#*)&µ%:#+µ! 

*") )$#/4µ)") "0- 7'# 26&!- !$%- *93>$), *+$7(#$")- ("*0 ") 7#,!/) 6)0 78µ0#+&-

4=$")- ($) !$0)/# #?#$:µ( #"&+/*040/?0$40 ./9!340. ;"8 *+$(,!0), "#.#<!"#'µ! "# 

*'*"8µ) .2$9 *! ($) "&).(:0 6)0, µ! )&4% )332 *")<!&% &+<µ%, 4!µ/:#+µ! ")+"%-

,&#$) 6)0 ") 7'# 7#,!/) µ! $!&%. G#0# 7#,!/# <) 4!µ/*!0 .&="#;  

 

    G0<)$=- <) ).)$">*!"! «"# 3!."%, 40)"/ *’ )+"% 8 !3!'<!&8 !.052$!0) "#+ $!&#' 

<) 5"2*!0 4&84#&%"!&) *"# 2$#04µ) "#+ 7#,!/#+». 1$ 62$#+µ!, %µ9-, "# .!/&)µ) <) 

70).0*"=*#+µ! %"0 ") 7'# 7#,!/) 4!µ/:#+$ $("$%9 /0(! 1+"% !/$)0 *+$(.!0) "8- ( -

9,5 $40 #"&+/*040/?0$40 ./9!340, 8 #.#/) 3(!0 %"0    
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(0 .?/ , 1! *##%$! ( ./9!3( #"&+/*040/?0 µ!$(7? $/"5, 1! *)9/"0 $/ 3.*/ "-

& %, +(* "1%+!*0$(* #$:0 3.*( !74$! *+, 13!#:, $%$!, #! +($'#$(#: *#/  /13(5, 

/* !2!?<! !5 !1*>'0!*!5 $/" "& /? 6 3#+/0$(* #$/ 3.*/ / *@%0$*/ !131!./ #! %2( 

$( ./9!3(.  

 

    @ )&,> ).#7!06$'!")0 <!9&8"062 9- !?>-:  

 

                           
! !

# #

h h%

A A%

0P 0P

 
 

 

O!9&#'µ! ") *8µ!/) A 6)0 AS "#+ +4&#', ") #.#/) B&/*6#$")0 *! 70)5#&!"062 7#,!/) 

)332 *"# /70# #&0:%$"0# !./.!7#, 2&) (,#+$ "8$ /70) ./!*8. J)3#'µ! h 6)0 hS ") 'C8 

"9$ !3!'<!&9$ !.05)$!0=$ "9$ 7#,!/9$ .2$9 ).% "# !./.!7# )+"%. 1.% "8$ (8.9),  

                             

                            0 0A ABP P P gh P gh h h# # % %* - 0 * 0 - *  .   

 

G)&)"8&#'µ! %"0 "# ).#"(3!*µ) )+"% !/$)0 )$!?2&"8"# ).% ") 4!9µ!"&062 ,)&)-

6"8&0*"062 "9$ 7'# 7#,!/9$.   

 

    @ )&,> "9$ *+46#0$9$#'$"9$ 7#,!/9$ .!0 0*,'!0 *! 7'# .!&0."=*!0-: ()) %")$ *") 

7#,!/) +.2&,#+$ 70)5#&!"062 +4&2 .#+ 7!$ )$)µ!04$'#$")0, 6)0 (B) %")$ #0 .0(*!0- 

*"0- !3!'<!&!- !.052$!0!- "#+ .!&0!,%µ!$#+ +4&#' !/$)0 70)5#&!"06(-. G)&27!04µ): 

;") 7#,!/) "#+ .)&)62"9 *,>µ)"#-, "# ($) *6(3#- *+$7(!")0 µ! 7!?)µ!$> .#+ .!-

&0(,!0 )(&0# ./!*8- =, !$= "# 233# *6(3#- !/$)0 )$#0,"% *"8$ )"µ#*5)0&06> ./!*8 =0. 

E# *'*"8µ) "9$ 7#,!/9$ .!&0(,!0 +7&2&4+&# (Hg). J)3#'µ! h "# 'C#- "8- !3!'<!-

&8- !.052$!0)- "#+ Hg (7!?/ 7#,!/#) .2$9 ).% "# !./.!7# "8- 70),9&0*"06>- !.052-

$!0)- "#+ Hg µ! "# )(&0# ()&0*"!&% 7#,!/#), 6)0 <!9&#'µ! ($) *8µ!/# A *"# 7!?/ 7#-

,!/#, *"# 'C#- "8- 70),9&0*"06>- !.052$!0)-:     

 

                                    

P

!

0P

h

A

B

P

Hg

1(#)$%
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@ +7&#*")"06> ./!*8 *"# *8µ!/# A "#+ Hg !/$)0 /*8 µ! "8$ ./!*8 = "#+ )!&/#+ *"8 

7!?)µ!$> (40)"/;), !$= 8 ./!*8 *"8$ !3!'<!&8 !.052$!0) C "#+ Hg !/$)0 /*8 µ! "8$ 

)"µ#*5)0&06> ./!*8 =0 . 1.% "8 *,(*8 (8.8),  

 

                                    0A BP P gh P P gh# #. * - . * .  

 

@ .)&).2$9 702")?8 #$#µ2:!")0 (0/*9$% µ(0%µ!$ / 6)0 ,&8*0µ!'!0 40) "8 µ("&8*8 

"1! 1*)#!40 (=.=0). H!$062, 6)3#'µ! "1! 13!#: "8 70)5#&2 .0(*!9$ )$2µ!*) *! µ0) 

µ!")B38"> ./!*8 = 6)0 µ0) .&#6)<#&0*µ($8, *")<!&> ./!*8 =0 (*"# .)&27!04µ2 µ)-, 

8 )"µ#*5)0&06> ./!*8) 8 #.#/) 3)µB2$!")0 9- «*8µ!/# )$)5#&2-» 40) "8 µ("&8*8 

.0(*!9$.   

 

             

8.6  &5D9 86E Pascal  

 

@ ( 9, $/" Pascal µ.#&!/ $) 70)"+.9<!/ 9- !?>-:   

 

D'<! µ!$(6/2, $:5 13!#:5 #$:0 !1*>'0!*( !0%5 "& /? &30!$(* (*#<:$, $("$%-

9 /0( #! %2( $( #:µ!3( $/" "& /?. E*.*+%$! (, (0 : !74$! *+, 13!#: µ!$(62:-

<!3 +($' F=, : 13!#: #! +'<! #:µ!3/ $/" "& /? <( µ!$(62:<!3 !13#:5 +($' F=.  

 

G&24µ)"0: K")$ 8 !?9"!&06> ./!*8 !/$)0 =0, 8 ./!*8 *! ($) *8µ!/# ; "#+ +4&#' *! 

B2<#- h !/$)0  ===0+ gh. 1$ 8 !?9"!&06> ./!*8 )+?8<!/ 6)"2 A=, ("*0 =*"! 8 $() 

"0µ> "8- 4/$!0  =0S==0+A=, 8 ./!*8 *"# ; <) !/$)0  

              

                     =B ==0S +  gh = (=0+A=)+  gh = (=0 +  gh)+A= = =+A= .   

 

     0) .&)6"06> !5)&µ#4> "8- )&,>- "#+ Pascal (,#+µ! *"# ". ("2*+% 1*!#$, */. 

;"8$ ).3#'*"!&8 µ#&5> "#+, ).#"!3!/")0 ).% 7'# 6)")6%&+5) 6+30$7&062 7#,!/) 

!µB)7=$ 70)"#µ>- S1 6)0 S2, %.#+ S1< S2 . ;"# .2$9 µ(&#- 62<! 6+3/$7&#+ (,!0 "#-

.#<!"8<!/ ($) (µB#3#, 62"9 ).% "# #.#/# +.2&,!0 +4&%, ..,., #&+6"(3)0#. N0 7'# 6'-

30$7&#0 *+46#0$9$#'$ *"# 62"9 µ(&#- "#+- µ! *93>$). ;"# µ06&% (µB#3# )*6!/")0 

µ0) 6)")6%&+58 7'$)µ8 F1 .&#- ") 62"9. G#0) 7'$)µ8 F2 .&(.!0 $) )*6>*#+µ! *"# 

µ!423# (µB#3# =*"! "# *'*"8µ) $) !/$)0 *! 0*#&&#./);   

 

 

                                  

1S 2S

1F
2F

2F %
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    E# µ06&% (µB#3# )*6!/ *"# +4&% µ0) ./!*8  ==F1 / S1. J)"2 "8$ )&,> "#+ Pascal, 

8 ./!*8 )+"> µ!")5(&!")0 )6(&)0) *"# µ!423# (µB#3#, *"# #.#/# ("*0 )*6!/")0 µ0) 

7'$)µ8 6)")6%&+58 .&#- ") .2$9, /*8 µ!  

                                                     1
2 2 2

1

F
F PS S

S
% * *  .    

H0) $) 0*#&&#.!/, 3#0.%$, "# µ!423# (µB#3# <) .&(.!0 $) "#+ )*6>*#+µ! 7'$)µ8 

.&#- ") 62"9, /*8 µ!  F2=F2S, 783)7>,   

                                                          2
2 1

1

S
F F

S
*      (8.10) 

G)&)"8&#'µ! %"0  F2>F1. M"*0, µ! µ06&> .&#*.2<!0) (7'$)µ8 F1) µ.#&#'µ!, ..,., $) 

*+46&)">*#+µ! ($) µ!423# B2&#- (7'$)µ8 F2).    

                               

 

8.7  &5D9 86E &5D1µ9.=  

 

@ ( 9, $/" A 9*µ,.: ).#"!3!/ "8 *.#+7)0%"!&8, /*9-, )&,> "8- F7&#*")"06>-, 6)0 

70)"+.=$!")0 9- !?>-:  

 

D'<! #8µ( 6"<*#µ)0/ (/2%+2: / , +($' )0( µ) /5 $/") µ)#( #! )0( "& %, .)-

9!$(* µ*( .?0(µ: $:0 /1/3( /0/µ'@/"µ! )%*+, +(* : /1/3( !30(* : #"0*#$(-

µ)0: %240 $40 #$/*9!*4.80 ."0'µ!40 1/" (#+/?0$(* +'<!$( (1% $/ "& % #$( 

.*'>/ ( #:µ!3( $:5 6"<*#µ)0:5 !1*>'0!*(5 $/" #8µ($/5. G/ µ)$ / $:5 '04#:5 

*#/?$(* µ! $/ 6' /5 $/" "& /? 1/" !+$/13@!$(* (1% $/ #8µ(, : +($!?<"0#, $:5 

!30(* +($(+% ">: 1 /5 $( 1'04, +(* / >/ )(5 $:5  .*) 9!$(* (1% $/ +)0$ / 6'-

 /"5 $/" !+$/1*@%µ!0/" "& /? (-.%&!  )%*+,().  

 

    @ )&,> ).#7!06$'!")0 <!9&8"062 9- !?>-:  

 

    J)3#'µ! V!+ 6)0 W!+ "#$ %46# 6)0 "# B2&#-, )$"/*"#0,), "#+ +4&#' .#+ !6"#./:!")0 

).% "# *=µ). (1$ "# *=µ) !/$)0 !? #3#63>&#+ B+<0*µ($# *"# +4&%, "# V!+ 0*#'")0 µ! 

"#$ %46# "#+ *=µ)"#-. 1$ %µ9- "# *=µ) !/$)0 µ!&06=- B+<0*µ($#, "# V!+ !/$)0 µ0-

6&%"!&#.) F.#<("#+µ!, ,9&/- B32B8 "8- 4!$06%"8")-, %"0 "# *=µ) !/$)0 B+<0*µ($# 

#3%638&#:   

 

                         

A
 

A%
 

W(2

 

( )1 ( )3
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    ;"# *,>µ) (() B3(.#+µ! µ0) «59"#4&)5/)» "#+ *=µ)"#- "8 *"04µ> .#+ !/$)0 B+-

<0*µ($#. @ !06%$) )+"> !/$)0 *"04µ0)/) 70%"0, 4!$062, "# *=µ) .!0 0*#&&#.!/ µ(*) 

*"# +4&%. @ 2$9*8 A
 

 !/$)0 8 *+$0*")µ($8 "9$ *"#0,!097=$ 7+$2µ!9$ .#+ )*6#'-

$")0 62<!") *"# *=µ) ).% "# +4&%.   

 

    ;"# *,>µ) (6), "# *=µ) (,!0 )5)0&!<!/ 6)0 *"8 <(*8 "#+ (,!0 !0*&!'*!0 +4&% "#+ 

/70#+ *,>µ)"#- 6)0 %46#+ µ! "# *=µ). @ !.052$!0) )+"#' "#+ "µ>µ)"#- "#+ +4&#' 

7(,!")0 "=&) µ0) #306> 7'$)µ8 (2$9*8) A%
 

 ).% "# +4&% .#+ "8$ .!&0B233!0. E# B2-

&#- W(2

 

 )+"#' "#+ "µ>µ)"#- !/$)0 /*# µ! "# B2&#- "#+ +4&#' .#+ !/,! !6"#.0*"!/ ).% 

"# *=µ), 6)0 70(&,!")0 ).% "# 6($"&# B2&#+- "#+ !6"#.0:%µ!$#+ +4&#'.  

 

    ;! )$"/<!*8 µ! "# *=µ), "# +4&% .#+ "# )$"06)"(*"8*! 0*#&&#.!/ ()5#' ).#"!3!/ 

"µ>µ) !$%- +4&#' *! 0*#&&#./)). L&),  

                                         0A W A W(2 (2
% %0 * - * .

    

 .   

Kµ9-, 8 2$9*8 !/$)0 /70) *"0- 7'# .!&0."=*!0- ( A A%*
  

) )5#', %.9- (,#+µ! .!0, #0 

7+$2µ!0- .#+ )*6!/ ($) +4&% *! µ0) !.052$!0) 7!$ !?)&"=$")0 ).% "8 5'*8 "8- !.0-

52$!0)-. M"*0, "!3062, 8 2$9*8 .#+ )*6!/ "# +4&% *"# *=µ) !/$)0  

                                                          A W(2* .
  

    (8.11) 

@ 6)"!'<+$*8 "8- 2$9*8- !/$)0 6)")6%&+58 .&#- ") .2$9 ()$"/<!"8 "#+ B2&#+-), 

!$= "# µ("&# "8- !/$)0  

 

                                                   A W gV(2 (2#* *     (8.12) 

%.#+   8 .+6$%"8") "#+ +4&#'.  

 

    G)&)"8&#'µ! ") !?>-:  

1) @ 2$9*8 !?)&"2")0 µ%$# ).% "#$ %46# "#+ 6"<*#µ)0/" "µ>µ)"#- "#+ *=µ)"#- 6)0 

!/$)0 )$!?2&"8"8 ).% "# B2&#-, "8$ .+6$%"8"), > "# +306% ).% "# #.#/# ).#"!3!/")0 

"# *=µ).  

2) H0) *=µ) .#+ !/$)0 #3%638&# B+<0*µ($#, 8 2$9*8 7!$ !?)&"2")0 ).% "# B2<#- 

*"# #.#/# B&/*6!")0 "# *=µ) µ(*) *"# +4&%.  

 

3) @ 2$9*8 .!0 70(&,!")0 ).)&)/"8") ).% "# 6($"&# B2&#+- "#+ *=µ)"#-, !6"%- )$ 

"# *=µ) !/$)0 #µ#4!$(- 6)0 .3>&9- B+<0*µ($#, #.%"! "# 6($"&# B2&#+- "#+ *+µ./-

."!0 µ! "# 6($"&# 2$9*8- (6($"&# B2&#+- "#+ !6"#.0:%µ!$#+ +4&#').    

 

 

8.8  GE0/µ129 86E HEI17µJ06E  @µ/86A   

 

T+</:#+µ! #3%638&# ($) *=µ) µ(*) *! ($) +4&%, 6)0 6)"%.0$ "# )5>$#+µ! !3!'<!-

&#. G=- <) 60$8<!/ *"8 *+$(,!0) "# *=µ); K.9- <) 7!/?#+µ!, 8 6/$8*8 !?)&"2")0 

).% "# *+*,!"0*µ% "8- µ)#:5 .+6$%"8")-   B "#+ *=µ)"#- µ! "8$ .+6$%"8")    "#+ 

+4&#'.  
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û

V

#

# %

A
 

W
 

                
 

    M*"9 m, V, W 8 µ2:), # %46#-, 6)0 "# B2&#-, )$"/*"#0,), "#+ *=µ)"#-. @ µ(*8 

.+6$%"8") "#+ *=µ)"#- #&/:!")0  

                                                  
m

m V
V

# #% %* + *    (8.13) 

L&),  

                                                       W mg gV# %* *     (8.14) 

D.!07> "# *=µ) !/$)0 #3%638&# B+<0*µ($#, V!+=V, %.#+ V!+ # %46#- "#+ +4&#' .#+ 

!6"#./:!")0 ).% "# *=µ). 1.% "8$ (8.12), "%"!, 8 2$9*8 .#+ 7(,!")0 "# *=µ) !/$)0, 

6)"2 µ("&#,   

                                                            A gV#*  .   

A0)$+*µ)"062, .)/&$#$")- "8 <!"06> 5#&2 (.#+ 6)<#&/:!")0 ).% "# û ) .&#- ") .2$9,  

                               ˆ ˆ ˆ ˆ,A A u gV u W W u gV u# # %* * * . * .
  

 .   

@ #306> 7'$)µ8 *"# *=µ) !/$)0   

                              ˆ ˆ ˆ( ) ( )F A W A W u gV u F u# # %* 0 * . * . 4
   

 .   

G)&)"8&#'µ! %"0 8 5#&2 ">- F
 

 !?)&"2")0 ).% "# .&%*8µ# "8- )34!B&06>- "0µ>-  

                                               ( )F A W gV# # %* . * .    (8.15) 

5 1$   S >   ,  "%"!  F < 0  6)0 "# *=µ) 6"<3@!$(*.  

5 1$   S =   ,  "%"!  F = 0  6)0 "# *=µ) *#/  /1!3 B+<0*µ($# /2%+2: / *"# +4&%.   

5 1$   S <   ,  "%"!  F > 0  6)0 "# *=µ) (0) 9!$(* 6)0 !1*12)!*, B+<0*µ($# µ%$# 

6)"2 ($) µ) /5 "#+ *"# +4&%.   

 

    @ µ(*8 .+6$%"8")   S !$%- +.#B&+,/#+ µ.#&!/ $) µ!")B233!")0 µ! !0*&#> > !6&#> 

<)3)**0$#' $!&#' 6)0 $) 6)</*")")0, ("*0, µ!4)3'"!&8, µ06&%"!&8, > 6)0 /*8 µ! "8$ 

.+6$%"8")   "#+ $!&#'.  ! "#$ "&%.# )+"% !.0"+4,2$!")0 8 6)"27+*8, 8 )$27+*8, > 

8 0*#&&#./) "#+ +.#B&+,/#+ µ(*) *"# $!&%.   
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8.9  #76556K;/  @µ/86A K6E %K1K?J<1   

 

J)")&,>$, )$)46)/) *+$<>68 40) $) !.0.3(!0 ($) *=µ) !/$)0 $) (,!0 µ(*8 .+6$%"8") 

 B µ*+ %$! : ).% "8$ .+6$%"8")   "#+ +4&#' (  S<  ). J)3#'µ! V 6)0 W "#$ %46# 6)0 

"# B2&#-, )$"/*"#0,), "#+ *=µ)"#-, 6)0 V!+ "#$ %46# "#+ B+<0*µ($#+ "µ>µ)"%- "#+ 

(.#+ !/$)0 !./*8- 6)0 # %46#- "#+ !6"#.0:%µ!$#+ +4&#'). D6"%- ).% "# W, *"# *=µ) 

!.!$!&4!/ 6)0 8 2$9*8 A .#+ )*6!/")0 ).% "# +4&% *"8 6"<*#µ)0: !.052$!0) "#+ *=-

µ)"#-. O(3#+µ! $) B&#'µ! "# .#*#*"% "#+ %46#+ "#+ *=µ)"#- .#+ !/$)0 B+<0*µ($# 

*"# +4&%.  

                                             

A

W

## %
V(26

          

 

    D.!07> "# *=µ) 0*#&&#.!/, 8 #306> 7'$)µ8 .2$9 *! )+"% !/$)0 µ87($. A83)7>, 8 

2$9*8 !?0*#&&#.!/ .3>&9- "# B2&#- "#+ *=µ)"#-: A=W. Kµ9-, ).% "8$ (8.12),  

A= gV!+ , !$= ).% "8$ (8.14),  W= SgV.  L&) ().)3!/5#$")- "# g),    

                                                  

                                                     V V(2# # %* -         

                                                    

                                                          
V

V

(2 #

#

%
*     (8.16) 

 

M"*0, ..,., )$   S = 3 /4 , "%"!  V!+= 3V/4 . A83)7>, "# *=µ) !/$)0 B+<0*µ($# 6)"2 ") 

3/4 "#+ %46#+ "#+, (0!7' $:$( (1% $/ #9,µ( , $*5 .*(#$'#!*5 $/". D5)&µ%:#$")- 070%-

"8"!- "9$ )$)3#40=$ *"8$ (8.16), B&/*6#+µ! "# .#*#*"% "#+ %46#+ "#+ *=µ)"#- .#+ 

!/$)0 1'04 ).% "8$ !.052$!0) "#+ +4&#':  

 

                                                    
V V

V

(2 # #

#

%. .
*     (8.17) 

 

    E>( µ/&,: H0)"/ # 6).!"2$0#- "#+ G*$(0*+/? 7!$ !/7! "# .)4%B#+$#; @ .+6$%"8") 

"#+ .24#+ !/$)0  S=0.92gr/cm
3
 , !$= )+"> "#+ <)3)**0$#' $!&#' !/$)0  =1.03gr/cm

3
. 

1$"06)<0*"=$")- ") 7!7#µ($) )+"2 *"8 *,(*8 (8.17), B&/*6#+µ! %"0 µ%$# "# 10.68% 

"#+ #306#' %46#+ "#+ .)4%B#+$#+ >")$ #&)"% .2$9 ).% "8$ !.052$!0) "8- <23)*-

*)-.  

 

    O) µ.#&#'*)"! $) .)&)"8&>*!"! %"0 8 *,(*8 A=W .#+ ,&8*0µ#.#0>*)µ! .)&)-

.2$9, !?)*5)3/:!0 µ%$# "8 µ!$(>/ *+, )332 %,0 6)0 "8$ 1! *#$ />*+, 0*#&&#./) "#+ 

*=µ)"#-. E0 <) *+µB!/ )$ !6"&(C#+µ! 3/4# "# *=µ) ).% "8$ )&,06> <(*8 0*#&&#./)- 

"#+, .!&0*"&(5#$"2- "# !3)5&2 9- .&#- #&0:%$"0# 2?#$) 70!&,%µ!$# ).% "# 6($"&# 

µ2:)- "#+; 1$ "# *=µ) (,!0 "8$ "2*8 $) !.)$(3<!0 *"8$ )&,06> "#+ <(*8, 8 0*#&&#-
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./) 6)3!/")0 !"#$(<,5. 1$ %µ9- "# *=µ) )$)"&).!/, 8 0*#&&#./) !/$)0 (#$(<,5. 1$ 

"# *=µ), "(3#-, .)&)µ!/$!0 *"8 $() "#+ <(*8, 8 0*#&&#./) 3(4!")0 (.*'>/ :.   

 

    K")$ "# 6($"&# B2&#+- C "#+ *=µ)"#- B&/*6!")0 +'$4 ).% "# 6($"&# 2$9*8- D 

(6($"&# B2&#+- "#+ !6"#.0:%µ!$#+ +4&#', ).% "# #.#/# 70(&,!")0 8 2$9*8), 8 0*#&-

&#./) !/$)0 !"#$(<,5, 70%"0, %")$ !6"&(.#+µ! 3/4# "# *=µ) ).% "8 <(*8 0*#&&#./)- 

"#+, "# B2&#- W
 

 6)0 8 2$9*8 A
 

 78µ0#+&4#'$ @!?&/5 !1(0(>/ '5 .#+ !?)$)462:!0 

"# *=µ) $) !.0*"&(C!0 *"8$ )&,06> "#+ <(*8. 1+"% *+µB)/$!0, ..,., *"#+- .39">&!-, 

.#+ !/$)0 )$"06!/µ!$) .#+ !.0.3(#+$ *"8 <23)**) 6)0 (,#+$ *,!70)*"!/ ("*0 =*"! "# 

6($"&# B2&#+- "#+- C $) B&/*6!")0 .#3' ,)µ832.   

 

    D/$)0 %µ9- 7+$)"% 8 0*#&&#./) !$%- *=µ)"#- .#+ !.0.3(!0 $) !/$)0 !+*")<>- )6%-

µ) 6)0 %")$ "# 6($"&# B2&#+- C !/$)0 1'04 ).% "# 6($"&# 2$9*8- D. 1+"% !?)&-

"2")0 ).% "8 <(*8 "#' C 9- .&#- ($) 233# *8µ!/# H .#+ #$#µ2:!")0 µ!$'+!0$ /. E# 

H B&/*6!")0 9- !?>-: K")$ "# *=µ) 0*#&&#.!/, # 2?#$)- CK .#+ 70(&,!")0 ).% ") C 

6)0 D !/$)0 6)")6%&+5#-. O!9&#'µ! %"0 # 2?#$)- )+"%- !/$)0 *")<!&2 *+$7!7!µ($#- 

µ! "# *=µ) 6)0 .!&0*"&(5!")0 µ! )+"%. J)"2 "8$ !6"&#.> "#+ *=µ)"#- ).% "8 <(*8 

0*#&&#./)- "#+ !µ5)$/:!")0 ($) 0)/ 6($"&# 2$9*8- DB, )5#' 8 4!9µ!"&/) "#+ !6"#-

.0:%µ!$#+ +4&#' 4!$062 )332:!0. @ 2$9*8 A
 

 70(&,!")0 "=&) ).% "# DB . E# µ!"26!-

$"&# H !/$)0 "# *8µ!/# "#µ>- "#+ 5#&() ">- A
 

 µ! "#$ 2?#$) CK.  K.9- ).#7!06$'!-

")0:  

 

5 1$ "# C B&/*6!")0 +'$4 ).% "# H, 8 0*#&&#./) !/$)0 !"#$(<,5.  

5 1$ "# C B&/*6!")0 1'04 ).% "# H, 8 0*#&&#./) !/$)0 (#$(<,5.   

5 1$ "# C #"µ131$!* µ! "# H, 8 0*#&&#./) !/$)0 (.*'>/ :.  

 

    ;") .3#/), "# 6($"&# B2&#+- C B&/*6!")0 .2$") C83%"!&) ).% "# 6($"&# 2$9*8- 

D )332, 40) *,!"062 µ06&(- 49$/!- !6"&#.>-, "# C !/$)0 62"9 ).% "# µ!"26!$"&# H. 

M"*0, 8 0*#&&#./) "9$ .3#/9$ !/$)0 !+*")<>-. H0) 49$/!- !6"&#.>- µ!4)3'"!&!- ).% 

µ0) #&0)6> "0µ>, "# H !/$)0 7+$)"% $) B&!<!/ 62"9 ).% "# C, #.%"! )$)."'**!")0 

:!'4#- )$)"&#.>-.   

 

    ;") +.#B&',0) "# µ!"26!$"&# H *+µ./."!0 µ! "# #$(<! % 6($"&# 2$9*8- D. M"*0, 

8 0*#&&#./) !$%- +.#B&+,/#+ <) !/$)0 !+*")<>- %")$ "# 6($"&# B2&#+- "#+, C, B&/-

*6!")0 +'$4 ).% "# D. E#'"# !?)*5)3/:!")0 6)"2 "8$ 6)"27+*8 µ! !0*&#> <)3)**0-

$#' $!&#' *! 6)"23383!- 7!?)µ!$(-. N0 7!?)µ!$(- )+"(- )7!02:#+$ 6)"2 "8$ )$2-

7+*8 "#+ +.#B&+,/#+.   

 

 

8.10  L?JM<A ,69A   

 

M,#$")- µ!3!">*!0 ") &!+*"2 *! 0*#&&#./), .!&$2µ! "=&) *") &!+*"2 *! 6/$8*8. 

H!$062, 8 6/$8*8 !$%- &!+*"#' 6)3!/")0  /,. @ µ!3("8 µ0)- .&)4µ)"06>- &#>- !/$)0 

*+,$2 µ0) !?)0&!"062 .!&/.3#68 +.%<!*8, 40’ )+"% <) 6)")5'4#+µ! 6)0 .230 *! 62-

.#0!- ).3#+*"!+"06(- !?07)$06!'*!0-. N&/:#+µ! 3#0.%$ 9- *.(0*+,  /, µ0) &#> µ! ") 

.)&)62"9 ,)&)6"8&0*"062:   
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1. E# &!+*"% !/$)0 ($) 07)$06% +4&%, 783)7> )*+µ./!*"# 6)0 ,9&/- !*9"!&06(- 

"&0B(-.   

2. @ &#> !/$)0 #$ 4$, > µ%0*µ:. E#'"# *8µ)/$!0 %"0 8 "),'"8") v
 

 "#+ &!+*"#' 

!/$)0 9 /0*+' *")<!&> *! 62<! *8µ!/# "8- &#>-. (@ "),'"8") &#>- µ.#&!/, 

%µ9-, $) µ!")B233!")0 ).% ($) *8µ!/# *! ($) 233#.)  

3. @ &#> !/$)0 (#$ %6*2:. 1+"% µ.#&#'µ! $) "# 6)")$#>*#+µ! 9- !?>-: R)$")-

*"!/"! "# &!+*"% *)$ ($) "!&2*"0# .3><#- ).% «*9µ)"/70)» (*"#0,!0=7!0- %-

46#+-) .#+ 60$#'$")0 *"8 5#&2 "8- &#>-. E%"!, *! 62<! *8µ!/# "8- &#>-, "# 

70!&,%µ!$# *9µ)"/70# 7!$ (,!0 *"&#5#&µ> 9- .&#- "# *8µ!/# )+"% (!6"!3!/ 

µ%$# µ!")5#&06> 6)0 %,0 .!&0*"&#506> 6/$8*8).  

 

    @ "&#,02 !$%- *9µ)"07/#+ "#+ &!+*"#' ).#"!3!/ µ0)  !"µ($*+, & (µµ,. ;! 62<! 

*8µ!/# µ0)- &!+µ)"06>- 4&)µµ>-, 8 "),'"8") &#>- (783)7>, 8 "),'"8") "#+ 70!&,%-

µ!$#+ *9µ)"07/#+ "#+ &!+*"#') !/$)0 702$+*µ) !>(1$%µ!0/ *"8 4&)µµ>:  

 

                                           

A
Av

 

       
 

;"8 *"&9"> &#>, 62<! *9µ)"/70# .#+ 70(&,!")0 ).% ($) *8µ!/# A )6#3#+<!/ .2$") 

"8$ /70) &!+µ)"06> 4&)µµ> (70)5#&!"062, 8 "),'"8") &#>- Av
 

 *"# *8µ!/# )+"% 7!$ 

<) >")$ ,&#$062 *")<!&>, )5#' <) 233):! 8 6)"!'<+$*> "8-). E#'"# *8µ)/$!0 %"0 /* 

 !"µ($*+)5 & (µµ)5 .!0 $)µ0/0$(*. (E0 *)- <+µ/:!0 )+"% ).% "#$ @3!6"&0*µ%; E0 .)/:!0 

!6!/ "#$ /70# &%3# .#+ .)/:!0 !7= 8 "),'"8") &#>-;)   

 

    M$)- µ!423#- )&0<µ%- &!+µ)"06=$ 4&)µµ=$ .#+ *,8µ)"/:#+$ 7(*µ8 *938$#!0-

7#'- *,>µ)"#-, ).#"!3#'$ µ0) >2)6(  /,5 (#$#µ2:!")0 6)0 #42,0(5  /,5):  

 

                                          

S

 
 

R)$")*"!/"! µ0) !.052$!0) S 62<!"8 *"0- &!+µ)"06(- 4&)µµ(- "8- &#>-. E# *'$#3# 

"9$ &!+µ)"06=$ 4&)µµ=$ .#+ 70(&,#$")0 ).% "# !*9"!&06% 6)0 "8$ .!&05(&!0) "8- S 

*+$<("#+$ )+"% .#+ #$#µ2*)µ! 53(B) &#>-. D07062, #0 &!+µ)"06(- 4&)µµ(- .#+ 

70(&,#$")0 ).% "8$ .!&05(&!0) "8- S ).#"!3#'$ "8$ !1*>'0!*( "8- 53(B)-.  

 

     0) 53(B) *+µ.!&05(&!")0 *)$ $) !/$)0 .&)4µ)"06%- *93>$)- µ! )70).(&)*") 

"#0,=µ)"). G&24µ)"0: M$) *9µ)"/70# "#+ &!+*"#' .#+ 7!$ B&/*6!")0 *"8$ !.052$!0) 

"8- 53(B)- !/$)0 )7'$)"# $) 70).!&2*!0 "8$ !.052$!0), )5#', )$ *+$(B)0$! )+"%, 8 

&!+µ)"06> 4&)µµ> "#+ *9µ)"07/#+ <) ("!µ$! µ0) &!+µ)"06> 4&)µµ> "8- !.052$!0)-. 

;"8$ .&2?8, B(B)0), #0 53(B!- &#>- .#+ .)&)"8&#'µ! .!&0B233#$")0 ).% 5+*062 

"#0,=µ)") %.9-, ..,., ($) 32*"0,# .#"/*µ)"#- > ($)- *93>$)- '7&!+*8-.   
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8.11  )3µ6A  E0<D<;/A   

 

N $%µ#- )+"%- !/$)0 2µ!*8 *+$(.!0) "9$ 070#">"9$ "8- 07)$06>- &#>-, 6)0 ).#"!3!/ 

"8$ .&="8 <!µ!30=78 )&,> "8- F7&#7+$)µ06>- :  

 

    O!9&#'µ! µ0) 53(B) &#>- 6)0 7'# 62<!"!- "#µ(- *! )+"> *") *8µ!/) 1 6)0 2, µ! 

!µB)72 70)"#µ>-  A1 6)0  A2 , )$"/*"#0,). (U- 62<!"8 "#µ> *! 62.#0# *8µ!/# µ0)- 

53(B)- !$$##'µ! µ0) "#µ> "8- 53(B)- µ! ($) !./.!7# 62<!"# *"8$ "),'"8") &#>-, > 

*"8$ 6!$"&06> &!+µ)"06> 4&)µµ>, *"# *8µ!/# )+"%.) N0 "),'"8"!- &#>- 1v
 

 6)0 2v
 

 

*") *8µ!/) 1 6)0 2 !/$)0 62<!"!- *"0- )$"/*"#0,!- 70)"#µ(-  A1 6)0  A2 :    

 

                                

66

1

2

1A
2A

1v
 

2v
 

1dx
2dx

          

M*"9 %"0, µ(*) *! ,&%$# dt, ") *9µ)"/70) "#+ +4&#' .#+ 70(&,#$")0 ).% "8 70)"#µ> 

A1 .&#,9&#'$ 6)"2 ).%*")*8 dx1, !$= )+"2 .#+ 70(&,#$")0 ).% "8$ A2 .&#,9&#'$ 

6)"2  dx2 . M"*0, *"# 702*"8µ) dt, ).% "0- 7'# 70)"#µ(- .!&$#'$ %46#0 +4&#' /*#0 µ!   

                                            dV1 = A1 dx1  ,    dV2 = A2 dx2  .   

Kµ9-, 3%49 "#+ %"0 "# +4&% !/$)0 )*+µ./!*"# 6)0 ") "#0,=µ)") "8- 53(B)- !/$)0 )-

70).(&)*"), # %46#- "#+ +4&#' .#+ 70(&,!")0 ).% µ0) 70)"#µ> <) !/$)0 /*#- µ! "#$ 

%46# .#+ 70(&,!")0 ).% 62<! 2338 70)"#µ> µ(*) *"# /70# ,&#$06% 702*"8µ). M"*0,  

                                                           dV1 = dV2  .            

D.0.3(#$, )$ v1 6)0 v2 !/$)0 ") µ("&) "9$ "),+">"9$ &#>- *"0- 7'# 70)"#µ(-, "%"!   

                                               dx1 = v1 dt  ,    dx2 = v2 dt  .    

M"*0, (,#+µ!:    

                                                  A1v1 dt = A2v2 dt   -     

 

                                                        1 1 2 2A v A v*     (8.18) 

 

D.!07> ") *8µ!/) 1 6)0 2 "8- 53(B)- !.03(,<86)$ "+,)/), 8 *,(*8 (8.18) 70)"+.=$!-

")0 0*#7'$)µ) 9- !?>-:  

                 

                                    A v7 * #$(<! % +($' µ,+/5 $:5 >2)6(5    (8.19) 

 

    N0 (8.18) 6)0 (8.19) !65&2:#+$ "# 0%µ/ #"0!9!3(5 40) µ0) 53(B) &#>-. G&#*(?"! 

%"0 8 ).%7!0?8 "#+ $%µ#+ B)*/*"86! *"8$ 070%"8") .#+ (,#+$ ") "#0,=µ)") "8- 53(-

B)- $) !/$)0 )70).(&)*"), .&24µ) .#+ 6)<0*"2 )7'$)"# *! µ0) .#*%"8") +4&#' *"# 

!?9"!&06% "8- 53(B)- $) !0*(3<!0 *! )+">$, %.9- 6)0 *! µ0) .#*%"8") +4&#' *"# 

!*9"!&06% "8- 53(B)- $) !?(3<!0 ).% )+">$. M"*0, 8 .#*%"8") "#+ 70!&,%µ!$#+ +-

4&#' )$2 µ#$27) ,&%$#+ .&(.!0 $) !/$)0 /70) 40) %3!- "0- 70)"#µ(- "8- 53(B)-.   
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    E# 40$%µ!$#  A v  (,!0 µ0) 070)/"!&8 5+*06> *8µ)*/), )$ .&#*(?#+µ! %"0   

                                                   
dx dV

A v A
dt dt

* *      

%.#+ dV !/$)0 # %46#- "#+ +4&#' .#+ 70(&,!")0 ).% "8 70)"#µ> A *! ,&%$# dt. M"*0, 

"# 40$%µ!$#  A v  .)&0*"2 "#$ %&+/ "& /? (0' µ/0'.( 9 %0/" .#+ 70(&,!")0 ).% "8 

70)"#µ>  A, 6)0 #$#µ2:!")0 1( /9, "8- 53(B)-:  

 

                                           G = A v = 
dV

dt
 =  1( /9,   (8.20) 

 

;'µ59$) µ! "# $%µ# *+$!,!/)- (8.19),   

 

   : 1( /9, µ*(5 >2)6(5 !30(* #$(<! , +($' µ,+/5 $:5 >2)6(5 .   

 

A83)7>, # /70#- %46#- +4&#' )$2 µ#$27) ,&%$#+ 70(&,!")0 ).% 62<! 70)"#µ> "8- 

53(B)-, *! *+µ59$/) 6)0 µ! "8$ .)&)">&8*8 .#+ 62$)µ! $9&/"!&).   

 

    K")$ )$#/4#+µ! "8 B&'*8, )+"% .#+ &+<µ/:#+µ! µ! "8 *"&%5044) !/$)0 8 .)&#,> 

!6&#>- "#+ $!&#'. 1$ *+$7(*#+µ! "8 B&'*8 µ! ($) 32*"0,# .#"/*µ)"#-, 8 /70) )+"> 

.)&#,> <) !?(3<!0 ).% "# *"%µ0# "#+ 32*"0,#+. K")$ <(3#+µ! $) *"!/3#+µ! "# $!&% 

.0# µ)6&02, 6)3'."#+µ! µ! "# 72,"+3% µ)- ($) µ(&#- "#+ *"#µ/#+ =*"! $) !3)""=-

*#+µ! "# !µB)7%$ 70)"#µ>- "#+. 1+"% (,!0 *)$ ).#"(3!*µ) $) )+?8<!/ 8 "),'"8") 

!6&#>- "#+ $!&#', *'µ59$) µ! "# $%µ# *+$!,!/)-.    

 

 

8.12  )3µ6A 86E Bernoulli   

 

N $%µ#- )+"%- 7!$ ).#"!3!/ µ0) $(), )$!?2&"8"8 )&,> "8-  8,)$06>-: !/$)0 ).32 8 

(65&)*8 "8- )&,>- 70)">&8*8- "8- µ8,)$06>- !$(&4!0)- 40) ($) &!+*"% (!7=, ($) 

+4&%).  

 

    O!9&#'µ! µ0) 53(B) &#>- !$%- +4&#' .+6$%"8")-  , 6)0 7'# 70)"#µ(- !µB)7=$ A1 

6)0 A2 *") *8µ!/) 1 6)0 2 "8- 53(B)-. N0 "),'"8"!- &#>-, µ("&9$ v1 6)0 v2 , !/$)0 62-

<!"!- *"0- )$"/*"#0,!- 70)"#µ(-. J)3#'µ! =1, =2 "0- +7&#*")"06(- .0(*!0- *"0- 7'# 

70)"#µ(-, 6)0 y1, y2 ") 'C8 *") #.#/) B&/*6#$")0 ") 6($"&) "9$ 70)"#µ=$ .2$9 ).% 

($) )+<)/&!"# !./.!7# )$)5#&2-:   

 

         

1

2

1A
2A

1v
 

2v
 

1P 2P

1y

2y

y

0y *
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    H0) $) 6)")$#>*#+µ! "# .=- )6&0B=- #&/:#$")0 #0 .0(*!0- =1 6)0 =2 , <!9&#'µ! "# 

"µ>µ) "8- 53(B)- .#+ !6"!/$!")0 ).% "# *8µ!/# 1 9- "# *8µ!/# 2. E# "µ>µ) )+"% #-

&0#<!"!/")0 ).% "0- 70)"#µ(- A1 6)0 A2. F.#<("#$")-, (*"9 .&#*!440*"062, %"0 8 +-

7&#*")"06> ./!*8 (,!0 *")<!&> "0µ> .2$9 *! 62<! 70)"#µ>, 4&25#+µ!       

                                                  1 2
1 2

1 2

,
F F

P P
A A

* *                   

%.#+ F1, F2 #0 7+$2µ!0- .#+ )*6#'$")0 62<!") *"0- 70)"#µ(- A1, A2 ).% "# &!+*"% 

.#+ .!&0B233!0 "# <!9&#'µ!$# "µ>µ) "8- 53(B)-. (N0 7+$2µ!0- !/$)0 62<!"!- *"0- 

70)"#µ(-, )5#' #0 "!3!+")/!- 60$#'$")0 .2$") 62<!") .&#- "#$ !)+"% "#+-.)   

 

    ;'µ59$) "=&) µ! "# 0%µ/ $/" Bernoulli, 40) 62<! 7'# *8µ!/) 1 6)0 2 "8- 53(B)- 

0*,'!0 %"0   

 

                                 
2 2

1 1 1 2 2 2

1 1

2 2
P v g y P v g y# # # #0 0 * 0 0   (8.21) 

>, .0# 4!$062,   

 

                       21

2
P v g y# #0 0 * #$(<! % +($' µ,+/5 $:5 >2)6(5   (8.22) 

 

1$ !?)0&(*#+µ! "8$ .)&#+*/) "8- ./!*8- =, "# )&0*"!&% µ(3#- ">- (8.22) <+µ/:!0 #-

306> µ8,)$06> !$(&4!0) *"# .!7/# B)&'"8")-, µ%$# .#+ *"8 <(*8 "8- µ2:)- m (,#+µ! 

"8$ .+6$%"8")   "#+ &!+*"#'. E# = !7= *,!"/:!")0 µ! "# (&4# .#+ ).)0"!/")0 40) $) 

µ!")B38<!/ )+"> 8 !$(&4!0), *'µ59$) µ! "8 *,(*8 (6.28). G0# *+46!6&0µ($), !6"%- 

).% "8 *+$"8&8"06> 7'$)µ8 "8- B)&'"8")-, *"# <!9&#'µ!$# "µ>µ) "8- 53(B)- )-

*6#'$")0 6)0 #0 .0!*"06(- 7+$2µ!0- F1, F2 ).% "# .!&0B233#$ &!+*"%. E# (&4# "9$ 

7+$2µ!9$ )+"=$ )$"0.&#*9.!'!0 # %&#- = *"# $%µ# "#+ Bernoulli, 6)0 !/$)0 )+"% "# 

(&4# .#+ !+<'$!")0 40) "8 µ!")B#3> "8- #306>- µ8,)$06>- !$(&4!0)- "#+ <!9&#'µ!-

$#+ "µ>µ)"#- (.!&0**%"!&!- 3!."#µ(&!0!- *"# G)&2&"8µ) A).  

 

    ;"# %&0# .#+ 8 "),'"8") "8- &#>- "!/$!0 *"# µ87($, #0 $%µ#0 "8- F7&#7+$)µ06>- 

<) .&(.!0 $) )$24#$")0 *! )+"#'- "8- F7&#*")"06>-. H0) ($) )6/$8"# &!+*"% (,#+µ! 

%"0 v1=v2=0, 40) 7'# "+,)/!- 70)"#µ(- A1, A2 "#+ 7#,!/#+ .#+ "# .!&0(,!0. N $%µ#- 

*+$!,!/)- (8.18), "%"!, )$24!")0 *! µ0) "!"&0µµ($8 0*%"8") "8- µ#&5>- 0=0, !$= # 

$%µ#- "#+ Bernoulli (8.21) 7/$!0   

                                                

                                                 2 1 2 1( )P P g y y#. * . .    (8.23) 

 

@ *,(*8 )+"> 7!$ !/$)0 2338 ).% "8 <!µ!30=78 !?/*9*8 (8.6) "8- F7&#*")"06>-.  

 

 

8.13  "51N3081/ ,69   

 

 0) 53(B) &#>- 6)3!/")0 #&0:%$"0) )$ # 2?#$2- "8- (>, 8 6!$"&06> &!+µ)"06> 4&)µ-

µ> "8-) 6!/")0 *! #&0:%$"0# !./.!7#. G&#*(?"! %"0 # 2?#$)- )+"%- 7!$ !/$)0 ).)&)/-

"8") !+<'4&)µµ#-. H0) .)&27!04µ), 8 &#> $!&#' µ(*) *! ($) 32*"0,# .#"/*µ)"#- 

6)µ.'3#+ *,>µ)"#-, "# #.#/# )6#+µ.2 #3%638&# *"# 72.!7#, *+$0*"2 #&0:%$"0) 

53(B).  
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    K3!- #0 70)"#µ(- µ0)- #&0:%$"0)- 53(B)- B&/*6#$")0 *"# /70# 'C#- y .2$9 ).% "# 

!./.!7# )$)5#&2-. O("#$")- y1=y2 *"# $%µ# "#+ Bernoulli (8.21), #0 %&#0 .#+ .!&0(-

,#+$ ") 'C8 ).)3!/5#$")0 6)0 # $%µ#- .)/&$!0 "8 µ#&5>  

 

                                            2 2

1 1 2 2

1 1

2 2
P v P v# #0 * 0     (8.24) 

>   

                                             21

2
P v#0 * #$(<! %       (8.25) 

 

    ;"8$ #&0)6> .!&/."9*8 .#+ "# &!+*"% !/$)0 *! 0*#&&#./) (v=0), 8 (8.25) µ)- 3(!0 

%"0  = = #$(<! % 6)"2 µ>6#- µ0)- #&0:%$"0)- 70)7&#µ>-. 1+"%, B(B)0), µ)- !/$)0 4$9-

*"% ).% "8$ F7&#*")"06>. J2"9 ).% .#0!- .&#Q.#<(*!0-, "=&), 0*,'!0 *"8$ F7&#-

7+$)µ06> (v8 0) 8 +.%<!*8 %"0 8 ./!*8 = 6)"2 µ>6#- µ0)- #&0:%$"0)- 53(B)- !/$)0 

*")<!&>; ;'µ59$) µ! "8$ (8.25), )+"% *+µB)/$!0 %")$ v=#$(<! % 6)"2 µ>6#- "8- 

53(B)-. Kµ9-, ).% "# $%µ# *+$!,!/)-,  A v = #$(<! % 6)"2 µ>6#- "8- 53(B)-, %.#+ A 

8 70)"#µ> "8- 53(B)-. M"*0, <) .&(.!0 $) 0*,'!0 %"0  A= #$(<! % :   

 

I ". /#$($*+, 13!#: !30(* #$(<! , +($' µ,+/5 µ*(5 / *@%0$*(5 >2)6(5 µ!  

#$(<! , .*($/µ,.   

 

1+"% *+µB)/$!0, 40) .)&27!04µ), %")$ (,#+µ! &#> $!&#' µ(*) *! ($) 32*"0,# .#"/-

*µ)"#- "#.#<!"8µ($# #3%638&# .2$9 *! #&0:%$"0) !.052$!0).   

 

    ;! .#0# *8µ!/# µ0)- #&0:%$"0)- 53(B)- !/$)0 8 ./!*8 µ(40*"8 (> !32,0*"8); ;'µ-

59$) µ! "8$ (8.25), 8 ./!*8 = !/$)0 µ(40*"8 !6!/ %.#+ 8 "),'"8") v !/$)0 !32,0*"8. 

1+"% %µ9-, 6)"2 "# $%µ# *+$!,!/)-, *+µB)/$!0 !6!/ %.#+ 8 70)"#µ> A !/$)0 µ(40*"8:   

 

;! / *@%0$*(  /,, : 13!#: !30(* µ)&*#$: (!2'9*#$:) !+!3 %1/" : .*($/µ, $:5  

>2)6(5 !30(* µ)&*#$: (!2'9*#$:).   

 

M"*0, *") *8µ!/) %.#+ ($)- #&0:%$"0#- *93>$)- '7&!+*8- *"!$!'!0, 8 ./!*8 "#+ $!-

&#' !3)""=$!")0.   

 

    O!9&#'µ! "=&) ($)$ #&0:%$"0# *93>$) µ!")B38">- 70)"#µ>- A 6)0 7'# *8µ!/) 

"#+, 1 6)0 2. M*"9 A1 6)0 A2 #0 70)"#µ(- "#+ *93>$) *") *8µ!/) )+"2, %.#+ A1>A2 . 

 (*) *"# *93>$) &(!0 +4&% .+6$%"8")-  . @ 70)5#&2 .0(*!9$ (=1 –=2) *") 7'# *8-

µ!/) µ!"&><86! 6)0 B&(<86! /*8 µ! A=. G#0) !/$)0 8 .)&#,> "8- #&0:%$"0)- 53(B)- ;   

 

                           

1
2

1A 2A
1v 2v

1P
2P

       
 

    J)3#'µ! v1 6)0 v2 "0- "),'"8"!- &#>- *") 7'# *8µ!/) "8- 53(B)-. N0 B)*06(- µ)- 

!?0*=*!0- !/$)0   
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                                                      1 1 2 2A v A v*      ($%µ#- *+$!,!/)-)  

                                          2 2

1 1 2 2

1 1

2 2
P v P v# #0 * 0   ($%µ#- Bernoulli)     

 ! "# $%µ# *+$!,!/)- µ.#&#'µ! $) ).)3!/C#+µ!, ..,., "# v2, 4&25#$")-   

                                                      
1

2 1

2

A
v v

A
*         (8.26) 

1$"06)<0*"=$")- "8$ (8.26) *"# $%µ# "#+ Bernoulli, B&/*6#+µ!   

                                     

2 2

1 2 2

1 2 12

2

( )

2

A A
P P P v

A

# .
. 4 / *        (8.27) 

G)&)"8&#'µ! %"0 =1>=2, 7#<($"#- %"0 A1>A2 . V'$#$")- "8$ (8.27) 9- .&#- v1 , 6)0 

,&8*0µ#.#0=$")- "8$ (8.26) 40) "# v2 , (,#+µ!  

          

                   

1/ 2 1/ 2

1 2 2 12 2 2 2

1 2 1 2

2 2
,

( ) ( )

P P
v A v A

A A A A# #

 !  !" "
# #$ % $ %

& &$ % $ %' ( ' (
 (8.28) 

 

  !"#$%& '() *+,-") ./0"1   

                              

1/ 2

1 1 2 2 1 2 2 2

1 2

2

( )

P
A v A v A A

A A)

 !"
* # # # $ %

&$ %' (
  (8.29) 
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 !"# , #"$% , &$'(! ))"% 

 

 
1.1  &*+*,+-,./0 +10 2310  

 

 !"# $%&%'(&()"* +'# ,# $"&#--+'"&". /0-#12. ,0-*". µ$,&,34, %456,7% µ" '( )"&-

µ,1&%-*%, 4% 8&"),34 -" 15)" µ#% %$+ '#. '&"#. 1%'%-'5-"#. '(. 36(.: -'"&"5, 07&9, 

9 %2&#%. :,#,# /0-#1,* $%&57,4'". "0)34,4'%# 7#% '(4 1%'5-'%-( -'(4 ,$,*% 8&*-

-1"'%# µ#% ,0-*%;  

 

    ; /0-#19 1%'5-'%-( µ#%. ,0-*%. "*4%# $&,<+4 «%4'%7=4#-µ,3» %45µ"-% -" >3, 

%4'*)"',0. $%&57,4'".: (%) ?#%.  !"#$"%& (9  '(#$"%&) >34%µ(., (6"1'&,µ%74('#19. 

$&,26"0-(., %45µ"-% -'% 5',µ% (9 µ+&#%, 9 #+4'%) ( ,$,*% 2!"# '(4 '5-( 4% /2&4"# 

'% 5',µ% +-, 7*4"'%# $#, 1,4'5 ', 24% -', 566,. @0'+ "$#'07!54"'%# 1%66*'"&% +'%4 

'% 5',µ% 8&*-1,4'%# -" 15$,#%. µ,&/9. 1%4,4#19 >#5'%A(, +$=. -0µ8%*4"# -" 24% 

")*+#,!!$"- .!/0µ,. (8) B(. )"&µ#19. "42&7"#%., ( ,$,*% $&,1%6"* #*1,2, 1*4(-( '=4 

%'+µ=4. ; 5'%1'( %0'9 1*4(-( 7*4"'%# $#, 24',4( µ" '(4 %3A(-( '(. )"&µ,1&%-*%.. 

C# >3, $%&%$54= $%&57,4'". >&,04 %4'*)"'% , 24%. $&,. ',4 566,4.  

 

    @. )"=&9-,0µ" µ#% ,0-*% $,0 8&*-1"'%# %&!#15 -'( +# ) 3 1%'5-'%-(. D'(4 1%-

'5-'%-( %0'9 10&#%&!,34 ,# "61'#12. >045µ"#. µ"'%A3 '=4 %'+µ=4, ,# ,$,*". '"*4,04 

4% -0-$"#&E-,04 '% 5',µ% -" µ#% 1%4,4#19 >#5'%A( $,0 ,4,µ5F"'%# ")4+#,!!5&. ; 

)"&µ#19 "42&7"#% >"4 "*4%# #1%49 4% %4'#'")"* -'#. #-!0&2. >045µ"#. $,0 -071&%',34 

'% 5',µ% -" -'%)"&2. -!"'#12. )2-"#. µ2-% -'(4 1&0-'%66#19 >,µ9: ', µ+4, $,0 "-

$#'07!54"# "*4%# 4% )2-"# '% 5',µ% -" #,!3'#(+6 73&= %$+ '#. -'%)"&2. %0'2. )2-"#..  

 

    G%)E. ( )"&µ,1&%-*% %0A54"#, ', $65',. '%654'=-(. '=4 %'+µ=4 7*4"'%# +6, 1%# 

µ"7%63'"&,, E-$,0 15$,#% -'#7µ9 ,# "61'#12. >045µ"#. µ"'%A3 '=4 %'+µ=4 >"4 "*4%# 

$#% %&1"'5 #-!0&2. 7#% 4% -071&%'9-,04 '% 5',µ% -'#. )2-"#. $,0 1%'"*!%4 µ2-% 

-',4 1&3-'%66,. D'( )"&µ,1&%-*%  %0'9 (+6µ 25 #%76&) ( 1&0-'%66#19 >,µ9 >#%-$5-

'%# 1%# ', -'"&"+ #%" #,$ (6#E4"#) 1%# µ"'%'&2$"'%# -" *0)-. D'(4 1%'5-'%-( %0'9 

0$5&!"# #-,>04%µ*% %45µ"-% -'#. >3, %4'*)"'". '5-"#., >(6%>9, '#. "61'#12. %',µ#-

12. >045µ"#. 1%# '( )"&µ#19 1*4(-(.
1
 

 

    ?" '(4 $"&%#'2&= %3A(-( '(. )"&µ,1&%-*%. ( )"&µ#19 1*4(-( '=4 %'+µ=4 %&!*-

F"# 4% 7*4"'%# 10&*%&!( -', $%#!4*># ',0 %4'%7=4#-µ,3. H'%4 ( )"&µ,1&%-*% /'5-"# 

-', +6µ 25 8),+µ54, ,# "42&7"#". '=4 %'+µ=4 7*4,4'%# '+-, µ"756". E-'" %0'5 1%-

',&)E4,04 '"6#15 4% «%$,>&5-,04» %$+ ', 07&+ 1%# 4% -!(µ%'*-,04 24% ,/)$5. 

D'(4 1%'5-'%-( %0'9 ,# "61'#12. %',µ#12. >045µ"#. "*4%# $,63 %-)"4"*. (-" 24%  

$9,'$"- %2&#, )"=&,34'%# %µ"6('2".). :%&%'(&,3µ" +'# '% -(µ"*% '9A(. 1%# 8&%-

-µ,3 µ#%. ,0-*%. -!"'*F,4'%# 5µ"-% µ" '(4 #-!3 '=4 ((6"1'&,µ%74('#19. /3-(.) >"-

-µE4 µ"'%A3 '=4 %'+µ=4 '(. ,0-*%. %0'9..  

 

 

 

 

 

                                                 
1 B, >#%µ54'# %$,'"6"* %A#,-(µ"*='( "A%*&"-(: ', -(µ"*, '9A(. ',0 "*4%#, )"=&('#15, -',0. 5000 G, 

%665 >"4 ', /'54"# $,'2, %/,3 µ"'%'&2$"'%# -" 7&%/*'( -',0. 3400 G !  



  

 2 

1.2  &45,+*33/6- 6*/ 7µ849* (+.4.-  

 

I*>%µ" $&,(7,0µ24=. +'# ( 1&0-'%66#19 >,µ9, $,0 !%&%1'(&*F"'%# %$+ 1%4,4#1+-

'('% -'( >#5'%A( '=4 %'+µ=4, "A%-/%6*F"# '( µ27#-'( -'%)"&+'('% -'( -'"&"5 1%-

'5-'%-( µ#%. ,0-*%.. D'( /3-( +µ=. -04%4',3µ" 1%# 06#15 $,0 µ5$3:5*' µ" -'"&"5 

($.!., "*4%# -16(&5 1%# 2!,04 -'%)"&+ -!9µ%) !=&*. "4 ',3',#. 4% >#%)2',04 $&%7µ%-

'#19 1&0-'%66#19 >,µ9. B2',#% -'"&"5 ,4,µ5F,4'%# 3µ5);, 1%# ( %',µ#19 >,µ9 ',0. 

"*4%# $%&+µ,#% µ" %0'9 '=4 07&E4: '% 5',µ% 8&*-1,4'%# -" '0!%*". )2-"#., -" %4'*-

)"-( µ" '(4 1%4,4#19 >#5'%A( '=4 %'+µ=4 -'% 1&0-'%66#15 -'"&"5. ?$,&,3µ", >(-

6%>9, 4% /%4'%-',3µ" 24% 5µ,&/, -'"&"+ -%4 07&+ µ" '"&5-'#, #AE>".! D'(4 1%'(-

7,&*% %0'9 %491"# ', -04()#-µ24, 70%6* (%4 %1,3-"'" '(4 10&*% J. 4% 1%0!#2'%# 7#% 

'% $%451&#8% 1&0-'566#4% $,'9&#% $,0 %7+&%-", µ(4 A"7"6%-'"*'": ( 1%)(µ"&#49 

!&9-( ',0 +&,0 «1&3-'%66,» >"4 2!"# '(4 *>#% -(µ%-*% µ" %0'9 $,0 >*4,0µ" ">E 

-',4 +&, %0'+!).   

 

    @. "$#-'&2K,0µ", +µ=., -',0. $&%7µ%'#1,3. 1&0-'566,0.. :,3 ,/"*6"'%# ( '+-, 

µ"756( "0-'5)"#% '(. 1&0-'%66#19. >,µ9.; @. )0µ(),3µ" 24% $,63 %$6,3-'"&, $%-

&5>"#7µ%, %0'+ "4+. "11&"µ,3.. I0-'%)9. #-,&&,$*% '(. -/%*&%. ',0 "11&"µ,3. "-

$#'07!54"'%# +'%4 ( -/%*&% 8&*-1"'%# %1*4('( -', !%µ(6+'"&, >04%'+ -(µ"*, '(. 

'&,!#5. '(. (+'%4, >(6%>9, ', 49µ% "*4%# 1%'%1+&0/,). D'( )2-( %0'9 ( >04%µ#19 

"42&7"#% '(. -/%*&%. 6+7= ',0 $">*,0 8%&3'('%. 7*4"'%#  !31$+#6. G%'’ %4%6,7*%, ( 

"-='"&#19 >04%µ#19 "42&7"#% ,&#-µ24=4 -'"&"E4 "6%!#-',$,#"*'%# +'%4 '% 5',µ5 

',0. ',$,)"',34'%# 2'-# E-'" 4% -!(µ%'*-,04 µ#% 1%4,4#19, 1&0-'%66#19 >,µ9. @0-

'+ "A%-/%6*F"# 1%# '( µ27#-'( "0-'5)"#% '=4 -'"&"E4 %0'E4. @$+ '(4 566( µ"&#5, 

15$,#% 566% -'"&"5 "*4%# 5µ,&/% >#+'#, 6+7= %0A(µ24=4 "-='"&#1E4 '&#8E4 -'( 

/5-( '(. -'"&",$,*(-(., '% 5',µ5 ',0. >"4 µ$,&,34 4% µ"'%1#4(),34 -'#. 1%-

'566(6". )2-"#. E-'" 4% -!(µ%'*-,04 1&0-'566,0.. D(µ"#E4,0µ" "$*-(. +'# ( µ"-

'58%-( "4+. 1&0-'%66#1,3 -'"&",3 %$+ '( -'"&"5 -'(4 07&9 1%'5-'%-( 7*4"'%# %-

$+',µ% +'%4 ( )"&µ,1&%-*% /'5-"# -', -(µ"*, '9A(.. @4'*)"'%, ( 07&,$,*(-( "4+. 

5µ,&/,0 -'"&",3 7*4"'%# 8,<µ$,2,, 2'-# E-'" 4% µ(4 "*4%# >04%'+ 4% $&,->#,&#-'"* 

-%/2. -(µ"*, '9A(..  

 

    C&#-µ24% 1&0-'%66#15 -'"&"5, +$=. '% µ2'%66%, "µ/%4*F,04 %0A(µ24( (6"1'&#19 

%7=7#µ+'('%. @0'+ ,/"*6"'%# -', +'# >#%)2',04 -', "-='"&#1+ ',0. "6"3)"&,0. (6"-

1'&#1,3. /,&"*. ((6"1'&+4#%, -'(4 $"&*$'=-( '=4 µ"'566=4) ,# ,$,*,# µ$,&,34 4% 

1#4(),34 $&,-%4%',6#-µ24% 15'= %$+ '(4 "$*>&%-( "4+. (6"1'&#1,3 $">*,0. D', 

566, 51&,, 0$5&!,04 -'"&"5 $,0 >"4 >#%)2',04 '2',#,0. /,&"*. 1# 2'-# -0µ$"&#/2-

&,4'%# -%4 (6"1'&#1,* µ5'(#/&. L$5&!,04, 828%#%, 1%# «>#$6,* $&51',&".», ,# 6µ$,-

0(052, ,# ,$,*,# /2&,04 !%&%1'(&#-'#15 1%# %$+ '#. >3, $%&%$54= 1%'(7,&*". 1%#, 

0$+ 1%4,4#12. -04)91"., "µ/%4*F,04 %7=7#µ+'('% $,0 +µ=. "*4%# µ#1&+'"&( %$+ %0-

'9 '=4 µ"'566=4.  

 

    ?#% 566( "4>#%/2&,0-% #>#+'('% '=4 -'"&"E4 
2
 "*4%# ( < )µ$"% ',0. %7=7#µ+'('%. 

; >#5>,-( '(. )"&µ+'('%. -'% -'"&"5 7*4"'%# µ" >3, '&+$,0.: (%) '%6%4'E-"#. ',0 

1&0-'%66#1,3 $627µ%',. (-" +6% '% -'"&"5), 1%# (8) µ"'%1*4(-( "6"3)"&=4 (6"-

1'&,4*=4 (-'% µ2'%66%). ; "A%#&"'#19 )"&µ#19 %7=7#µ+'('% '=4 µ"'566=4 ,/"*6"'%# 

-'(4 '%0'+!&,4( >&5-( 1%# '=4 >3, %0'E4 µ(!%4#-µE4.  

 

                                                 
2 D', "A9., µ" ',4 +&, «-'"&"+» )% "44,,3µ" «1&0-'%66#1+ -'"&"+».  
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    B% -'"&"5 µ$,&,34 4% '%A#4,µ(),34 µ" 85-( ', "*>,. ',0 >"-µ,3 $,0 -071&%'"* 

'% 5',µ% (9 µ+&#%, 9 #+4'%) ',0 1&0-'%66#1,3 $627µ%',.. C# 8%-#1+'"&". 1%'(7,&*". 

-'"&"E4 $,0 $%&%'(&,34'%# "*4%# ,# "A9.:  

 

1) =µ5$5.5!$"3 +# ) 3. B% 5',µ% -071&%',34'%# µ"'%A3 ',0. µ" ,µ,#,$,6#1,3. >"-

-µ,3.. B2',#% -'"&"5 "*4%# ,# 1&3-'%66,# ',0 >#%µ%4'#,3, ',0 $0&#'*,0 1%# ',0 7"&-

µ%4*,0. M+7= '(. $,63 -'%)"&9. (6"1'&,4#19. >,µ9. ',0., '% -'"&"5 %0'5 "µ/%4*-

F,04 >#5/,&% 1,#45 !%&%1'(&#-'#15. N#% $%&5>"#7µ%, "*4%# "A%#&"'#15 -16(&5 1%# 

$%&%µ,&/E4,4'%# >3-1,6%. I$*-(., "*4%# 1%1,* %7=7,* '(. )"&µ+'('%.
3
 1%# ',0  

(6"1'&#-µ,3 (>#+'# >"4 >#%)2',04 -(µ%4'#1+ %&#)µ+ "6"3)"&=4 (6"1'&,4*=4, '%  

,$,*% )% µ$,&,3-%4 4% µ"'%/2&,04 "42&7"#% 9 (6"1'&#1+ /,&'*, %$+ -(µ"*, -" -(-

µ"*,).  

2) >5'#$"3 +# ) 3. O,µ,34'%# µ" 1%4,4#19 >#5'%A( )"'#1E4 1%# %&4('#1E4 #+4'=4. 

J%&%1'(&#-'#1+ $%&5>"#7µ% "*4%# ,# 1&3-'%66,# ',0 !6=&#,3!,0 4%'&*,0 (NaCl) ,# 

,$,*,# %$,'"6,34'%# %$+ #+4'% Na
+
 1%# Cl

-
. M+7= '(. %$,0-*%. "6"3)"&=4 (6"1'&,-

4*=4, '% -'"&"5 %0'5 "*4%# 1%1,* %7=7,* '(. )"&µ+'('%. 1%# ',0 (6"1'&#-µ,3. I$*-

-(., "*4%# -16(&5 1%# 2!,04 0K(6+ -(µ"*, '9A(. "A%#'*%. '=4 #-!0&E4 (6"1'&,-'%-

'#1E4 >045µ"=4 %45µ"-% -'% #+4'%.  

3) ?# ) 3 9 +µ54 *9)50-'5*. J%&%1'(&*F,4'%# %$+ '(4 $%&,0-*% #-!0&5 >#$,6#1E4 

µ,&*=4 '% ,$,*% $"&#2!,04 24% 9 $"&#--+'"&% 5',µ% 0>&,7+4,0. B2',#, -'"&"+ "*4%# 

, $57,. (H2O).  

4) @5)$,"3 +# ) 3. @$,'"6,34'%# %$+ µ+&#% $,0 >"4 "*4%# $,6#15. D%4 $%&5>"#7µ% 

%4%/2&,0µ" '( -'"&"5 µ,&/9 ',3 CO2 .  

5) @/#,!!,. @$,'"6,34'%# %$+ 5',µ% µ" µ#1&9 "42&7"#% #,4#-µ,3 1%# µ#1&+ %&#)µ+ 

(6"1'&,4*=4 -'(4 "A='"&#19 ',0. -',#85>%. B% (6"1'&+4#% %0'5 %$"6"0)"&E4,4'%# 

"31,6% %$+ '% 5',µ% -'% ,$,*% %491,04, !&(-#µ,$,#E4'%. µ2&,. '(. "42&7"#%. $,0 

"163"'%# 1%'5 ', -!(µ%'#-µ+ ',0 1&0-'566,0. B, µ"'%66#1+ $627µ%, 6,#$+4, %$,'"-

6"*'%# %$+ µ#% 1%4,4#19 >#5'%A( < #$"A' $-'#(', %45µ"-% -'% ,$,*% 1#4"*'%# 24% 

«-µ94,.»  ! 4< )(' 6! "#)5'2('. D'% (6"1'&+4#% %0'5 ,/"*6,04 '% µ2'%66% '(4 

(6"1'&#19 ',0. %7=7#µ+'('% 1%)E. 1%# 24% -(µ%4'#1+ µ2&,. '(. )"&µ#19. ',0.  

%7=7#µ+'('%. (24% 566, µ2&,. ,/"*6"'%# -'#. '%6%4'E-"#. '=4 #+4'=4 ',0 1&0-'%6-

6#1,3 $627µ%',.). D'% "6"3)"&% (6"1'&+4#% "$*-(. ,/"*6"'%# ( -04"1'#1+'('% '(. 

µ"'%66#19. 1&0-'%66#19. >,µ9., %/,3 !=&*. %0'5 ,# %$=-'#12. >045µ"#. µ"'%A3 '=4 

)"'#1E4 #+4'=4 )% %$,-042)"'%4 ',4 1&3-'%66,! P% µ$,&,3-%µ" 4% $,3µ", >(6%>9, 

+'# '% "6"3)"&% (6"1'&+4#% "*4%# ( «1+66%» $,0 -071&%'"* '% #+4'% -'#. )2-"#. ',0. 

-', µ"'%66#1+ $627µ%.  

 

    :&#4 -04"!*-,0µ" '( µ"62'( '=4 1&0-'%66#1E4 -'"&"E4, )% 9'%4 !&9-#µ, 4% "-

A,#1"#=),3µ" µ" 15$,#". 8%-#12. 244,#". %$+ '(4 G8%4'#19 Q0-#19 1%)E. 1%# µ" '( 

>,µ9 15$,#=4 %$6,3-'"&=4 18%4'#1E4 -0-'(µ5'=4: '=4 %'+µ=4 1%# '=4 µ,&*=4.  

 

 

 

 

 

                                                 
3 B, >#%µ54'# %$,'"6"* "A%*&"-(, %/,3 ( < )µ$"% %7=7#µ+'('5 ',0 A"$"&45 %1+µ% 1%# %0'9 '=4 µ"-

'566=4 -" -049)"#. )"&µ,1&%-*".! Q0-#15, ( %7=7#µ+'('% %0'9 ,/"*6"'%# %$,16"#-'#15 -" '%6%4'E-

-"#. ',0 1&0-'%66#1,3 $627µ%',. .  



  

 4 

1.3   +8µ/6: #8;+<38 +85 Rutherford  

 

B, $&E', -37!&,4, %',µ#1+ µ,4'26, $&,'5)(1" %$+ ',4 Rutherford ', 1911. @. $5-

&,0µ" ', %$6,3-'"&, >04%'+ 5',µ,, %0'+ ',0 0>&,7+4,0. D3µ/=4% µ" ', µ,4'26, 

',0 Rutherford, ', µ,4%>#1+ (6"1'&+4#, ',0 %'+µ,0 1#4"*'%# -" 1016#19 '&,!#5 73&= 

%$+ ',4 $0&94% ($&='+4#,) µ" '%!3'('% -'%)"&,3 µ2'&,0 v. I$"#>9 ', µ2'&, '(. '%-

!3'('%. "*4%# -'%)"&+, ( ,6#19 >34%µ( $,0 %-1"*'%# -', (6"1'&+4#, )% $&2$"# 4% 

"*4%# "A ,6,169&,0 1"4'&,µ+6,.. ; >34%µ( %0'9 >"4 "*4%# 566( %$+ '(4 "61'#19 >3-

4%µ( Coulomb %45µ"-% -', $&='+4#, 1%# ', (6"1'&+4#, (', 85&,. ',0 (6"1'&,4*,0 

', )"=&,3µ" %µ"6('2,). G%6,3µ" m '( µ5F% ',0 (6"1'&,4*,0 1%# q '(4 ,.-!*#6 '#µ9 

',0 /,&'*,0 ',0, *-( µ" 191.6 10 C ! .  '-#, ', $&='+4#, 2!"# /,&'*, +q "4E ', /,&-

'*, ',0 (6"1'&,4*,0 "*4%# –q.  

                                               

"

 

q#

q 

v

F

          
 

; >34%µ( $,0 %-1"*'%# -', (6"1'&+4#, "*4%#  

                                

1/ 2
2 2 2

2

0 04 4

mv q q
F v

r r mr$% $%

& '
( ( ) ( * +

, -
      (1.1) 

+$,0 r ( %1'*4% '(. 1016#19. '&,!#5.. ; 1#4('#19 "42&7"#% ',0 (6"1'&,4*,0 "*4%#  

                                               
2

2

0

1

2 8
k

q
E mv

r$%
( (      

"4E ( >04%µ#19 ',0 "42&7"#%, 6+7= ',0 $">*,0 Coulomb ',0 $&=',4*,0, "*4%#  

                                                  
2

04
p

q
E

r$%
(     

+$,0 >#%62A%µ" '( µ(>"4#19 -'5)µ( '(. >04%µ#19. "42&7"#%. -" 5$"#&( %$+-'%-( 

%$+ ',4 $0&94% ( )r ( . . ; ,6#19 µ(!%4#19 "42&7"#% ',0 (6"1'&,4*,0 "*4%#  

                                           
2

08
k p

q
E E E

r$%
( # (        (1.2) 

:%&%'(&,3µ" +'# 0E /  1%)E. r /. . B, %&4('#1+ $&+-(µ, '(. "42&7"#%. ,/"*6"-

'%# -'(4 "$#6,79 '(. µ(>"4#19. -'5)µ(. '9. Ep -', 5$"#&, 1%# >"4 2!"# 1%µ*% #>#%*-

'"&( /0-#19 -(µ%-*%. D(µ"#E4,0µ", 7"4#15, +'# -'(4 @',µ#19 Q0-#19 %0'+ $,0 2!"# 

/0-#19 -(µ%-*% "*4%# ,# 9$,;5)/& "42&7"#%. BC 1%# +!# ,# "42&7"#". C 1%)%0'2.. ; 

$,-+'('% BC "*4%# %4"A5&'('( %$+ '(4 "16,79 '(. µ(>"4#19. -'5)µ(. '(. >04%µ#19. 

"42&7"#%..  
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    ; 7=4#%19 '%!3'('% ( ',0 (6"1'&,4*,0 "*4%# -045&'(-( '(. ,6#19. "42&7"#%. C. 

:&57µ%'#, -04>05F,4'%. '(4 21/&%-( (1.1) 7#% ', v µ" '( -!2-( v=(r, 8&*-1,0µ" 

+'#  

 

                                                    

1/ 3
2

2

04

q
r

m$% 0

& '
( * +
, -

    

 

O(6%>9, ', r "*4%# %456,7, ',0 (
–2/3

. R&%, 85-"# '(. (1.2), ', C "*4%# %456,7, ',0 

(
2/3

, 9, ', ( "*4%# %456,7, ',0 |C|
3/2

.  

 

    B, «$6%4('#1+» %0'+ µ,4'26, ',0 %'+µ,0, %4 1%# "0-'%)"* µ(!%4#15, $%&,0-#5F"# 

-,8%&5 $&,869µ%'% %4 658"# 1%4"*. 0$+K( ',0. 4+µ,0. ',0 16%-#1,3 (6"1'&,µ%-

74('#-µ,3. D3µ/=4% µ" %0',3., 15)" "$#'%!04+µ"4, /,&'*, "1$2µ$"# "42&7"#% -'( 

µ,&/9 (6"1'&,µ%74('#19. %1'#4,8,6*%.. @4 ', /,&'*, "1'"6"* '%6%4'E-"#. 9, 7"-

4#15, $"&#,>#19 1*4(-( 1016#19. -0!4+'('%. (=2.f (+$,0 f ( -0!4+'('% '(. $"&#,-

>#19. 1*4(-(.), ( "1$"µ$+µ"4( %1'#4,8,6*% )% !%&%1'(&*F"'%# "$*-(. %$+ '(4 *>#% 

-0!4+'('%. D'(4 $"&*$'=-9 µ%., ( 1016#19 -0!4+'('% '(. %1'#4,8,6*%. $,0 "1$2-

µ$"'%# %$+ ', (6"1'&+4#, )% "*4%# *-( µ" '( 7=4#%19 '%!3'('% ( '(. $"&#-'&,/9. 

',0 ($&,-2A'" +'# (=2./D=2.f, +$,0 D ( $"&*,>,. '(. 1*4(-(.). Hµ=., %4 ', (6"-

1'&+4#, "1$2µ$"# "42&7"#%, ( ,6#19 ',0 "42&7"#% C )% $&2$"# 4% µ"#E4"'%# -04"!E., 

µ" $%&566(6( µ"*=-( 1%# '(. %1'*4%. r '(. '&,!#5., 85-"# '(. (1.2).  '-#, ', (6"-

1'&+4#, )% $2-"# '"6#15 µ2-% -',4 $0&94% 1%# ', 5',µ, )% 1%'%&&"3-"# (+$=. 2!"# 

0$,6,7#-'"*, , !&+4,. $,0 )% !&"#%F+'%4 7#% 15'# '2',#, )% 9'%4 '(. '5A(. '=4 
810 s !). I0'0!E. 15'# '2',#, >"4 -0µ8%*4"# -'’ %69)"#%, %/,3 '% 5',µ% "*4%# "0-

-'%)9. I$*-(., 1%'5 '( -04"!9 µ"'%8,69 '(. "42&7"#%. C ( -0!4+'('% ( '(. "1$"-

µ$+µ"4(. %1'#4,8,6*%. )% $&2$"# 1# %0'9 4% µ"'%8566"'%# 1%'5 '&+$, -04"!9, %/,3, 

+$=. >"*A%µ" $%&%$54=, ', C "*4%# µ#% -04"!9. -045&'(-( ',0 (.  '-#, ', ;3+µ, 

 ".5µ.%& ',0 0>&,7+4,0 )% $&2$"# 4% "µ/%4*F"# µ#% -04"!9 1%'%4,µ9 -0!4,'9'=4. 

D'(4 $&%7µ%'#1+'('%, +µ=., ', /5-µ% ',0 0>&,7+4,0, +$=. 1%# '=4 566=4 %'+µ=4, 

"*4%# 0),µµ$"-, >(6%>9 $"&#2!"# ,&#-µ24". µ+4, -0!4+'('". !%&%1'(&#-'#12. ',0 %-

'+µ,0 $,0 "1$2µ$"# '(4 %1'#4,8,6*%.  

 

    B, µ,4'26, ',0 Rutherford, 6,#$+4, 9'%4 24% $&E',, ',6µ(&+ 89µ% -'(4 %',µ#19 

)"=&*%, 2$%-!" +µ=. %$+ -,8%&5 )"=&('#15 $&,869µ%'%. C 13&#,. 6+7,. '(. %$,-

'0!*%. ',0 9'%4 +'# %4'#µ"'E$#-" 24% -=µ5'#, ',0 µ#1&+1,-µ,0, ', (6"1'&+4#,, -%4 

1,#4+ 16%-#1+ -=µ%'*>#, $,0 0$%1,3"# -',0. 4+µ,0. ',0 S"3'=4%, %74,E4'%. '(4 

18%4'#19 /3-( ',0. P% 2$&"$", 5&%7", 4% "71%'%6"#/)"* ', µ,4'26, ,&#-'#15, 9 µ9-

$=. 0$9&!%4 $"&#)E&#% «)"&%$"*%.» ',0; B, 1913 24%. 4"%&+. $,0 >,36"0" -', "&-

7%-'9&#, ',0 Rutherford >#56"A" '( >"3'"&( 63-(.  
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1.4  #8;+<38 +85 Bohr =/* +8 7+8µ8 +85 '>48=:;85  

 

N#% 4% A"$"&5-"# '#. )"=&('#12. >0-1,6*". $,0 $&,210K%4 µ" ', µ,4'26, ',0 Ruth-

erford, , Bohr $&+'"#4" '#. $%&%15'= %&!2. 7#% ', 5',µ, ',0 0>&,7+4,0:  

 

1.  B, (6"1'&+4#, µ$,&"* 4% 8&*-1"'%# -" 1%),&#-µ24". µ+4, 1016#12. '&,!#2. 73&= 

%$+ ',4 $0&94%, µ" %1'*4". r1, r2, r3, ..., 1%# %4'*-',#!". "42&7"#". C1, C2, C3, ...  D'#. 

'&,!#2. %0'2. ', (6"1'&+4#, 9 ' "1$2µ$"# %1'#4,8,6*%.  

2.  H'%4 ', (6"1'&+4#, µ"'%$*$'"# %$+ µ#% '&,!#5 "42&7"#%. C -" µ#% 566( '&,!#5 

µ#1&+'"&(. "42&7"#%. CT, ', 5',µ, "1$2µ$"# %1'#4,8,6*% µ" '( µ,&/9  '-& /=',4*,0, 

-0!4+'('%.  

                                                     
E E

f
h

1 
(        (1.3) 

+$,0 h ( -'%)"&5 ',0 Planck, *-( µ" 346.63 10 J s ! 2 .  

3.  C# "$#'&"$+µ"4". '&,!#2. 1%# "42&7"#". 1%),&*F,4'%# %$+ '( -04)91( +'#, ( -'&,-

/,&µ9 ',0 (6"1'&,4*,0 µ$,&"* 4% $5&"# 24% 5$"#&, $69),. %$+ >#%1&#'2. '#µ2. $,0 

>*4,4'%# %$+ '( -!2-(  

                                           , 1,2,3,
2

h
mvr n n

$
( ( !     (1.4) 

 

E $9$-#6#, #-+5 #6&  '/)0 $,&, -+5 ",$ #6& +#)5;5)µ%&, ', .,2)'5*' +*0" ")$-

µ/' & µ-'5 #$µ/& (,'#2 0$, #$& ,*<,2) # & #$µ/& .5* <,  ./#) .  6 "!,+$"% µ6-

1,'$"%) 5'5µ3: #,$  !"#$%&µ'( #6&  '/)0 $,& ",$ #6& +#)5;5)µ%&, ,'#2+#5$1,.  

 

    P% 0$,6,7*-,0µ" 'E&% '#. "$#'&"$+µ"4". '&,!#2. rn 1%# '#. %4'*-',#!". "42&7"#". 

En (n=1,2,3,...). @$+ '(4 (1.4) 2!,0µ" +'# v=nh/2.mr. D071&*4,4'%. %0'9 '(4 21-

/&%-( 7#% ', v µ" "1"*4( '(. -!2-(. (1.1), 8&*-1,0µ" +'#  

                                
2

2 20
02

( 1,2,3, )n

h
r n a n n

q m

%

$
( 3 ( !      (1.5) 

I#>#15, ( µ#1&+'"&( "$#'&"$'9 '&,!#5 2!"# %1'*4% r1=a0 (,"#2', Bohr). @4'#1%)#-'E-

4'%. '(4 (1.5) -'(4 (1.2) 8&*-1,0µ" '#. "$#'&"$'2. (18%4'#-µ24".) '#µ2. '(. "42&7"#%. 

',0 (6"1'&,4*,0:  

                           
4

2 2 2 2

0

1
( 1,2,3, )

8
n

mq
E n

h n n

4

%
(  3  ( !     (1.6) 

:%&%'(&,3µ" +'# 0nE /  7#% n /.  (5&% 1%# r /. ). D', +&#, %0'+, ', (6"1'&+-

4#, %$,>"-µ"3"'%# %$+ ', 5',µ, 1%# 1#4"*'%# $62,4 -%4 "6"3)"&, -=µ5'#, (8&"*'" '#. 

"$#'&"$'2. '#µ2. Fn '(. >34%µ(. Coulomb $,0 %-1"*'%# -', (6"1'&+4#, 1%# >"*A'" +'# 

Fn/0 +'%4 n /. ). ; "42&7"#% 1 1| |E E E 4.  ( (  1%6"*'%#  '/)0 $, $5'$+µ54 ',0 

%'+µ,0 ',0 0>&,7+4,0. @$+ /0-#19 5$,K(, ( "42&7"#% #,4#-µ,3 "*4%# ( "65!#-'( "-

42&7"#% $,0 $&2$"# 4% >E-,0µ" -', (6"1'&+4#, 7#% 4% ', %$,-$5-,0µ" %$+ ', 5',-

µ,. :&,-2A'" +'#, %$+ '( -'#7µ9 $,0 ', (6"1'&+4#, "*4%# "6"3)"&, 4% 1#4"*'%# ,$,0-

>9$,'" -', !E&,, µ$,&"* $62,4 4% 2!"# 5.5$,9%.5#  "42&7"#%! O(6%>9, 5 "8,'#$+µ-& 

#6&  '/)0 $,& 9 ' $+14 $ 0$, #,  ! 4< ), "$'54µ ', 6! "#)-'$, ,!!3 µ-'5 0$’ ,*#3 .5* 

8)2+"5'#,$ . )$5)$+µ/', µ/+, +  /', 3#5µ5, µ-)$5, ")4+#,!!5, "!.. ?( 62'" $,'2, 

6,#$+4, 7"4#15 1%# %+&#-'% +'# «( "42&7"#% "*4%# 18%4'#-µ24(»!   
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    ?#% !&9-#µ( 18%4'#19 244,#% $,0 )% '( -04%4',3µ" -0!45 "*4%# %0'9 µ#%. "4"&-

7"#%19. -'5)µ(.. G%'%&!94, !%&5F,0µ" 24%4 1%'%1+&0/, 5A,4% µ" )"'#19 /,&5 

$&,. '% $54= 1%# -0µ/=4,3µ" +'# '% -(µ"*% ',0 )% $%&#-',34 '#µ2. '(. "42&7"#%. -" 

µ,45>". eV (1eV=1.6! 10
 -19 

J). N#% ,$,#%>9$,'" '#µ9 C '(. "42&7"#%. µ$,&,3µ" 4% 

!%&5A,0µ" µ#% ,&#F+4'#% 7&%µµ9 ( ' )0 $,"% +#3<µ6) ( ,$,*% 4% '2µ4"# ',4 1%'%-

1+&0/, 5A,4% -', -(µ"*, $,0 %4'#-',#!"* -'(4 '#µ9 %0'9. I#>#15, ,# "$#'&"$'2. ,#5-

µ$"/&  ' )0 $,"/& +#3<µ & 7#% ', (6"1'&+4#, ',0 %'+µ,0 ',0 0>&,7+4,0 -!">#5F,4'%# 

µ" 85-( '( -!2-( (1.6). @$+ "4"&7"#%19 5$,K(, ', (6"1'&+4#, µ$,&"* 4% 8&")"* -" 

5.5$,9%.5#  %$+ %0'2. '#. -'5)µ"., -1$ -µ(&  '9$3µ +,:  

 

           

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

; -'5)µ( C1 627"'%# 8,+$"% 9 < µ !$A96&, "4E ,# C2, C3, ..., 1%6,34'%# 9$60 )µ/' & 

-'5)µ".. :%&%'(&,3µ" +'# ,# -'5)µ". $014E4,04 1%)E. ( "42&7"#% %0A54"# (%0'+ 

µ$,&,3µ" 4% ', "A(79-,0µ" 0$,6,7*F,4'%. '( >#%/,&5 BCn=En+1 - En %$+ '(4 (1.6) 

1%# $%&%'(&E4'%. +'# ', BCn /)*4"# 1%)E. ', n %0A54"#).  

 

    I1'+. %$+ '(4 "0-'5)"#% ',0 %'+µ,0 ',0 0>&,7+4,0, ', µ,4'26, ',0 Bohr µ$,&"* 

4% "A(79-"# 1%# '( 7&%µµ#1+'('% ',0 /5-µ%',. "1$,µ$9. 1%# %$,&&+/(-(. ',0 %-

'+µ,0, ', 7"7,4+. >(6%>9 +'# ', 5',µ, "1$2µ$"# 1%# %$,&&,/5 ,&#-µ24". µ+4, -0-

!4+'('". (6"1'&,µ%74('#19. %1'#4,8,6*%.. H$=. "*>%µ", ', (6"1'&+4#, µ$,&"* 4% 

8&*-1"'%# -" 1%),&#-µ24". 1016#12. '&,!#2. 73&= %$+ ',4 $0&94%, µ" %1'*4". r1, r2, 

r3, ..., 1%# %4'*-',#!". "42&7"#". C1, C2, C3, ... @. 0$,)2-,0µ" 'E&% +'# ', (6"1'&+4#, 

µ"'%1#4"*'%# %$+ µ#% '&,!#5 ra  ,. *< 2,& -" µ#% 566( '&,!#5 rb , +$,0 a5 b. O#%1&*-

4,0µ" >3, $"&#$'E-"#.: (%) @4 a>b, '+'", 85-"# '(. (1.6), Ea>Eb. B, (6"1'&+4#, µ -

#,.2.# $ -" '&,!#5 µ#1&+'"&(. "42&7"#%. µ" '%0'+!&,4( "1$,µ$9  '-& /=',4*,0. (8) 

@4 a<b, '+'" Ea<Eb. B, (6"1'&+4#, ,.5))5;3 24% /='+4#, 1%# 9$ 0 2) #,$ -" '&,!#5 

µ"7%63'"&(. "42&7"#%.. D" 15)" $"&*$'=-(, ( -0!4+'('% ',0 "1$"µ$+µ"4,0 9 %$,&-

&,/,3µ"4,0 /=',4*,0 "*4%#  

                                           
2 2

| | 1 1a bE E
f

h h b a

4 
( (       (1.7) 

1n (

2n (

3n (

4n (

1E

2E

3E

4E

( )

E

eV

0 n ( .
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B, µ91,. 13µ%',. '(. "1$"µ$+µ"4(. 9 %$,&&,/,3µ"4(. %1'#4,8,6*%. >*4"'%# %$+ '( 

-!2-(  

                                                  
2 2

1 1 1f

c hc b a

4

6
( (       (1.8) 

+$,0 c ( '%!3'('% ',0 /='+.. ; 7&%µµ#1+'('% ',0 /5-µ%',. ',0 %'+µ,0 ',0 0>&,-

7+4,0 $&,13$'"# %$+ '(4 $%&%'9&(-( +'# '+-, ', f , +-, 1%# ', !, $%*&4,04 >#%1&#'2. 

1%# +!# %0)%*&"'". '#µ2.. @0'+, µ" '( -"#&5 ',0, "*4%# -042$"#% ',0 18%4'#-µ,3 '(. 

"42&7"#%. 1%# '(. -'&,/,&µ9. ',0 (6"1'&,4*,0.  

 

 

1.5  7+8µ* µ. ?833- @3.6+4:;/*  

 

@4 1%# "$#'0!(µ24, 7#% ', 0>&,7+4,, ', µ,4'26, ',0 Bohr >"4 "$%&1"* 7#% 4% "A(79-

-"# '( >,µ9 %'+µ=4 µ" >3, 9 $"&#--+'"&% (6"1'&+4#%. ; µ"62'( '2',#=4 %'+µ=4 7*-

4"'%# µ" '( 8,9)"#% '(. G8%4',µ(!%4#19., µ#%. %&1"'5 $,63$6,1(., %$+ µ%)(µ%'#19 

5$,K(, )"=&*%.. D'( )"=&*% %0'9, /0-#12. 244,#". +$=. ( )2-( 9 ( '&,!#5 "4+. (6"-

1'&,4*,0 >"4 2!,04 4+(µ% %/,3 "*4%# %>34%',, 6+7= '(. «%&!9. '(. %8"8%#+'('%.», 

4% $&,->#,&#-',34 "$%1&#8E. -" 24% $"*&%µ%. R66% /0-#15 µ"72)(, +$=. ( "42&7"#% 

1%# ( -'&,/,&µ9 "4+. (6"1'&,4*,0, µ$,&,34 4% 6%µ854,04 µ+4, >#%1"1&#µ24". '#-

µ2., "*4%# >(6%>9 "8,'#$+µ/', µ"72)(. C# '#µ2. %0'2. $&,->#,&*F,4'%# µ" '( 8,9)"#% 

$%&%µ2'&=4 $,0 ,4,µ5F,4'%# "8,'#$"52 ,)$<µ52. B, -34,6, '=4 18%4'#1E4 %&#)µE4 

$,0 µ$,&,34 4% $&,->#,&#-',34 1%'5 '(4 $"#&%µ%'#19 $%&%'9&(-( "4+. (6"1'&,-

4*,0 %4'#$&,-=$"3"# µ#% ",#3+#,+6 ',0 (6"1'&,4*,0. G%'5 µ*% 244,#%, 1%'5-'%-( 

"4+. (6"1'&,4*,0 "*4%# ( µ27#-'( $6(&,/,&*% $,0 µ$,&,3µ" 4% %$,1,µ*-,0µ" 7#% ', 

(6"1'&+4#, µ2-% -'% $6%*-#% '(. %&!9. '(. %8"8%#+'('%.. J%&%1'(&*F"'%# %$+ 1%-

),&#-µ24". (18%4'#-µ24".) '#µ2. /0-#1E4 µ"7")E4 +$=. ( "42&7"#% 1%# ( -'&,-

/,&µ9. (@$+ µ%)(µ%'#19 5$,K(, ( 1%'5-'%-( "4+. (6"1'&,4*,0 "1/&5F"'%# -'( 

µ,&/9 µ#%. «10µ%',-045&'(-(.» ( ,$,*% %$,'"6"* 63-( '(. >#%/,&#19. "A*-=-(. 

',0 Schrodinger. ; -045&'(-( %0'9 $"&#2!"# 24% -34,6, $%&%µ2'&=4 $,0 >"4 "*4%# 

566". %$+ ',0. 18%4'#1,3. %&#)µ,3. $,0 $&,%4%/2&%µ". B, $69),. 1%# ,# >04%'2. 

'#µ2. '=4 18%4'#1E4 %&#)µE4 $,#1*66,04, %456,7% µ" ', /0-#1+ -3-'(µ% -', ,$,*, 

%491"# ', (6"1'&+4#,.)  

 

    ; 1%'5-'%-( "4+. (6"1'&,4*,0 -" 24% 5',µ, $&,->#,&*F"'%# µ" '( 8,9)"#% '"--

-5&=4 18%4'#1E4 %&#)µE4 (n, l, ml, ms) ,# ,$,*,# µ$,&,34 4% $5&,04 '#. $%&%15'= 

'#µ2.:  

n = 1, 2, 3, ...  

l  = 0, 1, 2, ... , (n–1)  (7#% >,-µ24, n)  

ml = 0, 7 1, 7 2, ... , 7 l (7#% >,-µ24, l )   

ms = 7
1

2
          

B, l 1%),&*F"# ', µ2'&, '(. -'&,/,&µ9. L
"

 ',0 (6"1'&,4*,0, ', ml '( >#"3)04-( '(. 

-'&,/,&µ9. (7#% '(4 %1&*8"#%, '(4 $&,8,69 '9. L
"

 -',4 5A,4% z), ', ms '( >#"3)04-( 

('(4 $&,8,69) '(. #>#,-'&,/,&µ9. (spin), "4E '% (n, l ) $&,->#,&*F,04 '(4 "42&7"#% 

',0 (6"1'&,4*,0. @4%60'#15:  

                                  

| | ( 1) ,

, ( , )
2

z l

z s

L l l L m

S m E E n l

( # (

( ( 7 (

"
# #

#
#

        
2

h

$
& '

(* +
, -
#     
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    D3µ/=4% µ" '(4 ,.,05) *#$"% ,)1% #5* Pauli,  

 

&) *#" +$,µ, (- µ'.%,,  ./&$"00,,  01.) 2)# µ1,.)3 #" 41+.5,4# 2/, - 1)-

.%&&'$)." 60) $.'#%" 1,4 #" !.3& ,#$"% &$6# 32%"  !"#$% -  "$+&$"&6 

(#" *5,4# '0,4( $,4(  !"#$% ,/( ".%7µ,/( 32%,4().   

 

 '-#, 7#% $%&5>"#7µ%, %4 >3, (6"1'&+4#% "4+. %'+µ,0 2!,04 '#. *>#". '#µ2. '=4 n, l 

1%# ml, '+'" 0$,!&"='#15 )% 2!,04 >#%/,&"'#15 ms  (+ ½ 1%# – ½). M+7= '(. %&!9. 

%0'9. >"4 "$#'&2$"'%# -', -34,6, '=4 (6"1'&,4*=4 ',0 %'+µ,0 4% 1%'%6%µ854,04 

'( !%µ(6+'"&( >04%'9 "4"&7"#%19 -'5)µ(, %/,3 ( -'5)µ( %0'9 >"4 >#%)2'"# #1%4+ 

%&#)µ+ 1%'%-'5-"=4 7#% 4% «!=&2-"#» +6% '% (6"1'&+4#%.
4
  

 

    C# 1%'%-'5-"#. $,0 2!,04 '(4 *>#% '#µ9 ',3 n (%665 >#%/,&"'#1,3. -04>0%-µ,3. 

'=4 l, ml, ms) %$,'"6,34 µ#% +#5$839,. N#% n=1,2,3,4,..., ,# -',#85>". -0µ8,6*F,4'%# 

µ" K, L, M, N,..., %4'*-',#!%. C# 1%'%-'5-"#. '(. -',#85>%. n $,0 2!,04 '(4 *>#% '#µ9 

',3 l (%665 >#%/,&"'#1,3. -04>0%-µ,3. '=4 ml, ms) %$,'"6,34 '(4 *.5+#5$839, 

(n,l). N#% l=0,1,2,3,..., ,# 0$,-',#85>". ,4,µ5F,4'%# s, p, d, f,..., %4'*-',#!%. N#% >,-

-µ24( '#µ9 ',3 n, 0$5&!,04 n >#5/,&". '#µ2. ',3 l: 0,1,2,...,(n-1).  '-#, ( -',#85>% n 

0$,>#%#&"*'%# -" n 0$,-',#85>"..  

 

    ; 0$,-',#85>% $,0 %4'#-',#!"* -', F"37,. (n, l) $%&*-'%'%# µ" '(4 '#µ9 ',3 n %1,-

6,0),3µ"4( %$+ ', -3µ8,6, $,0 %4'#-',#!"* -'(4 '#µ9 ',3 l.  '-#, $.!., ( 0$,-',#-

85>% µ" (n, l)=(2,1) 7&5/"'%# 2p. C %&#)µ+. '=4 (6"1'&,4*=4 $,0 8&*-1,4'%# -" µ#% 

0$,-',#85>% >(6E4"'%# µ" 24% >"*1'( $,0 ',$,)"'"*'%# $54= >"A#5 %$+ ', -3µ8,6, 

'(. 0$,-',#85>%.. N#% $%&5>"#7µ%, 2p
2
 -(µ%*4"# +'# ( 2p 2!"# 2 (6"1'&+4#%.  

 

           D',#85>". (n)        L$,-',#85>". (n, l)  

 

        n=1                             l=0                =>  1s      

                               

                              n=2                             l=0,1            =>  2s, 2p  

 

                              n=3                             l=0,1,2         =>  3s, 3p, 3d     

 

                              n=4                             l=0,1,2,3      =>  4s, 4p, 4d, 4f  

 

 

    C# 1()6#$"-#6# & '=4 0$,-',#85>=4 -" (6"1'&+4#% 8&*-1,4'%# µ" '( 8,9)"#% '(. 

%$%7,&"0'#19. %&!9. ',0 Pauli, =. "A9.: @/,3 '% (6"1'&+4#% µ#%. 0$,-',#85>%. 2-

!,04 ', *>#, l (1%#, /0-#15, ', *>#, n), )% $&2$"# 4% 2!,04 >#5/,&,0. -04>0%-µ,3. 

'=4 ml 1%# ms . P26,0µ" 4% 8&,3µ" ',4 %&#)µ+ '=4 >#%/,&"'#1E4 F"07E4 (ml, ms) $,0 

%4'#-',#!,34 -" >,-µ24, l. N#% µ#% >,-µ24( '#µ9 ',3 l, ', ml µ$,&"* 4% $5&"# (2l+1) 

>#%/,&"'#12. '#µ2.: 0,7 1,7 2,...,7 l. D" 15)" µ#% %$+ %0'2. %4'#-',#!,34 >3, '#µ2. 

',3 ms (+ ½ 1%# – ½) .  '-# 2!,0µ" -04,6#15 2(2l+1) >#%/,&"'#15 F"37( '#µE4  

(ml, ms) 7#% ', >,-µ24, l. D3µ/=4% µ" '(4 %$%7,&"0'#19 %&!9 ',0 Pauli, 6,#$+4,  

6 *.5+#5$839, l 1()3 $ #5 .5!4 2(2 l+1) 6! "#)-'$,. @4%60'#15:  

 

 

                                                 
4 IA%*&"-( %$,'"6,34 ', 0>&,7+4, (H, 1) 1%# ', 96#, (He, 2).  
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s    =>    l=0    =>    2   (6"1'&+4#%  

p    =>    l=1    =>    6   (6"1'&+4#% 

d    =>    l=2    =>    10 (6"1'&+4#% 

f     =>    l=3    =>    14 (6"1'&+4#%  

 

16$. BE&%, ( -',#85>% K (n=1) 2!"# µ+4, '(4 0$,-',#85>% s, 5&% !=&5"# 2 (6"1'&+-

4#%. ; -',#85>% L (n=2) 2!"# '#. s 1%# p, 5&% !=&5"# 2+6=8 (6"1'&+4#%. ; -',#85>% 

M (n=3) 2!"# '#. s, p, d, 5&% !=&5"# 2+6+10=18 (6"1'&+4#%, 16$. D" 15)" $"&*$'=-(, 

+µ=., 6 # ! *#,2, ( 7(# )$"%) +#5$839, #5* ,#-µ5* 9 ' µ.5) 2 ', /1 $ . )$++-# ), 

,.- 8 6! "#)-'$,.  

 

    O,)24',. "4+. %'+µ,0 µ" %',µ#1+ %&#)µ+ F, '% F (6"1'&+4#5 ',0 ',$,)"',34'%# 

-'#. >#5/,&". 0$,-',#85>". µ" 1%),&#-µ24( -"#&5, A"1#4E4'%. %$+ '(4 1s 1%# -04"-

!*F,4'%. µ" '#. 2s, 2p, 3s, 3p, 16$. ; (6"1'&,4#19 >#5'%A( "4+. %'+µ,0 (µ" 15$,#". 

µ#1&2. %$,16*-"#. 7#% ,&#-µ24% 5',µ%, +$=. $.!. '% -',#!"*% µ"'%$'E-"=.) $%&*-'%-

'%# µ" 85-( ', %1+6,0), 7"4#1+ -!9µ% (, >"*1'(. $54= >"A#5 %$+ ', -3µ8,6, µ#%. 

0$,-',#85>%. >(6E4"# ',4 %&#)µ+ '=4 (6"1'&,4*=4 $,0 $"&#2!,4'%# -'(4 0$,-',#-

85>%):  

 

                                     1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 6

 3d
 10

 4s
 2

 4p
 6

 ...   

 

D'#. $"&#--+'"&". '=4 $"&#$'E-"=4 ( '"6"0'%*% 0$,-',#85>% >"4 "*4%# -0µ$6(&=-

µ24( µ2!&# '( µ27#-'( !=&('#1+'('5 '(.. @. >,3µ" µ"&#15 $%&%>"*7µ%'%:  

 

S5'&#, (Na, 11):       1s
 2
 2s

 2
 2p

 6
 3s

 1
  

 

:0&*'#, (Si, 14):       1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 2

  

 

N"&µ54#, (Ge, 32):   1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 6

 3d
 10

 4s
 2

 4p
 2

  

 

S#126#, (Ni, 28):      1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 6

 3d
 8

 4s
 2

  

 

:&,-2A'" +'# -', S#126#, ( 0$,-',#85>% 4s, $,0 %491"# -'(4 '"6"0'%*% -',#85>%, 

-0µ$6(&E4"'%# .)$' %$+ '(4 3d, $,0 %491"# -'(4 $&,(7,3µ"4( -',#85>%. :,#,. 1%-

4+4%. )% $%&%8#%F+'%4 %4 µ"'%1#4,3-%µ" '% >3, (6"1'&+4#% '(. 4s -'(4 3d ;  

 

    H$=. %4%/2&%µ" 4=&*'"&%, ( "42&7"#% "4+. (6"1'&,4*,0 ',0 %'+µ,0 "A%&'5'%# 

%$+ ',0. 18%4'#1,3. %&#)µ,3. (n, l ).  '-#, (6"1'&+4#% µ" '% *>#% (n, l ) 2!,04 '(4 *-

>#% "42&7"#%. D0µ$"&%*4,0µ" +'# 6! "#)-'$, .5* ,'%"5*' +#6' 29$, *.5+#5$839, /-

15*' #6' 29$,  '/)0 $,.
5
 G5)" 0$,-',#85>%, 6,#$+4, !%&%1'(&*F"'%# %$+ µ#% '#µ9 '(. 

"42&7"#%. $,0 "*4%# 1,#49 7#% +6% '% (6"1'&+4#5 '(.. M2µ" +'# "3<  *.5+#5$839, ,-

'#$+#5$1 2 +  µ$, 6! "#)5'$"%  ' )0 $,"% +#3<µ6, 1%# +'# '% (6"1'&+4#% '(. 0$,-',#-

85>%. ",#,!,µ83'5*' '(4 %4'*-',#!( "4"&7"#%19 -'5)µ(.  

 

 

                                                 
5 IA%*&"-( %$,'"6"* ', 0>&,7+4,, +$,0 ( "42&7"#% ',0 µ,4%>#1,3 (6"1'&,4*,0 ',0 "A%&'5'%# µ+4, 

%$+ ',  n  ( En= - " / n
 2 ), 2'-# "*4%# !%&%1'(&#-'#19 #>#+'('% '=4 +#5$839(' µ566,4 $%&5 '=4 0$,-

-',#85>=4.  
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( )

E

eV

1s

2s

2 p

3s

3p

4s

3d

4 p

E! "#)5'$"/&  ' )0 $,"/& +#3<µ & 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D(µ"#E4,0µ" +'# ( $%&%$54= >#5'%A( '=4 "4"&7"#%1E4 -'%)µE4 >"4 "*4%# %$+60'( 

%665 µ$,&"* 4% "µ/%4*F"# µ#1&2. %$,16*-"#. 7#% ,&#-µ24% 5',µ% ($.!., ( 4s µ$,&"* 4% 

8&*-1"'%# $54= %$+ '(4 3d).  :&,-2A'" +'# ,# %$,-'5-"#. µ"'%A3 '=4 -'%)µE4 "*4%# 

!%&%1'(&#-'#12. ',0 15)" %'+µ,0 1%# µ"'%8566,4'%# %$+ 5',µ, -" 5',µ,.  

 

    ; $%&%$54= %4560-( "*4%# 828%#% %$6,0-'"0µ24(! M+7= '(. $,60$6,1+'('%. 

'=4 %66(6"$#>&5-"=4 -'% 5',µ% µ" $,665 (6"1'&+4#%, >"4 "*4%# %$+60'% -=-'+ 4% 

µ#65µ" 7#% '#. "42&7"#". µ"µ,4=µ24=4 (6"1'&,4*=4 %665 µ566,4 7#% '(4 (18%4'#-

-µ24() "42&7"#% 5!-"!6)5* ',0 %'+µ,0.  '-#, -'( )2-( '=4 (6"1'&,4#1E4 "4"&7"#%-

1E4 -'%)µE4 )% 2$&"$" 4% "*!%µ" !%&5A"# ,#5µ$"/& "4"&7"#%12. -'5)µ".. B, $&,-

-"77#-'#1+ µ,4'26, $,0 $"&#7&5K%µ" 154"# '(4 0$+)"-( +'# 15)" (6"1'&+4#, ',0 

%'+µ,0 µ$,&"* 4% 1#4"*'%# %4"A5&'('% %$+ '% 0$+6,#$% (6"1'&+4#% µ2-% -', $">*, 

$,0 %0'5 >(µ#,0&7,34.  '-#, µ$,&,3µ" 4% ,&*-,0µ" µ#% µ2-( "42&7"#% 7#% 15)" (-

6"1'&+4#, 1%# 4% "1/&5-,0µ" '(4 "42&7"#% ',0 %'+µ,0 -%4 ', 5)&,#-µ% +6=4 '=4 

"$#µ2&,0. (6"1'&,4#1E4 "4"&7"#E4. D'( -042!"#%, +'%4 %4%/"&+µ%-'" -" «%',µ#12. 

-'5)µ".» 9 «µ,&#%12. -'5)µ".» )% "44,,3µ" '#. 6! "#)5'$"/& "4"&7"#%12. -'5)µ". 

'=4 %'+µ=4 9 '=4 µ,&*=4, %4'*-',#!%.  

 

 

1.6  #:4/*  

 

B% 5',µ% 2!,04 -0!45 '(4 '5-( 4% -04"4E4,4'%# E-'" 4% -!(µ%'*-,04 µ+&#%. @0'+ 

>"4 7*4"'%# µ" %0)%*&"', '&+$, %665 %1,6,0)"* µ#% -071"1&#µ24( 6,7#19: B, >,µ#1+ 

-3-'(µ% $,0 $&,13$'"# "*4%#  *+#,</+# )5 -" -371&#-( µ" ', -3-'(µ% '=4 µ"µ,4=-

µ24=4 %'+µ=4 $,0 0$9&!" $&#4. B,3', -(µ%*4"# +'# ( -0424=-( "*4%# "4"&7"#%15 

-3µ/,&(, >(6%>9 ( >04%µ#19 "42&7"#% ',0 42,0 -0-'9µ%',. (µ,&*,0) "*4%# µ$")--

# )6 %$+ '(4 %4'*-',#!( "42&7"#% ',0 -0-'9µ%',. '=4 µ"µ,4=µ24=4 %'+µ=4. @0'+ 

"A(7"* 7#%'* $&2$"# 4% >%$%49-,0µ" "42&7"#% 7#% 4% >#%!=&*-,0µ" A%45 '% 5',µ% 

"4+. µ,&*,0. ( 4% µ(!%4#1+ %456,7, "*4%# ', -3-'(µ% >3, µ%FE4 $,0 -04>2,4'%# 

µ"'%A3 ',0. µ" "6%'9&#,: @4 %74,9-,0µ" '0!+4 "A='"&#12. >045µ"#., ', -3-'(µ% )% 

8&*-1"'%# -" #-,&&,$*%, 5&% )% "*4%# "0-'%)2., +'%4 ', "6%'9&#, >"4 0/*-'%'%# $%-

&%µ+&/=-(, 2'-# E-'" ( >04%µ#19 "42&7"#% ',0 -0-'9µ%',. 4% "*4%# "65!#-'(.)  
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    :E. %1&#8E. ,&*F"'%# ( 244,#% ',0 µ,&*,0; D%4 $&E'( -12K( )% 627%µ" +'# "*4%# 

µ#% ,µ5>% >3, 9 $"&#--+'"&=4 %'+µ=4 $,0 -071&%',34'%# µ"'%A3 ',0. µ" 15$,#%. 

µ,&/9. (6"1'&,µ%74('#12. %66(6"$#>&5-"#.. Hµ=., %$+ '( -'#7µ9 $,0 >3, 5',µ% 

%66(6"$#>&,34 $%3,04 4% %$,'"6,34 %0'+4,µ"., A"!=&#-'2. ,4'+'('"., %665 ', 24% 

"$(&"5F"'%# 5µ"-% %$+ '(4 $%&,0-*% ',0 566,0 (7#% $%&5>"#7µ%, ,# 1#49-"#. 1%# ,# 

"42&7"#". '=4 (6"1'&,4*=4 '=4 %'+µ=4 '&,$,$,#,34'%# -(µ%4'#15). ?"'5 ', -!(µ%-

'#-µ+ ',0 µ,&*,0, 2!"# 5&%7" 4+(µ% 4% 62µ" %1+µ% +'# 24% (6"1'&+4#, %491"# -', 

5',µ, G 9 -', 5',µ, H; @0'+ µ%. ,>(7"* -" µ#% 566(, "1 >#%µ2'&,0 %4'*)"'( "#1+4%, 

-3µ/=4% µ" '(4 ,$,*% ', µ+&#, "*4%# %$65 µ#% ,µ5>% >3, 9 $"&#--+'"&=4 $0&94=4 

$,0 $"&#8566,4'%# %$+ (6"1'&+4#% 2'-# E-'" ( >,µ9 $,0 $&,13$'"# 4% "*4%# "0-'%-

)9.. @4 1%# $,66,* )% 2-$"0>%4 4% 0#,)"'9-,04 %0'9 '( >"3'"&( 5$,K(, "µ"*. )% 

$5&,0µ" µ#% "4>#5µ"-( )2-( µ" 85-( '(4 %1+6,0)( $%&%'9&(-(: H'%4 >3, 5',µ% 

"4E4,4'%# 7#% 4% -!(µ%'*-,04 24% µ+&#,, '% (6"1'&+4#% '=4 "-='"&#1E4 -',#85>=4 

',0. (,# ,$,*". "*4%# $69&"#.) >"4 "$(&"5F,4'%# #>#%*'"&%, %/,3 ,# "$#>&5-"#. $,0 

>2!,4'%# ,/"*6,4'%# 1%'5 13&#, 6+7, -',0. $0&94". '=4 %&!#1E4 %'+µ=4 -'% ,$,*% 

%491%4. @0'5 $,0 "$(&"5F,4'%# -(µ%4'#15 "*4%# '% (6"1'&+4#% '=4  7(# )$"A' 

-',#85>=4 (6! "#)-'$, +</'5*&), '% ,$,*% 8&*-1,4'%# 15'= %$+ '(4 "$*>&%-( 1%# 

'=4 >3, $0&94=4 2'-# E-'" 4% µ(4 "*4%# $62,4 >04%'+ 4% $&,->#,&*-,0µ" -" $,#, 

%$+ '% 5',µ% %491"# ', 1%)24%. D'% (6"1'&+4#% %0'5 ,/"*6,4'%# ,# !(µ#1,* >"-µ,* 

$,0 "A%-/%6*F,04 '( -04,!9 ',0 µ,&*,0.  

 

    @. 0$,)2-,0µ" 'E&% +'# I +µ,#% 5',µ% "4E4,4'%# 7#% 4% -!(µ%'*-,04 24% I-

,#5µ$"- µ-)$5 (+$=., $.!., 7#% I=2 '% µ+&#% ;2 1%# C2 , 7#% I=3 ', µ+&#, C3 , 16$.). 

B, µ+&#, %0'+ "*4%# 24% 42, 18%4'#1+ -3-'(µ% µ" >#%/,&"'#19 >,µ9 %$+ "1"*4( '=4 

%&!#1E4 %'+µ=4. I#>#1+'"&%, #5 µ-)$5 9$,</# $ #5*!31$+#5' I ;5)/& . )$++-# ) & 

 .$#) .-µ ' &  ' )0 $,"/& +#3<µ & 0$, #, 6! "#)-'$, +  +40")$+6 µ  #, ,'#2+#5$1, 3-
#5µ,. @0'+ "*4%# 6,7#1+, %/,3 -'#. µ,&#%12. -'5)µ". $&2$"# 4% !=&2-,04 I /,&2. 

$"&#--+'"&% (6"1'&+4#% %$’ +,'# -'#. %',µ#12. -'5)µ".. BE&%, +$=. "*>%µ", ,# "4"&-

7"#%12. -'5)µ". '=4 (6"1'&,4*=4 "4+. %'+µ,0 %4'#-',#!,34 -'#. 0$,-',#85>". 1s, 

2s, 2p, 3s, 3p, 16$. H'%4 I +µ,#% 5',µ% "4E4,4'%# 7#% 4% -!(µ%'*-,04 24% I-%',-

µ#1+ µ+&#,, ,.- "3<   ' )0 $,"% +#3<µ6  '-& µ µ5'(µ/'5* ,#-µ5* .)5"4.#5*' I % 

. )$++-# ) & +#3<µ & 0$, #5 µ-)$5. M2µ" +'#, 1%'5 ', -!(µ%'#-µ+ ',0 µ,&*,0 15)" 

%',µ#19 "4"&7"#%19 -'5)µ( 9$,1()2: #,$ -" I 9 $"&#--+'"&". µ,&#%12. -'5)µ". 

(-', "4"&7"#%1+ >#57&%µµ% ,# -'5)µ". %0'2. 8&*-1,4'%# $,63 1,4'5 ( µ*% -'(4 56-

6(). B, $%&%15'= $,#,'#1+ >#57&%µµ% %/,&5 ', 9$,#5µ$"- µ+&#, (I=2):  

 

                                    J#5µ5                        @-)$5 

 

                    

 

 

 

 

 

 

 

 

 

 

 

( )

E

eV

1s

2s

2 p



  

 13 

1.7  A;.4=./*6<0 BC;.0 &45,+*33/6C; (+.4.C;  

 

H$=. %4%/2&%µ" 4=&*'"&%, ( "0-'5)"#% $,66E4 -'"&"E4 ,0-#E4 ,/"*6"'%# -'(4 

1&0-'%66#19 ',0. >,µ9.  4%. ")4+#,!!5& %$,'"6"* 1%4,4#19 >#5'%A( %'+µ=4 (9 µ,-

&*=4, 9 #+4'=4) -', !E&,. ; >#5'%A( %0'9 !'*F"'%# µ" 1%4,4#19 "$%456(K( µ#%. )"-

µ"6#E>,0. >,µ#19. µ,45>%. -'#. '&"#. >#%-'5-"#.. C 6+7,. 7#% ',4 ,$,*, -!(µ%'*F,-

4'%# 1&3-'%66,# "*4%# 1%'5 85-( , *>#,. 7#% ',4 ,$,*, -!(µ%'*F,4'%# µ+&#%: ', %$,-

'26"-µ% "*4%# "4"&7"#%15 -3µ/,&,. O(6%>9, ( >04%µ#19 "42&7"#% ',0 1&0-'566,0 

"*4%# µ#1&+'"&( %$+ %0'9 $,0 )% "*!" ', -3-'(µ% '=4 %'+µ=4 $,0 ',4 %$,'"6,34 %4 

%0'5 9'%4 µ"µ,4=µ24%.  

 

    D',0. 1&0-'566,0., +$=. 1%# -'% µ+&#%, !=&*F,0µ" '% (6"1'&+4#% -" >3, 1%'(-

7,&*".: (%) '% (6"1'&+4#% '=4 "-='"&#1E4 -',#85>=4 '=4 %'+µ=4, 1%# (8) '% (6"-

1'&+4#% -)24,0. '=4 %'+µ=4. B% "-='"&#15 (6"1'&+4#% 8&*-1,4'%# $#, 1,4'5 -',0. 

$0&94". '=4 %'+µ=4 +$,0 %491,04, >2!,4'%# #-!0&2. >045µ"#. %$+ %0',3., 1%# >"4 

"$(&"5F,4'%# #>#%*'"&% %$+ '% 7"#',4#15 5',µ% (9 #+4'%) ',0 1&0-'566,0.  '-#, '% 

(6"1'&+4#% %0'5 >#%'(&,34 '#. #>#+'('". $,0 )% "*!%4 %4 8&*-1,4'%4 -'#. "-='"&#12. 

-',#85>". µ"µ,4=µ24=4 %'+µ=4 ($.!., )% "*!%4 -!">+4 '#. *>#". "42&7"#". 1%# ,# 1%-

'%-'5-"#. ',0. )% $"&#7&5/,4'%4 µ" ',0. *>#,0. 18%4'#1,3. %&#)µ,3.). @4'*)"'%, '% 

(6"1'&+4#% '=4 -',#85>=4 -)24,0. '=4 %'+µ=4 "$(&"5F,4'%# 1%# %$+ '(4 $%&,0-*% 

'=4 7"#',4#1E4 %'+µ=4, 2'-# E-'" ,# %&!#12. ',0. #>#+'('". (10&*=. -" +,'# %/,&5 

'(4 "42&7"#%) '&,$,$,#,34'%# -(µ%4'#15. P% µ$,&,3-%µ" 4% $,3µ" +'# '% (6"1'&+-

4#% %0'5 >"4 «)0µ,34'%#» %$+ $,#% 5',µ% $&,2&!,4'%# %665 %491,04 $62,4 -" ,6+-

16(&, ',4 1&3-'%66,. D'% (6"1'&+4#% -)24,0. ,/"*6,4'%# ,# >"-µ,* µ"'%A3 '=4 %-

'+µ=4 1%)E. 1%# ,# $"&#--+'"&". /0-#12. #>#+'('". ',0 1&0-'566,0 (+$=. ( (6"-

1'&#19 1%# ( )"&µ#19 ',0 %7=7#µ+'('%).  

 

    @. )"=&9-,0µ" 24%4 1&3-'%66, $,0 %$,'"6"*'%# %$+ I +µ,#% 5',µ% (9 µ+&#%, 9 

#+4'%). Q%4'%-'"*'" ',4 -%4 24% µ+&#, %$,'"6,3µ"4, %$+ 24%4 '"&5-'#, %&#)µ+ %'+-

µ=4 '% ,$,*% "*4%# ',$,)"'(µ24% -" 1%4,4#19 >#5'%A( -', !E&,. D3µ/=4% µ" %0'5 

$,0 -0F('9-%µ" -'(4 $&,(7,3µ"4( $%&57&%/,, 1%'5 ', -!(µ%'#-µ+ ',0 1&0-'56-

6,0 15)" %',µ#19 "4"&7"#%19 -'5)µ( )% >#%!=&#-'"* -" I (9 $"&#--+'"&".) 1&0-

-'%66#12. -'5)µ". $,0 )% 8&*-1,4'%# $,63 1,4'5 ( µ*% -'(4 566(. C# %1&#8"*. )2-

-"#. 1%# %$,-'5-"#. µ"'%A3 '=4 -'%)µE4 %0'E4 "A%&'E4'%# %$+ '(4 %$+-'%-( µ"'%-

A3 '=4 %'+µ=4 -',4 1&3-'%66,, +$=. /%*4"'%# -', $%&%15'= >#57&%µµ%:  

 

                

N

a

O

 

 

E

A

B

 !"#$%& '(')*'$ %&

+! ,#&

- -

-

 ."+! +& #'! /0  !"#1(- - -
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  !"#$%&'#!( )*!&+( ,+"#-') '#( '#µ.( '/( +,%-'+-/( µ0'+*1 21! 30#'!&#45& +'%µ6& 

-'!& 4"1-'+77!, 0&5 ! 4+'+4%"89!( )*!&+( ,+"#-') '#( '#µ.( '/( 0&."30#+( ,!8 +-

&'#-'!#:!1& -'#(   4"8-'+77#4.( -');µ0(. <! 2#)3"+µµ+ 0"µ/&010'+# 6( 0*=(: >+-

&'+$%µ+-'0 %'# +":#4) '+   )'!µ+ ?"@-4!&'+# -0 µ03)70( +,!-')-0#( '! .&+ +,% '! 

)77!, .'-# 5-'0 &+ µ/& +77/70,#2"!1& (µ0µ!&6µ.&+ )'!µ+). A06"!1µ0 µ#+ -8340-

4"#µ.&/ +'!µ#4= 0&0"30#+4= -');µ/, 4!#&= 3#+ %7+ '+ )'!µ+. B+;5( '+ )'!µ+ ,7/-

-#)$!8& µ0'+*1 '!8( 3#+ &+ -:/µ+'@-!8& '/& 4"8-'+77#4= 2!µ=, +":@$!8& &+ +77/-

70,#2"!1&. C,% '/ -'#3µ= +8'= 4+# µ0') 20& .:!8µ0 .&+ -1&!7! µ0µ!&6µ.&6& +'%-

µ6& +77) .&+ 4+#&!1"3#! 4?+&'#4% -1-'/µ+, '!& 4"1-'+77!. D#2#4), '+ /704'"%&#+ 

-;.&!8( '6& +'%µ6& 20& -:0'@$!&'+# ,7.!& µ0 µ0µ!&6µ.&+ )'!µ+ +77) +,!'07!1& 

.&+ 0&#+@! -1-'/µ+ ,!8 +&=40# -0 %7! '!& 4"1-'+77!. C,% '/& +'!µ#4= -');µ/ ,!8 

;06"=-+µ0 ,"!41,'!8& '5"+   ('!87):#-'!&) 2#+404"#µ.&0( 4"8-'+77#4.( -');µ0( 

,!8 4+;!"@$!8& '#( 28&+'.( '#µ.( '/( 0&."30#+( '6& /704'"!&@6&. B);0 '.'!#+ -');-

µ/ +&'#-'!#:0@ -0 µ#+ '#µ= '/( 0&."30#+(, / !,!@+ %µ6( 20& 0@&+# -'+;0"= +77) µ0'+-

?)770'+# -+& -8&)"'/-/ '/( +,%-'+-/( µ0'+*1 '6& +'%µ6&. E'-#, µ,!"!1µ0 &+ :+-

")*!8µ0   4+µ,170(, µ@+ 3#+ 4);0 -');µ/. F+"+'/"!1µ0 %'# 3#+ 202!µ.&/ +,%-'+-/ 

+'%µ6& a, !# 0,#'"0,%µ0&0( 4"8-'+77#4.( -');µ0( ?"@-4!&'+# µ0'+*1 ! 4+# " -'! 

2#)3"+µµ+. G 0&0"30#+4= +,%-'+-/ !" µ0'+?)770'+# µ0 '/& +,%-'+-/ µ0'+*1 '6& 

+'%µ6&.  

 

    <5"+, -'!8( 4"8-')77!8( ! +"#;µ%(   '6& +'%µ6& 0@&+# ,)"+ ,!71 µ03)7!(, ,0-

"@,!8 10
23

 )'!µ+ /cm
3
. E'-#, !#   0&0"30#+4.( -');µ0( 0@&+# '%-! 4!&') / µ@+ -'/& 

)77/ ,!8 0@&+# +21&+'! &+ '#( *0:6"@-!8µ0. H.µ0 '%'0 %'# !# -');µ0( +8'.( -:/µ+'@-

$!8& µ#+ -8&0:= #$#%&#'()* +,$-. <! #.%/0 µ#+( $5&/( (/ 0&0"30#+4= +,%-'+-/ !" 

-'! 2#)3"+µµ+) µ0'+?)770'+# µ0 '/& +,%-'+-/ µ0'+*1 '6& +'%µ6&. I'! ,+"+4)'6 

-:=µ+ ?7.,!8µ0 '/& 0&0"30#+4= $5&/ ,!8 ,"!41,'0# +,% µ#+ +'!µ#4= -');µ/, 3#+ 

2!-µ.&/ +,%-'+-/ a µ0'+*1 '6& +'%µ6& (= #%&'6&) '!8 4"8-')77!8:  

 

      

a

O

 

 

E

A

B

 !"#$%& '(')*'$ %&

+! ,#&

- -

-

 ."+! +& #'! /0  !"#1(- - -

E

'(')*'$ %&

21(&

-

-

     
 

A+ µ,!"!1-+µ0, 30&#4), &+ ,!1µ0 %'#, %,6( 20@:&0# 4+# '! 0,%µ0&! -:=µ+, +,% 4);0 

+'!µ#4= 0&0"30#+4= -');µ/ ,"!41,'0# µ#+ +&'@-'!#:/ 4"8-'+77#4= 0&0"30#+4= $5&/ 

(+& 4+#, %,6( ;+ 2!1µ0 +"3%'0"+, / +,7!J4= +8'= 0#4%&+ 20& #-:10# +,%78'+ 3#+ '#( 

$5&0( '#( !,!@0( 4+'+7+µ?)&!8& '+ /704'"%&#+ -;.&!8( '6& +'%µ6&):   
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E

 !"#$%' 3

+! ,#'3

-

-

%)0+! 44$%' 3

21('3

-

-
           

 

 

    F+"+'/"!1µ0 %'# 1/ #.%/0 12$ +2$,$ (345$#' (67 1-$ )(1,1#%- 6%/0 1-$ ($,1#%- 

+,$- (/ 4+'5'0"/ 0@&+# -:02%& %µ!#+ µ0 0&0"30#+4= -');µ/). C8'% 0*/30@'+# 6( 0-

*=(:  # +&5'0"0( $5&0( +&'#-'!#:!1& -'#( +&5'0"0( +'!µ#4.( -');µ0(, !# !,!@0( µ0 

'/ -0#") '!8( +&'#-'!#:!1& -'#( 0*6'0"#4.( 8,!-'!#?)20( '6& +'%µ6& '!8 4"8-

-')77!8. C&'@;0'+, !# 4+'5'0"0( $5&0( +&'#-'!#:!1& -'#( 0-6'0"#4.( 8,!-'!#?)20(. 

K/7+2=, !# +&5'0"0( $5&0( 4+'+7+µ?)&!&'+# +,% '+ 0*6'0"#4) /704'"%&#+ '6& +'%-

µ6&, 0&5 !# 4+'5'0"0( $5&0( +,% '+ 0-6'0"#4). L,6( .:!8µ0 =2/ 0*/3=-0#, '+ 0-6-

'0"#4) /704'"%&#+ 2.:!&'+# 0,#2")-0#( 48"@6( +,% '!8( ,8"=&0( '6& +'%µ6& -'+ 

!,!@+ +&=4!8& 4+# 07):#-'+ «+#-;)&!&'+#» '/& ,+"!8-@+ '6& 30#'!&#45& +'%µ6& (= 

#%&'6&) '!8 4"8-')77!8. E'-#, !# 0&."30#.( '!8( 20& 2#+9."!8& -/µ+&'#4) +,% +8'.( 

,!8 ;+ 0@:+& -'+ µ0µ!&6µ.&+ )'!µ+, µ0 -8&.,0#+ !# 0&0"30#+4.( $5&0( '!8( &+ µ/ 

2#+9."!8& ,!71 6( ,"!( '! 01"!( +,% '#( +&'@-'!#:0( 0&0"30#+4.( -');µ0(. C,% '/& 

)77/ µ0"#), '+ 0*6'0"#4) /704'"%&#+ (#2#+@'0"+ '+ /704'"%&#+ -;.&!8() +77/70,#-

2"!1& ,#! .&'!&+ µ0 '+ 30#'!&#4) )'!µ+ 4+# !# 0&."30#.( '!8( '"!,!,!#!1&'+# -/µ+-

&'#4), µ0 +,!'.70-µ+ !# +'!µ#4.( -');µ0( -'#( !,!@0( +&=4+& &+ 2#08"1&!&'+# -0 

$5&0( 4+') '! -:/µ+'#-µ% '!8 4"8-')77!8. I/µ0#5&!8µ0 %'# 1/ #.%/0 12$ +2$,$ 

#8$(' ($#45%1-1/ (67 1'0 9'(:15:#'0 1/3 )%3:15;;/3, 9-;(9* (67 1/ /;')7 6;*</0 12$ 

(17µ2$: 0*+"')'+# µ%&! +,% '/ :3&)=$1%2:- (,84&%'/'+) '6& +'%µ6&, 2/7+2= '! 

,7=;!( '6& +'%µ6& ($5 µ/$59( 7&)/3.  

 

    L,6( !# +'!µ#4.( 0&0"30#+4.( -');µ0( (,!8 +&'#-'!#:!1& -'#( 8,!-'!#?)20(), .'-# 

4+# !# 4"8-'+77#4.( 0&0"30#+4.( $5&0( µ,!"!1& &+ :6".-!8& !"#-µ.&! µ%&! +"#;µ% 

/704'"!&@6& ,!8 4+;!"@$0'+# +,% '! ,7=;!( '6& 2#+;.-#µ6& #6'1%#61,$ )(1(:15-

:#2$ 4+# '/& +,+3!"08'#4= +":= '!8 Pauli. A8µ@$!8µ0 %'#, -1µ96&+ µ0 '/& +":= 

+8'=, 20& 0@&+# 28&+'%& 21! = ,0"#--%'0"+ /704'"%&#+ '!8 -8-'=µ+'!( &+ ?"@-4!-

&'+# -'/& @2#+ 4?+&'#4= 4+')-'+-/ (=, %,6( 7.µ0, &+ «4+'+7+µ?)&!8&» '/& @2#+ 4+-

')-'+-/). C8'% -/µ+@&0# %'# 2#+9!"0'#4) /704'"%&#+ '!8 4"8-')77!8 20& µ,!"0@ &+ 

+&'#-'!#:!1& -'#( @2#0( +4"#?5( '#µ.( '!8 -8&%7!8 '6& 4?+&'#45& +"#;µ5&. E'-#, '! 

,7=;!( '6& /704'"!&@6& µ#+( $5&/( 20& µ,!"0@ &+ 8,0"?+@&0# '! ,7=;!( '6& 0,#'"0-

,'5& 4+'+-')-06& '/( $5&/(.  
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    G ,7="6-/ '6& 4"8-'+77#45& $6&5& µ0 /704'"%&#+ +4!7!8;0@ '/& @2#+ 7!3#4= µ0 

'/& ,7="6-/ '6& +'!µ#45& -'+;µ5& (= +&'@-'!#:+, '6& 8,!-'!#?)26&): F"5'+ 30-

µ@$0# / 4+'5'+'/ $5&/, µ0') / +µ.-6( +&5'0"/, 47,., µ.:"# &+ 9')-!8µ0 -0 µ#+ '0-

708'+@+ (+&5'+'/) $5&/ ,!8 ,0"#.:0# /704'"%&#+ (4);0 $5&/ ,)&6 +,% +8'=& 0@&+# 

40&=). K#+4"@&!8µ0 21! ,0"#,'5-0#(:  

 

    (+) C& / '0708'+@+ $5&/ 9#$ 0@&+# ,7="/(, !&!µ)$0'+# +,$- (&2&'µ71-1(0:  

 

                 

( )

1(& *1*$#"!&! 3

#')$%13 +0#.4&)1#'(&

- -5

- -

E

   
 

    (?) C& / '0708'+@+ $5&/ 0@&+# 6;*%-0, !&!µ)$0'+# +,$- :<=$/30, 0&5 / +µ.-6( 

+&5'0"/ )#$* $5&/ 4+70@'+# +,$- (&2&'µ71-1(0. G 0&0"30#+4= ,0"#!:= µ0'+*1 '6& 

$6&5& -;.&!8( 4+# +363#µ%'/'+( 20& ,0"#.:0# 0,#'"0,'.( 4+'+-')-0#( 4+# 3#+ '! 7%-

3! +8'% 4+70@'+# (6(&/%#3µ=$- +,$-. <! 0&0"30#+4% 01"!( '/( +,+3!"08µ.&/( $5&/( 

4+70@'+# #$#%&#'()7 >5:µ( (EG) :  

 

            

E

GE

( )1(& *1*$#"!&! 3 %'(&- - -5

( )1(&+,'("03 .4&)&3- - -5

6 . *")'0#'(& 21(&- -7

    
 

 

    F"!-.*'0 %'# -'/& ,0"@,'6-/ (?) / $5&/ +363#µ%'/'+( 0@&+# µ#+ #6'1%#61* $5&/ 

3#+ '+ /704'"%&#+, ,+"%7! ,!8 8,% 4+&!&#4.( -8&;=40( 0@&+# 40&=! F")3µ+'#, /70-

4'"%&#+ '/( $5&/( -;.&!8( µ,!"!1&, +& 2#030";!1& 4+')77/7+ µ0 ,"!-9!") 0&."-

30#+(, &+ µ0'+90";!1& -'/& 0&0"30#+4= ,0"#!:= '/( $5&/( +363#µ%'/'+(. C&'@;0'+, 

)($=$( -;#)1%7$'/ 9#$ µ6/%#8 $( ?%#<#8 :1-$ (6(&/%#3µ=$- +,$-, +9!1 / 0&0"30#+4= 

+8'= ,0"#!:= 20& ,0"#.:0# 0,#'"0,'.( -');µ0( 4+# 4+'+-')-0#( 3#+ '+ /704'"%&#+ '!8 

4"8-')77!8. L,6( 0@&+# 014!7! &+ 2!1µ0, '! 0&0"30#+4% :)-µ+ EG ,+"#-') '/& 07)-

:#-'/ 0&."30#+ ,!8 ,".,0# &+ ,"!-9."!8µ0 -0 .&+ /704'"%&#! '/( $5&/( -;.&!8( 3#+ 

&+ '! +&8M5-!8µ0 0&0"30#+4) -'/ $5&/ +363#µ%'/'+(. </ 98-#4= -/µ+-@+ +8'=( 

'/( 2#+2#4+-@+( ;+ '/& 0*/3=-!8µ0 -'! 0,%µ0&! 409)7+#!.  
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1.8   !"#$%&&'( )*$!%#+*,-, .$'(/*01,  

 

A+ 4)&!8µ0 '5"+ µ#+ -1&'!µ/ +&+9!") -'!8( 4"8-')77!8( ,!8 -:/µ+'@$!&'+# +,% 

%µ!#+ )'!µ+ '0'"+-;0&5& -'!#:0@6&, µ#+ 4+# -'/& 4+'/3!"@+ +8'= +&=4!8& !# 4"1-

-'+77!# '6& /µ#+3635& ,!8 ;+ µ070'=-!8µ0 +"3%'0"+. D,0#2= 0@&+# !µ!#!,!7#4) 

-'0"0) (?7.F+".1.2) 20& +&+µ.&0'+#, 8,% 4+&!&#4.( -8&;=40(, &+ 0µ9+&@$!8& +*#%-

7!3/ /704'"#4= 4+# ;0"µ#4= +363#µ%'/'+, +9!1 20& 2#+;.'!8& -/µ+&'#4% +"#;µ% 0-

701;0"6& /704'"!&@6&.  

 

    G '0708'+@+ (0*6'0"#4=) -'!#?)2+ 0&%( '0'"+-;0&!1( +'%µ!8 .:0# '/ 2!µ=  

                                              n s
 2

 n p
 2 

    (n=2,3,4,...)                         

 

 

 

   6;*%-0     7>' 6;*%-0      

 

N#+ ,+")20#3µ+, 3#+ n=2,3,4,..., .:!8µ0, +&'@-'!#:+:  

 

             O&;"+4+( (C, 6):       1s
 2

 2s
 2
 2p

 2
   

 

             F8"@'#! (Si, 14):        1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 2

  

 

 N0"µ)&#! (Ge, 32):    1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 6

 3d
 10

 4s
 2

 4p
 2

    

 

G '0708'+@+ 4+'0#7/µµ.&/ +'!µ#4= -');µ/ (n p) 20& 0@&+# ,7="/(, +9!1 / +&'@-'!#:/ 

8,!-'!#?)2+ .:0# µ%&! 2 /704'"%&#+ 0&5 :6")0# µ.:"# 4+# 6. A+ ,0"@µ0&0 4+&0@( %'#, 

4+'’ +&+7!3@+, 4+# / '0708'+@+ 4+'0#7/µµ.&/ 4"8-'+77#4= $5&/ 20& 0@&+# ,7="/(, 

+9!1 8,!'@;0'+# %'# ,"!41,'0# +,% 2#01"8&-/ µ#+( µ0"#45( 4+'0#7/µµ.&/( -');µ/(. 

<+ ,")3µ+'+ %µ6( 20& 0@&+# +4"#?5( .'-#! <! 303!&%( 4+# µ%&! %'# !# 4"1-'+77!# 

+8'!@ 20& 0@&+# 4+7!@ /704'"#4!@ +363!@ µ+"'8") %'# / '0708'+@+ 4+'0#7/µµ.&/ $5&/ 

'!8( #8$(' 6;*%-0, 2/7+2= 0@&+# +,$- :<=$/30. F5( -8µ?+@&0# +8'%; C( 9+&'+-'!1µ0 

%'#   )'!µ+ (%,!8   ~ 10
23

) '0'"+-;0&!1( -'!#:0@!8 *04#&!1& +,% «),0#"/» +,%-

-'+-/ 4+# ,7/-#)$!8& µ0'+*1 '!8( 5-'0 &+ -:/µ+'@-!8& 4"1-'+77!. </ -'#3µ= ,!8 

+":@$!8& &+ +77/70,#2"!1&, !# -');µ0( (n s) 4+# (n p) +":@$!8& &+ 2#08"1&!&'+# -0 

$5&0(. G $5&/ (n s) 0@&+# ,7="/( 0&5 / (n p) 0@&+# µ0"#45( 4+'0#7/µµ.&/. B+;5( '+ 

)'!µ+ ,7/-#)$!8& ,0"#--%'0"!, !# $5&0( +8'.( 2#08"1&!&'+# '%-! ,!71 5-'0 +":@-

$!8& &+ 0,#4+71,'!&'+#, -:/µ+'@$!&'+( µ#+ 0&#+@+ $5&/. <.7!(, %'+& '+ )'!µ+ 9')-

-!8& -'#( 4+')77/70( +,!-')-0#( 3#+ &+ -:/µ+'@-!8& '!& 4"1-'+77!, / 0&#+@+ +8'= 

$5&/ 2#+:6"@$0'+# 4+# ,)7#, +8'= '/ 9!") %µ6( -0 21! $=#0 $5&0( µ0 2#+9!"0'#4.( 

:6"/'#4%'/'0( +,% '#( +":#4.( $5&0( (n s) 4+# (n p). L7+ '+ /704'"%&#+ -;.&!8( '6& 

+'%µ6& '!8 4"8-')77!8 (4 +&) )'!µ!) ?"@-4!&'+# -'/& 4+'5'0"/ $5&/ / !,!@+ '5-

"+ 0@&+# µ#+ 6;*%-0 $5&/ -;.&!8(, 0&5 / +&5'0"/ )#$* $5&/ 0@&+# $5&/ +363#µ%-

'/'+(.  
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234)5.26. 

 
 

1. (+) <# !&!µ)$!8µ0 4+')-'+-/ 0&%( /704'"!&@!8 -0 .&+ )'!µ!; <# +&+9."0# / +,+-

3!"08'#4= +":= '!8 Pauli; (?) L,6( 3&6"@$!8µ0, / 0&0"30#+4= -');µ/ 1s 0@&+# / 

-');µ/ :+µ/7%'0"/( 0&."30#+( -0 .&+ )'!µ!. N#+'@ 20& ?"@-40'+# '! -1&!7! '6& /-

704'"!&@6& '!8 +'%µ!8 -'/ -');µ/ +8'= (µ0 0*+@"0-/ '! H 4+# '! He); <# 0,#,'5-

-0#( ,#-'010'0 %'# ;+ 0@:0 4)'# '.'!#! -'/ >1-/;  

 

2. P+ 3@&0# .&+ -834"#'#4% 2#)3"+µµ+ (%:# 4+'’ +&)34/ +4"#?.(!) '6& /704'"!&#45& 

0&0"30#+45& -'+;µ5& '!8 +'%µ!8 '!8 !*83%&!8 ( ) 4+# '6& -'+;µ5& '!8 µ!"@!8 '!8 

%$!&'!( ( 3).  

 

3. N#+'@ -'!8( 4"8-')77!8( '6& -'0"05& ,+"+'/"!1&'+# 0&0"30#+4.( $5&0( +&'@ 3#+ 

'#( 0&0"30#+4.( -');µ0( ,!8 :+"+4'/"@$!8& '+ )'!µ+ 4+# '+ µ%"#+; N#+'@ !# $5&0( µ0 

µ03+71'0"/ 0&."30#+ .:!8& 4+# µ03+71'0"! 01"!(;  

 

4. Q#+ $5&/ 0&%( 4"8-')77!8 0@&+# ,7="/( +,% /704'"%&#+, 0&5 µ#+ )77/ $5&/ '!8 

@2#!8 4"8-')77!8 0@&+# µ0"#45( -8µ,7/"6µ.&/. F!#+ $5&/ .:0# '! µ03+71'0"! 01-

"!(; D*/3=-'0.  

 

5. E:!8µ0 21! 2#+µ)&'#+, .&+ µ#4"% 4+# .&+ µ03)7!. P+ -834"#;0@ '! 01"!( '6&  

+&'@-'!#:6& $6&5& '6& 21! 4"8-')776&.  

 

6. Q0 ,!#!8( '"%,!8( '+ 0701;0"+ /704'"%&#+ 0,/"0)$!8& '/ 2!µ= 4+# '#( 98-#4.( 

#2#%'/'0( '6& µ0')776& ;  

 

7. K5-'0 .&+ ,+")20#3µ+ ,!8 &+ µ+( 0,#-/µ+@&0# %'# / +&'#-'!#:@+ +&)µ0-+ -'#( 0-

&0"30#+4.( -');µ0( µ0µ!&6µ.&6& +'%µ6& 4+# '#( 0&0"30#+4.( $5&0( '!8 4"8-')77!8 

,!8 -8&'@;0'+# +,% '+ )'!µ+ +8'), 20& 0@&+# +,%78'/.  
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 !"#$%&#  '()(&*+$ $' ,$"%")- 

 

 
2.1  "./01213  

 

 !" "#$ %!& #!' ()*!"+,-'./(&, "#$ 0(1-2%!34 "556 3"! #-"3%!34 6#'72, !*!$%2%(& 

%1) /%(-(8) (9)"! 2 25(3%-!34 %'.& ":1:!µ$%2%". ;#$ %2 /3'#!6 ".%4 *!"3-9)'.µ( 

%-(!& 3"%2:'-9(& /%(-(8): %'.&  !"!#$% (4 µ&' (( ), %'.& µ#)"'&% 3"! %'.& *µ+ !"-

!#$%. <! %(5(.%"9'! ,='.) ()*!6µ(/2 ":1:!µ$%2%" /( /=,/2 µ( %'.& µ')1%,& 3"! %'.& 

":1:'>&. ?( ")%90(/2, $µ1&, µ( %" µ,%"55", %1) '#'91) 2 ":1:!µ$%2%" ,( ''-),' + 

µ( %2 0(-µ'3-"/9", 2 ":1:!µ$%2%" %1) 2µ!":1:8)  ./0),+ µ( %2 0(-µ'3-"/9".  

 

    @#1& 0" *'>µ( #"-"36%1, 2 25(3%-!34 ":1:!µ$%2%" ()$& 3-./%"55!3'> /%(-('> 

/=(%9A(%"! 6µ(/" µ( %2 *'µ4 %1) ()(-:(!"38) A1)8) %'., 4, :!" )" (9µ"/%( #!' /.-

:3(3-!µ,)'!, %1) A1)8) (3(9)1) #'. «+!5'B()'>)» %" 25(3%-$)!" /0,)'.& %1) "%$-

µ1) %'. 3-./%655'.. ;.%$ #'. :()!36 #-,#(! )" 0.µ$µ"/%( (9)"! $%!  

 

µ ! "#$% &'( )*$!  &+,-%. !&/ %+)01-/$ ! (2)$ 34) , 2%+!2,, )+)56)-). 0!-

1!7187) .) 2)$ 7(µ98++)  71%$ !:;: µ/1%1!, 7) !$1*6)7% µ) µ ! "#$% &'( 

)*$!  µ)- 0#. 7(µ&+%-;µ3$%.  

 

C%/!, %" µ,%"55" ="-"3%2-9A')%"! "#$ %2) #"-'./9" µ(-!38& /.µ#52-1µ,)1) A1-

)8), ()8 /%'.& µ')1%,& $5(& '! 3"%(!52µµ,)(& A8)(& (9)"! #54-(!&. <! 2µ!":1:'9 /( 

3"0"-4 µ'-+4 3"! ="µ25,& 0(-µ'3-"/9(& ,='.) 25(3%-!34 /.µ#(-!+'-6 $µ'!" µ( 

".%4 %1) µ')1%8), "+'> /%!& /.)043(& ".%,& '! A8)(& %'.& (#9/2& (9)"! #54-(!&. D 

25(3%-!34 %'.& ":1:!µ$%2%" µ#'-(9 $µ1& )" ".B20(9 /2µ")%!36 µ( %2) ">B2/2 %2& 

0(-µ'3-"/9"& 4 µ( 3"%65525(& #-'/µ(9B(!&.  

 

 

2.2  '12145 60. *47289:  

 

;.%$ #'. :()!36 ="-"3%2-9A(! %" µ&' ((  (":1:'>&) (9)"! $%! 2 %(5(.%"9" 3"%(!52µ-

µ,)2 A8)2 %'.& *() (9)"! #54-2& "556 µ,1+2-% 3.µ4(*1"µ&)* "#$ 25(3%-$)!".  ( 

655" 5$:!", %" µ,%"55" *!"0,%'.) 5-)*  !"!+µ6'*' %:  

 

                         

 !"#$ $%&'("(#)

&*(#++',

- -.

-

E

   
 

?%2) './9", 2 A8)2 ":1:!µ$%2%"& (9)"! %' />)'5' %1) ()(-:(!"38) %!µ8) #'. µ#'-

-'>) )" #6-'.) %" 25(3%-$)!" /0,)'.& %1) "%$µ1) %'. 3-./%655'., 2 (#!%-(#$µ()2 

()(-:(!"34 #(-!'=4 %1) 25(3%-')91) /0,)'.&. E" 25(3%-$)!" ".%6 ,='.) "#(5(.0(-

-10(9 "#$ %" 6%'µ" /%" '#'9" ")43"), µ(%"%-,#')%"& ,%/! %" 6%'µ" /( 7,'+20 +6)'  

(:!" %2) "#(5(.0,-1/4 %'.& %" 25(3%-$)!" =-2/!µ'#'!'>) µ,-'& "#$ %2) (),-:(!" 

#'. (35>(%"! 3"%6 %' /=2µ"%!/µ$ %'. 3-./%655'., *() "#"!%(9%"! *25"*4 #-'/+'-6 

(B1%(-!34& (),-:(!"& :!" %' /3'#$ ".%$). E" "#(5(.0(-1µ,)" 25(3%-$)!" /0,)'.& 

3!)'>)%"! #5,') (5(>0(-" ")6µ(/" /%" 0(%!36 !$)%" %'. 3-./%"55!3'> #5,:µ"%'& 
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=1-9& )" .+9/%")%"! !*!"9%(-" ,)%')(& (#!*-6/(!& "#$ %" !$)%", 3"! :!" %' 5$:' ".%$ 

3"5'>)%"! ,(,$7,1  *(,2'16)+ . ?( ".%6 '+(95(%"! 2 25(3%-!34 ":1:!µ$%2%" %'. µ(-

%655'. 3"08& 3"! ,)" /2µ")%!3$ µ,-'& %2& 0(-µ!34& %'. ":1:!µ$%2%"& (,)" 655' 

µ,-'& '+(95(%"! /%!& %"5")%8/(!& %1) !$)%1) %'. 3-./%655'.).  

 

    D 25(3%-!34 ":1:!µ$%2%" (B2:(9%"! 1& (B4&: @%") /%' (/1%(-!3$ %'. µ(%655'. 

.#6-=(! 25(3%-!3$ #(*9', %" (5(>0(-" 25(3%-$)!" #"9-)'.) (),-:(!" "#’ ".%$ 3"! 

"-=9A'.) )" (#!%"=>)')%"!.  ,-'& %2& (),-:(!"&, F,F"!", =6)(%"! 5$:1 /.:3-'>/(1) 

µ( %" !$)%", "556 %(5!36 %" 25(3%-$)!" "#'3%'>) µ!" /%"0(-4 µ,/2 %"=>%2%" /%2 

*!(>0.)/2 %'. #(*9'.. D #-'/")"%'5!/µ,)2 39)2/2 %1) 25(3%-')91) /.)!/%6 ".%$ 

#'. ')'µ6A'.µ( 25(3%-!3$ -(>µ".  

 

    ;#$ µ!" 36#1& *!"+'-(%!34 /3'#!6, 2 25(3%-!34 ":1:!µ$%2%" %'. µ(%655'. '+(9-

5(%"! /%' $%! %" 25(3%-$)!" %1) ")8%(-1) 3"%(!52µµ,)1) /%"0µ8) %2& A8)2& ":1-

:!µ$%2%"& µ#'-'>), #"9-)')%"& (),-:(!" "#$ %' 25(3%-!3$ #(*9', )" µ(%"#2*4/'.) 

/( .725$%(-(& /%60µ(& %2& A8)2& #'. (9)"! 3(),&, ,%/! 8/%( )" µ2) #"-"F!6A(%"! 2 

"#":'-(.%!34 "-=4 %'. Pauli. D ">B2/2 %2& (),-:(!"& %1) 25(3%-')91) '+(95(%"! 

/%2) (#!%6=.)/4 %'.& "#$ %' 25(3%-!3$ #(*9' 3"! ,=(! /") +./!3$ "#'%,5(/µ" ".%$ 

#'. µ"3-'/3'#!36 ")%!5"µF")$µ"/%( 1& 25(3%-!3$ -(>µ". G-'/,B%( $%!, ") 2 A8)2 

%1) 25(3%-')91) /0,)'.& 4%") #54-2&, *() 0" µ#'-'>/") %" 25(3%-$)!" )" µ(%"#2-

*4/'.) /( .725$%(-(& /%60µ(& %2& A8)2& "+'> ".%,& 0" 4%") 4*2 3"%(!52µµ,)(& 

3"! 2 µ(%"39)2/2 25(3%-')91) /( ".%,& 0" #"-"F9"A( %2) "#":'-(.%!34 "-=4 %'. 

Pauli.  

 

    D #"-"#6)1 ")65./2 (B2:(9 (#9/2& %2)  8+ 90),+  %1) µ(%6551) /%' +1&: E" 

µ,%"55" (9)"! "*!"+")4 *!$%! %" (5(>0(-" 25(3%-$)!6 %'.& µ#'-'>) )" "#'--'+4-

/'.) %" +1%$)!" %2& '-"%4& #(-!'=4& %'. +6/µ"%'& %2& 25(3%-'µ":)2%!34& "3%!)'-

F'59"& 3"! )" *!(:(-0'>) /( µ!" "#$ %!& #'55,& ")8%(-(& 3(),& /%60µ(& %2& A8)2& 

":1:!µ$%2%"& #'. ,='.) /%2 *!60(/4 %'.&.  

     

    ;& *'>µ( *>' #"-"*(9:µ"%", %' )6%-!' 3"! %' µ":)4/!':  

 

            H6%-!' (Na, 11):          1s
 2

 2s
 2

 2p
 6

 3s
 1

  

             

                         ":)4/!' (Mg, 12):    1s
 2

 2s
 2

 2p
 6

 3s
 2

 (3p
 0

)    

 

E' Na (9)"! ":1:$& *!$%!, 3"%6 %' /=2µ"%!/µ$ %'. 3-./%655'., 2 3"%6 %' 4µ!/. µ$-

)' /.µ#52-1µ,)2 "%'µ!34 /%60µ2 3s *!(.->)(%"! /( µ!" ")%9/%'!=" µ(-!38& /.-

µ#52-1µ,)2 A8)2 ":1:!µ$%2%"&. ?%' Mg ,='.µ( ,4+20(.:* %1) A1)8) #'. #-'3>-

#%'.) "#$ %2 *!(>-.)/2 %1) "%'µ!38) /%"0µ8) 3s (#54-2&) 3"! 3p (3()4), µ( "#'%,-

5(/µ" µ!" µ(-!38& 3"%(!52µµ,)2 A8)2 ":1:!µ$%2%"&.
1
  

 

    ?%') ")%9#'*" %1) µ(%6551) "#$ #5(.-6& ":1:!µ$%2%"& F-9/3')%"! '! µ#)"'&%. 

?") %.#!3$ #"-6*(!:µ" #"9-)'.µ( %' *!"µ6)%!, %'. '#'9'. 2 3-./%"55!34 *'µ4 =%9-

A(%"! µ( 6%'µ" 6)0-"3" (C) /.)*(µ,)" µ(%"B> %'.& µ( !/=.-$%"%'.& 'µ'!'#'5!3'>& 

*(/µ'>&. I#(!*4 ' 6)0-"3"& (9)"! %(%-"/0()4&, ' 3->/%"55'& %'. *!"µ")%!'> (µ+"-

)9A(! µ!" 4(;1* 5-)* 37&)#.% 3"! µ!" 2,); 5-)*  !"!+µ6'*' % (F5. G"-.1.8):  

                                                 
1 E,%'!"& µ'-+4& (#!365.72 A1)8) /.µF"9)(!, :()!36, /( 6(  %" µ,%"55", "3$µ" 3! ") 2 %(5(.%"9" 

"%'µ!34 %'.& /%60µ2 *() (9)"! #54-2& (#.=., Na).  
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E

( ) !" #$ $%&'("(#) /*!"- - -.

( ) !" 01*!',) 2+"3")- - -.

2#$'3*,&*!" 4 !"- -56GE eV 

    
 

D A8)2 /0,)'.& =1-6(! "3-!F8& $5" %" 25(3%-$)!" /0,)'.& %1) "%$µ1) %'. 3-.-

/%655'. (4 25(3%-$)!" ")6 6%'µ'). E' ,),1!,+ 26 <03µ  EG #"-!/%6 %2) (56=!/%2 

(),-:(!" #'. #-,#(! )" #6-(! ,)" 25(3%-$)!' %2& A8)2& /0,)'.& :!" )" ").710(9 

/%2) ()(-:(!"34 #(-!'=4 %2& A8)2& ":1:!µ$%2%"&.
2
 ;#$ +./!34 6#'72, %' EG (9)"! 2 

(56=!/%2 (),-:(!" #'. "#"!%(9%"! :!" )" «/#6/(!» ,)"& 'µ'!'#'5!3$& *(/µ$& /%') 

3->/%"55' 3"! )" "#(5(.0(-10(9 ,)" 25(3%-$)!' /0,)'.&. E' (5(>0(-' 25(3%-$)!' 

0" ")43(! #5,') /%2) ()(-:(!"34 #(-!'=4 %2& A8)2& ":1:!µ$%2%"&. (E')9A'.µ( 3"! 

#65! $%! /( 3"µ9" #(-9#%1/2 *() 0" µ#'-'>/( %' 25(3%-$)!' )" F-(0(9 /%2) "#":'-

-(.µ,)2 A8)2, "+'> 2 #(-!'=4 ".%4 *() #(-!,=(! (#!%-(#%,& ()(-:(!"3,& /%60µ(& 3"! 

3"%"/%6/(!&.)  

 

    I#(!*4 $5(& '! 3"%"/%6/(!& %2& A8)2& /0,)'.& (9)"! 3"%(!52µµ,)(&, 0" 4%") "*>-

)"%' )" (#!%"=>)'.µ( ,)" 25(3%-$)!' /0,)'.& µ( %2 F'40(!" 25(3%-!3'> #(*9'. 3"! 

)" *2µ!'.-:4/'.µ( 25(3%-!3$ -(>µ". G-6:µ"%!, 2 (#!%6=.)/2 0" (#,+(-( ">B2/2 

%2& (),-:(!"& %'. 25(3%-')9'. 3"! *!,:(-/4 %'. /( .725$%(-2 ()(-:(!"34 /%60µ2 

%2& A8)2& /0,)'.&, #-6:µ" $µ1& #'. 0" #"-"F9"A( %2) "#":'-(.%!34 "-=4 %'. Pauli 

"+'> $5(& '! /%60µ(& %2& A8)2& ".%4& (9)"! 4*2 #54-1& 3"%(!52µµ,)(&. D µ$)2 (#!-

%-(#%4 *!,:(-/2 %'. 25(3%-')9'. (9)"! 2 µ(%6F"/4 %'. /%2) 6*(!" A8)2 ":1:!µ$%2-

%"& (#-"3%!36, %' /#6/!µ' ()$& 'µ'!'#'5!3'> *(/µ'> µ( "#(5(.0,-1/2 ()$& 25(-

3%-')9'.). ;.%$ "#"!%(9 (),-:(!" E > EG , $#'. EG ~ 6 eV :!" %' *!"µ6)%!.  !" %$/' 

µ(:652 (),-:(!" *() µ#'-(9 )" #-'/+(-0(9 "#$ ,)" /.)20!/µ,)2& ,)%"/2& 25(3%-!3$ 

#(*9'. J!" %' 5$:' ".%$ %' *!"µ6)%! ,=(! (56=!/%2 (#-"3%!36 µ2*()!34) 25(3%-!34 

":1:!µ$%2%".  

 

    K$:1 %2& µ(:652& %!µ4& %'> EG  %' *!"µ6)%! *() µ#'-(9 )" "#'--'+4/(! +1%$)!" 

%2& '-"%4& #(-!'=4& %'. +6/µ"%'&, %" '#'9" ,='.) (),-:(!(& 1.5-3 eV < EG (2 "#'--

-$+2/2 ()$& %,%'!'. +1%')9'. 0" ,/%(5)( ,)" 25(3%-$)!' %2& A8)2& /0,)'.& /%2) 

"#":'-(.µ,)2 A8)2!). ;.%$ (B2:(9 %2 8+ 90),+  %'. 3-./%655'.. (E' F"0> µ#5( 

=-8µ" µ(-!38) *!"µ")%!8) '+(95(%"! /( #-$/µ(!B2 µ( 6%'µ" F'-9'..)  

 

 

2.3   µ.012145  

 

<! 2µ!":1:'9 ,='.) ()*!6µ(/2 ":1:!µ$%2%" /( />:3-!/2 µ( %" µ,%"55" 3"! %'.& µ'-

)1%,&. ?") %.#!36 #"-"*(9:µ"%" µ( #'55,& #-"3%!3,& (+"-µ':,&, 0" (B(%6/'.µ( (*8 

%' 4.1='+# (Si) 3"! %' !,1µ0)+# (Ge). @#1& 3"! %' *!"µ6)%!, (9)"! 'µ'!'#'5!3'9 3->-

/%"55'! %(%-"/0()8) /%'!=(91). C%/!, /( 0(µ(5!8*2 3"%6/%"/2 ($%") *() ,='.) .-

#'/%(9 *!,:(-/2) (µ+")9A'.) µ!" #54-2 A8)2 /0,)'.&. ?( ")%90(/2 $µ1& µ( %' *!"-

                                                 
2 G-'/,B%( $%! *() ())''>µ( µ(%"39)2/2 %'. 25(3%-')9'. /%' =8-', "556 /%' ()(-:(!"3$ *!6:-"µµ"!  
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µ6)%!, %' ()(-:(!"3$ =6/µ" EG %1) 2µ!":1:8) (9)"! /=(%!36 µ!3-$, %2& %6B2& %'. 

1eV :  

 

    G.-9%!' (Si, 14):       1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 2

      (EG = 1.21 eV)  

 

    J(-µ6)!' (Ge, 32):   1s
 2

 2s
 2

 2p
 6

 3s
 2

 3p
 6

 3d
 10

 4s
 2

 4p
 2

    (EG = 0.78 eV)  

 

         

E

( ) !" #$ $%&'("(#) /*!"- - -.

( ) !" 01*!',) 2+"3")- - -.

2#$'3*,&*!" 4 !"- -51GE eV 

!

    
 

    D A8)2 /0,)'.& #(-!,=(! %" 25(3%-$)!" /0,)'.& (4 ")6 6%'µ') %1) "%$µ1) %'. 

3-./%655'.. ?( #'5> ="µ25,& 0(-µ'3-"/9(& (3')%6 /%' "#$5.%' µ2*,), > ~ 0?) 2 

A8)2 ".%4 (9)"! #54-2&, #-6:µ" #'. #-"3%!36 /2µ"9)(! $%! $5" %" 25(3%-$)!" /0,-

)'.& /.µµ(%,='.) /( 'µ'!'#'5!3'>& *(/µ'>& 3"! *() .#6-='.) (5(>0(-" 25(3%-$)!" 

/%') 3->/%"55' (2 A8)2 ":1:!µ$%2%"& (9)"! 3()4). C%/!, /%!& 0(-µ'3-"/9(& ".%,& '! 

2µ!":1:'9 /.µ#(-!+,-')%"! /") µ')1%,&, "+'> %' ()(-:(!"3$ =6/µ" EG *() µ#'-(9 

)" .#(-#2*20(9 µ( %2) "#54 (+"-µ':4 25(3%-!3'> #(*9'.. ?( .725$%(-(& 0(-µ'-

3-"/9(&, $µ1&, (#.=., /( 0(-µ'3-"/9" *1µ"%9'., > ~ 300?) %" 25(3%-$)!" %1) ")8%(-

-1) /%"0µ8) %2& A8)2& /0,)'.& #-'/5"µF6)'.) "-3(%4 0(-µ!34 (),-:(!" 8/%( )" 

.#(-#2*4/'.) %' /=(%!36 µ!3-$ =6/µ" EG 3"! )" ").710'>) ()(-:(!"36 /%2 A8)2 

":1:!µ$%2%"&.  

 

    ;#$ +./!34 6#'72, 2 (),-:(!" EG (9)"! 2 (56=!/%2 #'. "#"!%(9%"! :!" )" /#6/(! 

,)"& 'µ'!'#'5!3$& *(/µ$& 3"! )" "#(5(.0(-10(9 ,)" 25(3%-$)!'. L6%1 "#$ %2) (#9-

*-"/2 ()$& 25(3%-!3'> #(*9'., %" "#(5(.0(-1µ,)" 25(3%-$)!" 3!)'>)%"! #-'/")"-

%'5!/µ,)" $#1& 3"! %" (5(>0(-" 25(3%-$)!" %1) µ(%6551), ,=')%"& (),-:(!(& /%2) 

#(-!'=4 %2& A8)2& ":1:!µ$%2%"& %'. 3-./%655'..  

 

    ;#$ #5(.-6& '#%!38) !*!'%4%1), '! 2µ!":1:'9 (9)"!  8+ 9 ),=% *!$%! %' ()(-:(!"3$ 

%'.& =6/µ" (9)"! µ!3-$%(-' "#$ %!& (),-:(!(& %1) +1%')91) %2& '-"%4& #(-!'=4& %'. 

+6/µ"%'& (EG < 1.5-3 eV). C%/!, 25(3%-$)!" %1) ")8%(-1) /%"0µ8) %2& A8)2& /0,-

)'.& µ#'-'>) )" "#'--'+4/'.) +1%$)!" %2& #(-!'=4& ".%4& 3"! )" *!(:(-0'>) /%2 

A8)2 ":1:!µ$%2%"& (*25"*4, )" /#6/'.) %'.& 'µ'!'#'5!3'>& *(/µ'>& %'.& 3"! )" 

3"%"/%'>) (5(>0(-"). ;.%$ ,=(! /") "#'%,5(/µ" %2) ">B2/2 %2& ":1:!µ$%2%"& %'. 

2µ!":1:'> (9"'# !"!+µ6'*' ).  

 

    L60( 25(3%-$)!' /0,)'.& #'. :!" '#'!')*4#'%( 5$:' "#(5(.0(-8)(%"!, "+4)(! 

#9/1 %'. ,)")  ',(; («/#"/µ,)'») 'µ'!'#'5!3$ *(/µ$ ' '#'9'& "#'%(5(9 µ!" #4; 

/%') 3->/%"55' %'. 2µ!":1:'>. M/'*>)"µ", 360( 25(3%-$)!' %2& A8)2& /0,)'.& #'. 

").78)(%"! /%2 A8)2 ":1:!µ$%2%"& "+4)(! µ!" 3()4 0,/2 (2 '03' 3*) /%2 A8)2 

/0,)'.& #'. (#9/2& ')'µ6A(%"! #4;. D '#4 /.µ#(-!+,-(%"! /") /1µ6%!' µ( 7,'+26 

+'-%9', "+'> *2µ!'.-:(9%"! "#$ %2)  4#.3=  ()$& 25(3%-')9'.. I#!#5,'), $#1& 0" 

*'>µ(, 2 '#4 ,=(! %2 *.)"%$%2%" )" µ(%"3!)(9%"! µ,/" /%') 3->/%"55', /.µF655'-

)%"& ,%/! 3! ".%4 /%2) ":1:!µ$%2%" %'. 2µ!":1:'>. ?%' #"-"36%1 /=4µ" F5,#'.µ( 
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µ!" "#5'./%(.µ,)2 "#(!3$)!/2, /( *>' *!"/%6/(!&, %'. 3-./%"55!3'> #5,:µ"%'& (-

)$& 2µ!":1:'> (µ$)' %" 4 25(3%-$)!" /0,)'.& %'. 360( "%$µ'. ,='.) /=(*!"/%(9). 

L60( 6%'µ' /=2µ"%9A(! 4 'µ'!'#'5!3'>& *(/µ'>& µ( %" 4 :(!%')!36 %'. 6%'µ":  

 

                 

!! ! !

!

!

! ! !

!

!

!

!!!

!

!

!

!

!

!

!

!

!

!

!

! !

! ! ! !

!

!

! !

6

6

6

6 6

6 6

66

"+*/(3' !%'

01* !',)

-

-

'2"- *+*, 1*3'

"+*/(3' !%'

-

-

   
 

 

    ;& /.)'79/'.µ( µ(-!3,& /2µ")%!3,& +./!3,& ,))'!(& :!" %'.& 2µ!":1:'>&:   

    @-)* 37&)#.%: 2 ()(-:(!"34 #(-!'=4 #'. /=2µ"%9A(%"! "#$ %' />)'5' %1) ()(--

:(!"38) /%"0µ8) %!& '#'9(& 3"%"5"µF6)'.) %" 8&3µ+  25(3%-$)!" /0,)'.& %1) "%$-

µ1) %'. 3-./%655'. (%" 25(3%-$)!" #'. /.µµ(%,='.) /( 'µ'!'#'5!3'>& *(/µ'>&).  

    @-)*  !"!+µ6'*' %: 2 ()(-:(!"34 #(-!'=4 #'. /=2µ"%9A(%"! "#$ %' />)'5' %1) 

()(-:(!"38) /%"0µ8) %!& '#'9(& 3"%"5"µF6)'.) %" ,(,$7,1  25(3%-$)!" (".%6 #'. 

,/#"/") %'.& 'µ'!'#'5!3'>& *(/µ'>&).  

    A),1!,+ 26 <03µ : 2 (56=!/%2 (),-:(!" #'. "#"!%(9%"! :!" )" /#6/(! ,)"& 'µ'!'-

#'5!3$& *(/µ$& 3"! )" "#(5(.0(-10(9 ,)" 25(3%-$)!' /0,)'.&.  

    B4;: "%(54& (/#"/µ,)'&) 'µ'!'#'5!3$& *(/µ$& /%') 3->/%"55', #'. ")%!/%'!=(9 

/( µ!" 3()4 0,/2 (3"%6/%"/2) /%2 A8)2 /0,)'.&.  

 

    ;& *'>µ( %8-" %' -$5' %2& '#4& /%2) ":1:!µ$%2%" %'. 2µ!":1:'>: @%") /( 36-

#'!' /2µ(9' %'. 3-./%"55!3'> #5,:µ"%'& .#6-=(! "%(54& *(/µ$&, (9)"! /=(%!36 (>-

3'5' :!" ,)" 25(3%-$)!' /0,)'.& ()$& :(!%')!3'> "%$µ'., #"9-)')%"& (),-:(!" "#$ 

,)" 25(3%-!3$ #(*9', )" (:3"%"5(97(! %') *!3$ %'. *(/µ$ 3"! )" 3"5>7(! %2) '#4 

".%4 (*() "#"!%(9%"! %8-" (),-:(!" EG , "+'> %' 25(3%-$)!' #"-"µ,)(! /%2 A8)2 

/0,)'.&). E' 25(3%-$)!' ".%$ $µ1& 0" "+4/(! #9/1 %'. µ!" )," '#4 (,)") "%(54 *(-

/µ$). I9)"! *25"*4 /") 2 "-=!34 '#4 )" µ(%"%'#9/%23( /( µ!" )," 0,/2, 3!)'>µ()2 

 )'=7,'  "#$ %2) 3"%(>0.)/2 µ(%"%$#!/2& %'. 25(3%-')9'. /0,)'.&. D )," '#4 µ#'-

-(9, µ( %2 /(!-6 %2&, )" 3"5.+0(9 "#$ ,)" 25(3%-$)!' /0,)'.& 36#'!'. 655'. :(!%'-

)!3'> "%$µ'., 3! ,%/! )" ,='.µ( #(-"!%,-1 µ(%"%$#!/2 %2& "-=!34& '#4& /( 3"%(>-

0.)/2 ")%90(%2 "#$ ".%4 %1) 25(3%-')91), 35#. N(*'µ,)'. $%! 2 '#4 (9)"! /%2) '.-

/9" 2  4#.3=  ()$& ("-)2%!36 +'-%!/µ,)'.) 25(3%-')9'., µ#'-'>µ( )" %2 0(1-4-

/'.µ( /") !/'*>)"µ2 µ( 7,'+26 +'-%9' 9/' 3"%6 µ,%-' µ( ".%$ %'. 25(3%-')9'.. ?.-

µ#(-"/µ"%!36:  

 

7 <! '#,& µ#'-'>) )" 0(1-20'>) /") «#-":µ"%!36» /1µ6%!" µ( 0(%!3$ +'-%9', 

%1) '#'91) 2 3"%(>0.)/2 39)2/2& (9)"!  )'=7,'* "#$ ".%4 %1) 25(3%-')91) 

/0,)'.& $%") ".%6 (.#$ %2) (#9*-"/2, #.=., ()$& 25(3%-!3'> #(*9'.) (:3"%"-

5(9#'.) %'.& 'µ'!'#'5!3'>& *(/µ'>& /%'.& '#'9'.& ")43'.) :!" )" 3"5>-

7'.) :(!%')!3'>&, "%(5(9& *(/µ'>&.  
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7 D ":1:!µ$%2%" ()$& 2µ!":1:'> '+(95(%"! %$/' /%2) 39)2/2 %1) ,(,$7,1") 

25(3%-')91), $/' 3"! /%2) 39)2/2 %1) '#8) ('./!"/%!36, %1) 8&3µ+") 25(-

3%-')91) /0,)'.& "#$ *(/µ$ /( *(/µ$).  

7 E" (5(>0(-" 25(3%-$)!" ,='.) (),-:(!(& /%2) #(-!'=4 %2& A8)2& ":1:!µ$%2-

%"&, ()8 '! '#,& ")43'.) ()(-:(!"36 /%2 A8)2 /0,)'.&.  

 

    ?.=)6 /.µF"9)(! )" 3"5>#%(%"! ,)"& "%(54& *(/µ$& "#$ ,)" ,(,$7,1# 25(3%-$)!'. 

D *!"*!3"/9" ".%4 %2& ,4 ) 3$)8,3*% 5,$!#.% #4;%-*(,2'1#)=#. ")%!/%'!=(9 /%2 µ(-

%6#%1/2 ()$& 25(3%-')9'. "#$ %2 A8)2 ":1:!µ$%2%"& /%2 A8)2 /0,)'.&, µ( "#'%,-

5(/µ" %2) 365.72 µ!"& '#4& /%2 A8)2 /0,)'.&.  

 

 

2.4  -;µ4: 84< Ohm 1.0 80 *980==0  

 

@#1& ,='.µ( 4*2 ")"+,-(!, %" 25(3%-$)!" /0,)'.& %1) "%$µ1) ()$& µ(%655'. "#'-

/#8)%"! (>3'5" "#$ %" 6%'µ" /%" '#'9" ")43'.) (#"9-)')%"& ,)" µ,-'& "#$ %2) 

(),-:(!" #'. (35>(%"! 3"%6 %' /=2µ"%!/µ$ %'. 3-./%655'.) 3"! 3"09/%")%"! ,(,$-

7,1  *(,2'16)+ , ,=')%"& (),-:(!(& /%2) #(-!'=4 %2& A8)2& ":1:!µ$%2%"&. < ="-"-

3%2-!/µ$& «(5(>0(-"» .#'*258)(! $%! %" 25(3%-$)!" ".%6 *() *,=')%"! /2µ")%!3,& 

*.)6µ(!& 3"%6 %2) 39)2/4 %'.& µ,/" /%' 3-./%"55!3$ #5,:µ", (+$/') *() #52/!6-

A'.) #'5> /%" !$)%" %'. µ(%655'.. D 39)2/2 %1) 25(3%-')91) *!"%"-6//(%"! µ$)' 

"#$ %!& /.:3-'>/(!& %'.& µ( %" !$)%", µ( "#'%,5(/µ" %2) (#!F-6*.)/4 %'.& 4 %2) 

"55":4 %2& 3"%(>0.)/4& %'.&.  

 

    @%") /%' (/1%(-!3$ %'. µ(%655'. *() .#6-=(! 25(3%-!3$ #(*9'
3
 ( 0E 8
"

) 2 39)2/2 

%1) (5(>0(-1) 25(3%-')91) (9)"! %.="9" 3"! #-'& $5(& %!& 3"%(.0>)/(!&, ,%/! 8/%( 

µ"3-'/3'#!36 *() .+9/%"%"! 25(3%-!3$ -(>µ" µ,/" /%' µ,%"55'. D 3"%6/%"/2 $-

µ1& "556A(! $%") /%' (/1%(-!3$ %'. µ(%655'. .#6-=(! 25(3%-!3$ #(*9' 0E 9
"

. E' 

#(*9' %$%( "/3(9 *.)6µ(!& /%" (5(>0(-" 25(3%-$)!" 3"! %" (#!%"=>)(!. D %"=>%2%" 

%1) 25(3%-')91) 0" ">B")( "#(-!$-!/%" ") *() /.),F"!)") '! /.:3-'>/(!& %'.& µ( 

%" !$)%". K$:1 %1) /.:3-'>/(1) ".%8), %" 25(3%-$)!" =6)'.) 3!)2%!34 (),-:(!" (2 

'#'9" "#'--'+6%"! "#$ %' 3-./%"55!3$ #5,:µ" 3"! µ(%"%-,#(%"! /( 0(-µ$%2%" 

Joule) 3"! %(5!36 "#'3%'>) µ!" /%"0(-4 µ,/2 %"=>%2%" ,
"

 (' <$'*'  µ,' 7&3,"%). 

I#(!*4 %" 25(3%-$)!" (9)"! "-)2%!36 +'-%!/µ,)", 2 3"%(>0.)/2 39)2/4& %'.& (9)"! 

 )'=7,'* "#$ %' E
"

. @#1& $µ1& 0" *'>µ( /%' L(+.6, 2 39)2/2 ()$& "-)2%!3'> +'--

%9'. /( µ!" 3"%(>0.)/2 !/'*.)"µ(9 µ( %2) 39)2/2 ()$& 7,'+2#$ +'-%9'. 9/'. µ,%-'. 

/%2)  )'=7,'* 3"%(>0.)/2. (J!" #"-6*(!:µ", %" *>' +'-%9" #"-6:'.) %' 9*!' µ":)2-

%!3$ #(*9' "556 3"! *,=')%"! %2) 9*!" *>)"µ2 "#$ ,)" (B1%(-!3$ µ":)2%!3$ #(*9'.) 

 #'-'>µ( 5'!#$) 3.µC '+20 )" 0(1-4/'.µ( $%! %" 3!)'>µ()" +'-%9" (9)"! 7,'+20, 

µ,%-'. +q, 3"! 2 3"%(>0.)/2 39)2/4& %'.& (9)"!  )'=7,'* "#$ %2) #-":µ"%!34 +'-6 

39)2/2& %1) 25(3%-')91). C%/!, /.µF"%!36, %' *!6)./µ" ,
"

 %2& %"=>%2%"& %1) +'--

%91) 0" 0(1-(9%"! #µ611#4# %'. #(*9'. E
"

. @#1& "#'*(!3)>(%"! #(!-"µ"%!36, :!" 

/=(%!36 µ!3-,& %!µ,& %'> E
"

 !/=>(! $%!  

 

                                                              E, &8
""

       (2.1) 

 

                                                 
3 O" =-2/!µ'#'!'>µ( %' />µF'5' A %$/' :!" %2) (),-:(!" $/' 3"! :!" %2) ,)%"/2 %'. 25(3%-!3'> #(-

*9'.. O" (9)"! $µ1& #6)%'%( B(360"-' %! "3-!F8& ())''>µ(.  
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< /.)%(5(/%4& µ 3"5(9%"! ,.2+)*3=  %'. 25(3%-')9'. :!" %' 0(1-'>µ()' µ,%"55'. 

(@#1& 0" *'>µ( "-:$%(-", 2 %!µ4 %'> µ (#2-(6A(%"! "#$ %2 0(-µ'3-"/9".) D #-'/"-

)"%'5!/µ,)2 ".%4 39)2/2 %1) 25(3%-')91) /.)!/%6 ,)" *(,2'1+26 1,$µ .  

 

    O(1-'>µ( %8-" %µ4µ" ":1:'> /( /=4µ" 5(#%'> />-µ"%'& "#(!-'/%'> µ43'.& dl 

3"! (µF"*'> *!"%'µ4&  S. < $:3'& %'. />-µ"%'& (9)"! dv=Sdl. E' />-µ" *!"--,(%"! 

"#$ -(>µ" ,)%"/2& D :  

 

                                    

!
!

!

dv

S

I

dl
    

 

L"5'>µ( dN %') "-!0µ$ %1) (5(>0(-1) 25(3%-')91) #'. *!,-=')%"! "#$ %2 *!"%'µ4 

S /( =-$)' dt ,%/! 8/%( )" 3"%"56F'.) %') $:3' dv %'. />-µ"%'&. E' (/.µF"%!36 

0(%!3$) +'-%9' #'. *!,-=(%"! "#$ %2 *!"%'µ4 S /( =-$)' dt 3"! 3"%"5"µF6)(! %') $-

:3' dv !/'>%"! µ( dQ= qdN , $#'. q 2 "#$5.%2 %!µ4 %'. +'-%9'. %'. 25(3%-')9'.. 

G"-"%2-'>µ( $%! ,)" 25(3%-$)!' *!")>(! %' µ43'& dl %'. />-µ"%'& /( =-$)' dt. P-

-", 2 %"=>%2%" µ(%"0,/(1& %1) 25(3%-')91) (9)"!, 3"%6 µ,%-', .= dl/dt. E,5'&, 2 

,)%"/2 %'. -(>µ"%'& #'. *!"--,(! %' />-µ" (9)"! I= dQ /dt.  

 

    D 4.2)6'*'  1,$µ '#% /%2 0(1-'>µ()2 *!"%'µ4 S (9)"!  

 

                             
1I dQ qdN qdNdl dN dl

J q
S S dt Sdt Sdldt dv dt

8 8 8 8 8     (2.2) 

D #'/$%2%"  

                                                       
dN

n
dv

8         (2.3) 

 

3"5(9%"! *(,2'1#)+2; 4.2)6'*'  %'. µ(%655'. 3"! #"-!/%6 %2 3.!2&)'1"3* %1) (5(>-

0(-1) 25(3%-')91) (#540'& 25(3%-')91) ")6 µ')6*" $:3'.) /%' µ,%"55'. I#9/2&, 

5$:1 %2& (2.1), dl/dt = .= µA, $#'. . 3"! A %" µ,%-" %1) ")%9/%'!=1) *!")./µ6%1). 

C%/!, 2 (2.2) :-6+(%"!    

 

                                                J = q n . = q n µ A          (2.4) 

 

E' :!)$µ()'  

                                                          q n0 &8        (2.5) 

 

3"5(9%"! ,+8+2;  !"!+µ6'*'  %'. µ(%655'.. D (2.4) %(5!36 :-6+(%"!  

 

                                                           J E08        (2.6) 

4, /( *!")./µ"%!34 µ'-+4,  
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                                                          J E08
" "

         (2.7) 

 

$#'. J
"

 *!6)./µ" µ,%-'. J µ( 3"%(>0.)/2 />µ+1)2 µ( %2 3.µC '+2; +'-6 %'. -(>-

µ"%'&. D /=,/2 (2.7) (3+-6A(! %2 !,)+2; µ#19; '#. )6µ#. '#. Ohm. I9)"! 3"%6 F6/2 

µ!" (µ#(!-!34 /=,/2 #'. F-9/3(%"! $%! !/=>(! :!" $5" %" µ,%"55", .#$ %2) #-'Q#$-

0(/2 $%! 2 %!µ4 A %'. 25(3%-!3'> #(*9'. *() (9)"! #'5> µ(:652.  

 

    D :()!34 /=,/2 (2.7) "#'*(9=023( :!" ,)" "#(!-'/%$ %µ4µ" ()$& µ(%655'. 3"!, µ( 

%2) ,))'!" ".%4, (9)"! ")(B6-%2%2 "#$ %' /=4µ" 4 %!& *!"/%6/(!& %'. µ(%655'.. O(-

1-'>µ( %8-" %2) (!*!34 #(-9#%1/2 ()$& µ(%"55!3'> />-µ"%'& µ43'.& l 3"! /%"0(-

-4& *!"%'µ4& S, %' '#'9' *!"--,(%"! "#$ -(>µ" /%"0(-4& ,)%"/2& D. L"5'>µ( V %2) 

%6/2 (*!"+'-6 *.)"µ!3'>) /%" 63-" %'. />-µ"%'&:  

 

                              

I

S
l

V
          

 

D #.3)$%2%" -(>µ"%'&  J=I /S  (9)"! /%"0(-4 3"%6 µ43'& %'. />-µ"%'&, "+'> %" D 

3"! S (9)"! /%"0(-6. ;#$ %' )$µ' %'. Ohm (2.6) ,#(%"! $%! 3"! %' A (9)"! /%"0(-$ 

3"%6 µ43'& %'. />-µ"%'&, *25"*4, %' 25(3%-!3$ #(*9' µ,/" /%' />-µ" (9)"! #µ#!,-

)&%. @#1& :)1-9A'.µ( (3"! $#1& 0" *(9B'.µ( /%' *(>%(-' µ,-'& %'. F!F59'.), /%2) 

#(-9#%1/2 ".%4 !/=>(! $%!  E=V / l . C%/!, =-2/!µ'#'!8)%"& %2) (2.6) ,='.µ(:  

                                    
/

V V
I J S ES S

l l S
0 0

0
8 8 8 8     

<-9A'.µ( %2) ,+8+2;  )'=3' 3* 1 '#. µ,'0((#. 3"! %2)  )'=3' 3* R '#. 3$1µ '#% µ( 

%!& /=,/(!&  

                                       
1

,
l l

R
S S

3
3

0 0
8 8 8      (2.8) 

R-9/3'.µ( ,%/! %2) ,+8+2; µ#19; '#. )6µ#. '#. Ohm  

                                                      
V

I
R

8      (2.9) 

     

    ?2µ(!8)'.µ( $%! 2 (!*!34 ")%9/%"/2 1 "+'-6 :()!36 %' 0(1-'>µ()' µ,%"55', ")(-

B6-%2%" "#$ %' /=4µ" 4 %!& *!"/%6/(!& %'., ()8 2 ")%9/%"/2 R "+'-6 %' /.:3(3-!-

µ,)' />-µ" 3"! (B"-%6%"! "#$ %" :(1µ(%-!36 %'. ="-"3%2-!/%!36. G-'/,B%( (#9/2& 

$%! 2 (!*!34 µ'-+4 (2.9) %'. )$µ'. %'. Ohm !/=>(! µ$)' :!" µ(%"55!36 />-µ"%" 

/%"0(-4& *!"%'µ4&. (J!"%9 2 *!"%'µ4 %'. />-µ"%'& "#"!%(9%"! )" (9)"! /%"0(-4;)  
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2.5  -;µ4: 84< Ohm 1.0 84<:  µ.01214>:  

 

@#1& :)1-9A'.µ(, /%'.& 2µ!":1:'>& '! 25(3%-!3'9 +'-(9& (9)"! %" ((5(>0(-") 25(-

3%-$)!" %2& A8)2& ":1:!µ$%2%"& 3"! '! '#,& %2& A8)2& /0,)'.&. L"5'>µ( n 3"! p %!& 

/.:3()%-8/(!& (#.3)$%2%(&) 25(3%-')91)
4
 3"! '#8), ")%9/%'!=", $#'. µ( %') $-' 

3.!2&)'1"3* ())''>µ(, :()!36, %' #540'& 'µ'91) #-":µ6%1) (25(3%-')91), '#8), 

"%$µ1), 35#.) ")6 µ')6*" $:3'.. ?( 2 7 16 *µ+ !"!6, =1-9& *25"*4 (B1%(-!3,& 

#-'/µ(9B(!&, ' "-!0µ$& %1) 25(3%-')91) (9)"! 9/'& µ( %') "-!0µ$ %1) '#8), "+'> 

360( '#4 ,=(! #-'3>7(! "#$ %2) "#'*,/µ(./2 ()$& 25(3%-')9'.. P-",  

 

                                        in p n8 :      (2 7 16% *µ+ !"!6%)   (2.10) 

 

D 3'!)4 %!µ4 ni %1) *>' #.3)'%4%1) /%') 3"0"-$ 2µ!":1:$ 3"5(9%"!  .'#!,);% 4.-

2)6'*' . ;)%90(%", $#1& 0" *'>µ( "-:$%(-", /%2) #(-9#%1/2 *µ+ !"!#$ 41#3µ,=-

/,"% !/=>(! :()!36 $%!  n9 p .  

 

    @%") µ,/" /%') 3->/%"55' .#6-=(! 25(3%-!3$ #(*9' E
"

, '! 3!)4/(!& %$/' %1) 25(-

3%-')91) $/' 3"! %1) '#8) #-'/")"%'59A')%"! />µ+1)" µ( ".%$, *2µ!'.-:8)%"& 

*>' #"-65525(& #.3)$%2%(& -(>µ"%'& nJ
"

 3"! pJ
"

. E" *!")>/µ"%" ".%6 (9)"! #µ61-

1#4  µ(%"B> %'.& 3"! ,='.) %2) 3"%(>0.)/2 %'. #(*9'.  E
"

. J!" )" %' 3"%"56F'.µ( 

".%$, 0(1-'>µ( %2) 39)2/2 ()$& 25(3%-')9'. 3"! µ!"& '#4& µ,/" /( 25(3%-!3$ #(*9' 

E
"

, #.=., /%' =8-' ")6µ(/" /%!& #563(& ()$& #.3)1%4:  

              

7 7
6

6

6

;

;

;

6

6

6

;

;

;

q;

q6

q6

q6

E
"

E
"

nJ
"

pJ
"

23#$&#(%/"

<'3#

-

-

0,&=#(%/"

<'3#

-

-
     

 

?%2) #-":µ"%!3$%2%", 2 '#4 3!)(9%"! />µ+1)" µ( %' #(*9' E
"

 ()8 %' 25(3%-$)!' "-

)%90(%" µ( ".%$. E.µC '+20, $µ1&, 2 39)2/2 %'. 25(3%-')9'. !/'*.)"µ(9 µ( 39)2/2 

7,'+2#$ +'-%9'. /%2) ")%90(%2 3"%(>0.)/2, *25"*4 'µ$--'#" #-'& %2) '#4 3"! #-'& 

%' E
"

. C%/!, 3"! %" *>' -(>µ"%" #'. #-'3>#%'.) "#$ %2) 39)2/2 %1) +'-%91) (9)"! 

/%2) 3"%(>0.)/2 %'. E
"

.  

 

    E" -(>µ"%" nJ
"

 3"! pJ
"

 .#"3'>'.) =1-!/%6 /%' )$µ' %'. Ohm :  

 

                                          ,n n p pJ E J E0 08 8
" " " "

      (2.11) 

 

$#'. '! ")%9/%'!=(& (!*!3,& ":1:!µ$%2%(& '-9A')%"!  

 

                                       ,n n p pqn q p0 & 0 &8 8      (2.12) 

                                                 
4  ( %') $-' «25(3%-$)!"» 0" ())''>µ( /%' (B4& %" ,(,$7,1  25(3%-$)!" %2& A8)2& ":1:!µ$%2%"&.  
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E" n 3"! p (9)"!, $#1& #-'")"+,-"µ(, '! /.:3()%-8/(!& 25(3%-')91) 3"! '#8), "-

)%9/%'!=", ()8 %" µn 3"! µp #"-!/%'>) %!& ,.2+)*3=,% %1) 25(3%-')91) 3"! %1) '#8) 

:!" %') 0(1-'>µ()' 2µ!":1:$ (%' q (9)"! 2 "#$5.%2 %!µ4 %'. +'-%9'. %'. 25(3%-'-

)9'.). @#1& F-9/3(%"! #(!-"µ"%!36, %' µp (9)"! 36#1& µ!3-$%(-' "#$ %' µn  (µ#'-(9%( 

)" *8/(%( µ!" +./!34 (B4:2/2 :!’ ".%$;). E' '5!3$ -(>µ" (9)"!  

 

                                        ( )n p n pJ J J E0 08 6 8 6
" " " "

   

 

4 

                                                     J E08
" "

       (2.13) 

$#'.  

                                

                                    n p n pqn q p0 0 0 & &8 6 8 6        (2.14) 

 

2 #(+2; ,+8+2;  !"!+µ6'*'  %'. .5!3'>. J!" 2 7 16 2µ!":1:$,  

 

                                              ( )i i n pqn0 & &8 6       (2.15) 

 

$#'. 56F"µ( .#$72 %2) (2.10). <! (2.13) 3"! (2.14) (3+-6A'.) %' )$µ' %'. Ohm :!" 

,)") 2µ!":1:$.  

 

    G"-"%2-'>µ( $%!, :()!36, 2 (!*!34 ":1:!µ$%2%" 3 (9)"! ,)" µ,%-' %2& ":1:!µ$%2-

%"& ()$& .5!3'> %' '#'9' .#"3'>(! /%' )$µ' %'. Ohm. G-6:µ"%!, $/' µ(:"5>%(-' 

(9)"! %' 3 %$/' µ(:"5>%(-2 (9)"! 2 %!µ4 %'. -(>µ"%'& :!" *'/µ,)2 %!µ4 %'. 25(3%-!-

3'> #(*9'..  #'-'>µ( %8-" )" 3"%"56F'.µ( :!"%9 /( 3")')!3,& /.)043(& ,)" µ,-

%"55' (9)"! #'5> #!' ":8:!µ' "#$ ,)") 3"0"-$ 2µ!":1:$: ?.:3-9)')%"& %!& (!*!3,& 

":1:!µ$%2%(& (2.5) 3"! (2.15) F5,#'.µ( $%! 3µ,'0((#.>>3i . ;.%$ '+(95(%"! /%' $%! 2 

25(3%-')!34 #.3)$%2%" n %'. µ(%655'. (9)"! #'5> µ(:"5>%(-2 "#$ %2) ".%':()4 

#.3)$%2%" ni %'. 3"0"-'> 2µ!":1:'> (n>>ni) 5$:1 %'. $%! %' µ,%"55' ,=(! ,/ 1<;% 

6+0')" (5(>0(-" 25(3%-$)!" ()8 ' 3"0"-$& 2µ!":1:$&, .#$ 3")')!3,& /.)043(&, 

,=(! µ$)' ,)" µ!3-$ "-!0µ$ (5(>0(-1) 25(3%-')91) 3"! '#8). E' µ(!'),3%2µ" %'. 

2µ!":1:'> (9)"!, F,F"!", 2 #"-'./9" "#":'-(.µ,)2& A8)2&, 36%! #'. *() .+9/%"%"! 

/%2) #(-9#%1/2 %'. µ(%655'..  

 

 

2.6  "?5@A0/B 8B: CDAµ46A0/50: /8B7 '121.µ;8B80  

 

 !" F"/!34 *!"+'-6 ")6µ(/" /%" µ,%"55" 3"! %'.& 2µ!":1:'>& (9)"! ' %-$#'& #'. 

(#2-(6A(%"! 2 ":1:!µ$%2%6 %'.& $%") µ(%"F655(%"! 2 0(-µ'3-"/9". C=(! #"-"%2-2-

0(9 $%! µ( %2) ">B2/2 %2& 0(-µ'3-"/9"& 2 ")%9/%"/2 %1) µ(%6551) ".B6)(!, *25"*4 

2 ":1:!µ$%2%6 %'.& (5"%%8)(%"!. ;)%90(%", 2 ">B2/2 %2& 0(-µ'3-"/9"& #-'3"5(9 

">B2/2 %2& ":1:!µ$%2%"& %1) 2µ!":1:8). J!" )" 3"%")'4/'.µ( ".%6 %" +"!)$µ()" 

0" #-,#(! )" (B(%6/'.µ( %') %-$#' µ( %') '#'9' (#2-(6A')%"! "#$ %2 0(-µ'3-"/9" 

'! *!6+'-'! #"-6:')%(& #'. .#(!/,-=')%"! /%!& (3+-6/(!& %2& (!*!34& ":1:!µ$%2%"& 

/( 360( #(-9#%1/2.  
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     )  F&' ((    

 

    D (!*!34 ":1:!µ$%2%" ()$& µ(%655'. *9)(%"! "#$ %2 /=,/2 (2.5): 3=qnµ. D %!µ4 q 

%'. +'-%9'. %'. 25(3%-')9'. *() (B"-%6%"!, +./!36, "#$ %2 0(-µ'3-"/9". ?%" µ,-

%"55" 2 25(3%-')!34 #.3)$%2%" n ("-!0µ$& (5(>0(-1) 25(3%-')91) ")6 µ')6*" $-

:3'.) (9)"! /%"0(-4, ")(B6-%2%2 %2& 0(-µ'3-"/9"&, *!$%! %' #540'& %1) (5(>0(-1) 

25(3%-')91) %'. µ(%655'. (9/' µ( %') '5!3$ "-!0µ$ %1) 25(3%-')91) /0,)'.& %1) 

"%$µ1)) (9)"! (B"-=4& *(*'µ,)' 3"! *() (#2-(6A(%"! "#$ %!& µ(%"F'5,& %2& 0(-µ'-

3-"/9"&. @µ1&, 2 (.3!)2/9" µ %1) 25(3%-')91) µ,+-),' + µ( %2 0(-µ'3-"/9", :!" 

%') (B4& 5$:': ;>B2/2 %2& 0(-µ'3-"/9"& #-'3"5(9 ">B2/2 %'. #56%'.& %"56)%1/2& 

%1) !$)%1) %'. 3-./%655'., 6-" 3"! ">B2/2 %2& #!0")$%2%"& />:3-'./2& %1) (5(>-

0(-1) 25(3%-')91) µ( %" !$)%". ;.%$ ,=(! /") "#'%,5(/µ" )" *./=(-"9)(%"! 2 39-

)2/2 %1) 25(3%-')91) ")6µ(/" /%" !$)%" 3"! )" µ(!8)(%"! 2 µ,/2 %"=>%2%" 39)2/4& 

%'.& :!" *'/µ,)2 %!µ4 %'. 25(3%-!3'> #(*9'.. C%/!, F6/(! %2& (2.1), 2 (.3!)2/9" µ 

%1) 25(3%-')91) (5"%%8)(%"!. ?.µ#(-"9)'.µ( 5'!#$) $%!   

 

       !5<%7% 1%. 6)-µ'0-!7*!. )& =3-)  )+811;7% 1%. !:;: µ/1%1!. 1'( µ)18++'(.  

 

 

    C)  ? 7 1#= Gµ+ !"!#=   

 

    D (!*!34 ":1:!µ$%2%" *9)(%"! "#$ %2 /=,/2 (2.15): 3+=qni(µn+µp). D ">B2/2 %2& 

0(-µ'3-"/9"& #-'3"5(9 ">B2/2 %'. #540'.& %1) A(.:8) 25(3%-')91)-'#8) /%') 

3->/%"55' (*!$%! $5' 3"! #(-!//$%(-'! 'µ'!'#'5!3'9 *(/µ'9 /#6A'.) 3"! $5' 3"! 

#(-!//$%(-" 25(3%-$)!" %2& A8)2& /0,)'.& *!(:(9-')%"! /%2 A8)2 ":1:!µ$%2%"& 

"+4)')%"& #9/1 %'.& '#,&), µ( "#'%,5(/µ" %2) ">B2/2 %2& ".%':()'>& #.3)$%2%"& 

ni. <! (.3!)2/9(& µn 3"! µp µ(!8)')%"! 36#1& "556 $=! %$/' 8/%( )" !/'/3(5!/%(9 2 

">B2/2 %'. ni. C%/!, %(5!36,  

 

       !5<%7% 1%. 6)-µ'0-!7*!. &-'0!+)* !5<%7% 1%. !:;: µ/1%1!. 1'( %µ !:;:'5.  

 

?( "-3(%6 .725,& 0(-µ'3-"/9(&, µ65!/%", '! ":1:!µ$%2%(& %1) µ(%6551) 3"! %1) 

2µ!":1:8) %(9)'.) )" (B!/10'>)! ;& µ2) B(=)6µ(, #6)%1&, $%! /( 0(-µ'3-"/9(& #(-

-!F655')%'& %" µ,%"55" (9)"! "/>:3-!%" #!' ":8:!µ" /( /=,/2 µ( %'.& 2µ!":1:'>&. 

<! *(>%(-'!, () %'>%'!&, #5(')(3%'>) /%' $%! *!"0,%'.) 8$# (!*8) +'-(9&, 25(3%-$)!" 

3"! '#,&, #-6:µ" #'. *9)(! %2 *.)"%$%2%" ")6#%.B2& ),1) (!*8) ":8:!µ1) .5!38) 

3"!  3"0!/%6 %'.& 2µ!":1:'>& #'5> =-4/!µ'.& /%!& (+"-µ':,& %2& D5(3%-')!34&.  

 

 

    E*µ,="3*: H!"!#= 2 + I4,1 !"!#=  

 

    G'554 /.A4%2/2 ,=(! :9)(! %!& *>' %(5(.%"9(& *(3"(%9(& :!" %' +"!)$µ()' %2& .4,-

1 !"!+µ6'*' %. ?( ".%$ /.)(%,5(/") 36#'!(& #-$/+"%(& /2µ")%!3,& ")"3"5>7(!& 

#'. 36)'.) %" .#(-":8:!µ" .5!36 )" +"9)')%"! #!' #-'/!%6 :!" #-"3%!3,& (+"-µ'-

:,&. D *!"+'-6 ")6µ(/" /( ,)" 3'!)$ 3"! ,)" .#(-":8:!µ' µ,%"55' +"9)(%"! ") /.-

:3-9)'.µ( %!& 3"µ#>5(& #'. #"-!/%'>) %2 µ(%"F'54 %2& (!*!34& ")%9/%"/2& /") /.-

)6-%2/2 %2& "#$5.%2& 0(-µ'3-"/9"&:  
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T

3

O T

3

O300K 

03

cT

M*(#++'- Y2*3#$ $')-
    

 

    I9#"µ( #"-"#6)1 $%! 2 ")%9/%"/2 ()$& µ(%655'. '+(95(%"! /%!& %"5")%8/(!& %1) 

!$)%1) %'. 3-./%"55!3'> #5,:µ"%'&. L"08& 2 0(-µ'3-"/9" > (5"%%8)(%"!, %' #56-

%'& %"56)%1/2& :9)(%"! µ!3-$%(-' 3"! 2 (!*!34 ")%9/%"/2 1 µ(!8)(%"!. @#1& µ65!/%" 

F-9/3(%"! #(!-"µ"%!36, /( /.)40(!& 0(-µ'3-"/9(& (>~300?) 2 (!*!34 ")%9/%"/2 (9)"! 

")65':2 %2& "#$5.%2& 0(-µ'3-"/9"&. ;) ".%$ !/=>(! :()!36 :!" 360( >, 0" #-,#(! 2 

")%9/%"/2 )" µ2*()9A(%"! :!" >>0. L6%! %,%'!' $µ1& *() /.µF"9)(! /%2) #-":µ"%!-

3$%2%". < 5$:'& (9)"! #1&, (3%$& "#$ %!& %"5")%8/(!& %1) !$)%1) .#6-='.) 3! 655'! 

#"-6:')%(& #'. /.)(!/+,-'.) /%2) ")%9/%"/2 %'. µ(%655'., $#1& #.=. 36#'!(& "%,-

5(!(& %2& 3-./%"55!34& *'µ4&. ?( ="µ25,& 0(-µ'3-"/9(& ".%,& '! "%,5(!(& #"9A'.) 

/2µ")%!3$ -$5' (/( ")%90(/2 µ( %!& %"5")%8/(!& %1) !$)%1) #'. /=(*$) 3"%"#">-

'.)), µ( "#'%,5(/µ" 2 (!*!34 ")%9/%"/2 )" %(9)(! /( µ!" #(#(-"/µ,)2 %!µ4 10 3"08& 

>>0.  

 

     ( %'.& .4,1 !"!#$% %" #-6:µ"%" (9)"! *!"+'-(%!36, "+'> 2 (!*!34 %'.& ")%9-

/%"/2 #,+%(! "#$%'µ" /%' µ2*,) $%") 2 0(-µ'3-"/9" :9)(! µ!3-$%(-2 "#$ µ!" 21=-

3+µ* 7,1µ#21 3=  Tc  ="-"3%2-!/%!34 :!" %' .5!3$. (?( 0(-µ'3-"/9(& #6)1 "#$ %2) 

Tc  '! .#(-":1:'9 /.µ#(-!+,-')%"! /") 3'!)6 µ,%"55".) J!" %'.& #(-!//$%(-'.& .-

#(-":1:'>& ($#1&, #.=., ' Hg 4 ' Pb) 2 3-9/!µ2 0(-µ'3-"/9" (9)"! 59:'! F"0µ'9 #6-

)1 "#$ %' "#$5.%' µ2*,), #-6:µ" #'. %'.& 3"0!/%6 *>/3'5" "B!'#'!4/!µ'.& "#$ 

#5(.-6& (+"-µ':8). C='.) $µ1& %8-" F-(0(9 ()8/(!& #'. (µ+")9A'.) .#(-":8:!-

µ(& !*!$%2%(& /( #'5> .725$%(-(& 0(-µ'3-"/9(&, /%2) #(-!'=4 %1) 100?. <! ),(& 

".%,& ")"3"5>7(!& ")'9:'.) 3"!)'>-:!'.& *-$µ'.& /%!& (+"-µ':,& %1) .#(-":1:8). 

E,%'!(& (+"-µ':,& #(-!5"µF6)'.) %2) 3"%"/3(.4 .#(-":8:!µ1) µ":)2%8) :!" %2 

*2µ!'.-:9" #'5> !/=.-8) µ":)2%!38) #(*91), %2) 3"%"/3(.4 µ":)2%$µ(%-1) :!" %2 

µ,%-2/2 #'5> "/0()8) µ":)2%!38) #(*91) (!*!"9%(-" =-4/!µ" /%2) !"%-!34 ,-(.)"), 

%2) "#'043(./2 25(3%-!34& (),-:(!"& =1-9& "#85(!(& µ( %2 =-4/2 :!:")%!"91) .#(-

-":8:!µ1) *"3%.591), 35#.  

 

 

2.7   µ.012145 EA4/µD5FD2:  

 

D ":1:!µ$%2%" ()$& 2µ!":1:'> ".B6)(! /2µ")%!36 µ( %2) #-'/0432 3"%655251) 

#-'/µ(9B(1).  !" #-$/µ(!B2 ")"%-,#(! %2) !/'--'#9" %1) /.:3()%-8/(1) (n=p) 

")6µ(/" /%" 25(3%-$)!" 3"! %!& '#,& %'. 3"0"-'> 2µ!":1:'>. N!"3-9)'.µ( ,%/! *>' 

%>#'.& 2µ!":1:8) #-'/µ(9B(1&: *µ+ !"!#$% '$4#. n $%") n>p, 3"! *µ+ !"!#$% '$-

4#. p $%") p>n. K,µ( $%! /%'.& 2µ!":1:'>& %>#'. n %" 25(3%-$)!" (9)"! 9#1,=% 

4(,+#)6'*' % 3"! '! '#,& 9#1,=% µ,+#)6'*' %, ()8 %' ")%9/%-'+' !/=>(! :!" %'.& 2µ!"-

:1:'>& %>#'. p.  
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     )  Gµ+ !"!6% '$4#. n   

 

    S")%"/%(9%( $%! /( 3->/%"55' 3"0"-'> :(-µ")9'. (Ge) 4 #.-!%9'. (Si) ")%!3"0!-

/%'>µ( µ(-!36 "#$ %" %(%-"/0()4 6%'µ" µ( 6%'µ" 4,)' 37,)#$% /%'!=(9'. $#1& ' 

+1/+$-'& (P,15) 4 %' "-/()!3$ (As,33). E' #()%"/0(),& /%'!=(9' 3"5(9%"! 86'*% *!$-

%! %" 6%'µ6 %'. #-'/+,-'.) %' ,)" #"-"#6)1 25(3%-$)!' /0,)'.& #'. ,='.) /( />-

:3-!/2 µ( %" 6%'µ" %'. 3"0"-'> 2µ!":1:'>, /.µF655')%"& ,%/! /%2) ":1:!µ$%2%" 

%'. 3-./%655'.. E" 4 "#$ %" 5 25(3%-$)!" /0,)'.& %'. "%$µ'. %'. *$%2 /=2-

µ"%9A'.) 4 'µ'!'#'5!3'>& *(/µ'>& µ( 4 :(!%')!36 6%'µ" Ge 4 Si, ()8 %' 5
'
 25(3%-$-

)!' (9)"! "*,/µ(.%' 3"! (>3'5" "#(5(.0(-8)(%"! "#$ %' 6%'µ' %'. *$%2, µ( (),-:(!" 

"#$/#"/2& ~0.01eV. C%/!, µ( %2) #-'/0432 *$%2 #(%.="9)'.µ( )" ".B4/'.µ( %') 

"-!0µ$ %1) (5(>0(-1) 25(3%-')91) %'. 3-./%655'..  

 

    < 2µ!":1:$& #'. #-'3>#%(! "#$ %2) #-$/µ(!B2 (9)"! ,)" ),' 3F")%!3$ />/%2µ", 

3"! 1& (3 %'>%'. 2 *'µ4 %1) ()(-:(!"38) A1)8) %'. ")"µ,)'.µ( )" *!"+,-(! "#$ 

(3(9)2 %'. 3"0"-'> 2µ!":1:'>. G'> 0" «F'5,7'.µ(» %' 5
'
 25(3%-$)!' /0,)'.& %'. 

*$%2 41+) ".%$ "#'/#"/%(9 "#$ %' 6%'µ' /%' '#'9' ")43(!; @=! /%2 A8)2 /0,)'.&, 

"+'> ".%4 (9)"! :(µ6%2 /( ="µ25,& 0(-µ'3-"/9(&. <>%( $µ1& 3"! /%2 A8)2 ":1:!-

µ$%2%"&, "+'> %' 25(3%-$)!' *() (9)"! "3$µ" (5(>0(-'. E' 5
'
 25(3%-$)!' %'. *$%2, 

5'!#$), F-9/3(%"! /( µ!" )&  ()(-:(!"34 /%60µ2 ED 2 '#'9" %8-" (µ+")9A(%"! µ,/" 

/%2) "#":'-(.µ,)2 A8)2, #'5> 3')%6 /%2 A8)2 ":1:!µ$%2%"&.  ( µ!3-4 *$/2 (),--

:(!"& (~0.01eV) %' 25(3%-$)!' *!(:(9-(%"! /%2 A8)2 ":1:!µ$%2%"&, $#1& +"9)(%"! 

/%' #"-"36%1 /=4µ" (%' EV #"-!/%6 %2) ")8%(-2 /%60µ2 %2& A8)2& /0,)'.&, ()8 %' 

EC %2) 3"%8%(-2 /%60µ2 %2& A8)2& ":1:!µ$%2%"&):  

 

                          

4 !"

#$ $%&' ("(#)

-

-

4 !"

01* !',)

-

-

VE

CE
? ~ 0.01eV

DE 7

        
 

    D #-'/0432 *$%2 /( 3"0"-$ 2µ!":1:$ #-'3"5(9 $=! µ$)' ">B2/2 %1) 25(3%-'-

)91) /%2 A8)2 ":1:!µ$%2%"& "556 3"! ,(0''"3* '") #4-) /%2 A8)2 /0,)'.&. ;.%$ 

/.µF"9)(! *!$%! %' #5($)"/µ" (5(>0(-1) 25(3%-')91) '*2:(9 /( ".B2µ,)' "-!0µ$ 

µ(%"#%8/(1) 25(3%-')91) "#$ %2 A8)2 ":1:!µ$%2%"& /%2 A8)2 /0,)'.&, µ( "#'%,-

5(/µ" %2) 365.72 µ(-!38) '#8) %2& A8)2 /0,)'.&.  

 

    C)  Gµ+ !"!6% '$4#. p  

 

    ?( 3->/%"55' 3"0"-'> Ge 4 Si ")%!3"0!/%'>µ( µ(-!36 "#$ %" %(%-"/0()4 6%'µ" 

µ( 6%'µ" '1+37,)#$% /%'!=(9'. $#1& %' F$-!' (R,5), %' :655!' (Ga,31) 4 %' 9)*!'  

(In,49). E' %-!/0(),& /%'!=(9' 3"5(9%"!  4#8&2'*% *!$%! %" 6%'µ6 %'., ,=')%"& ,)" 

25(3%-$)!' /0,)'.& 5!:$%(-' /( />:3-!/2 µ( %" 6%'µ" %'. 3"0"-'> 2µ!":1:'>, 

µ#'-'>) )" *(=0'>) #-'/+'-6 ()$& 25(3%-')9'. "#$ %" 6%'µ" %'. 2µ!":1:'>. E' 

6%'µ' %'. "#'*,3%2 /=2µ"%9A(! 3 'µ'!'#'5!3'>& *(/µ'>& µ( %" 4 :(!%')!36 6%'µ" 

Ge 4 Si, ()8 ' 4
'&

 *(/µ$& (9)"! "%(54&. < *(/µ$& ".%$& µ#'-(9 )" /.µ#52-10(9 "#$ 
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,)" 25(3%-$)!' /0,)'.& 36#'!'. 3')%!)'> "%$µ'. Ge 4 Si, ()8 /%2 0,/2 %'. 25(-

3%-')9'. (µ+")9A(%"! µ!" )," '#4 /%') 3->/%"55' (2 "#"!%'>µ()2 (),-:(!" "#$/#"-

/2& %'. 25(3%-')9'. "#$ %' 6%'µ' %'. Ge 4 %'. Si (9)"! ~0.01eV). C%/!, µ( %2) #-'-

/0432 "#'*,3%2 #(%.="9)'.µ( )" ".B4/'.µ( %') "-!0µ$ %1) '#8) %'. 3-./%655'..  

 

    < "#'*,3%2& (!/6:(! µ!" ),", 2,); /%60µ2 AH µ,/" /%2) "#":'-(.µ,)2 A8)2 3"! 

#'5> 3')%6 /%2 A8)2 /0,)'.&.  ( µ!3-4 *$/2 (),-:(!"& (~0.01eV) ,)" 25(3%-$)!' 

%2& A8)2& /0,)'.& µ#'-(9 (>3'5" )" *!(:(-0(9 /%2 /%60µ2 ".%4, "+4)')%"& #9/1 

%'. µ!" '#4:  

 

                          

4 !"

#$ $%&' ("(#)

-

-

4 !"

01* !',)

-

-

VE

CE

? ~ 0.01eV7AE

      
 

    D #-'/0432 "#'*,3%2 /( 3"0"-$ 2µ!":1:$ #-'3"5(9 $=! µ$)' ">B2/2 %1) '#8) 

/%2 A8)2 /0,)'.& "556 3"! ,(0''"3* '") *(,2'1#)=") /%2 A8)2 ":1:!µ$%2%"&. ;.-

%$ /.µF"9)(! *!$%! %' #5($)"/µ" '#8) '*2:(9 /( ".B2µ,)' "-!0µ$ (#")"/.)*,/(1) 

25(3%-')91)-'#8) µ( µ(%"#%8/(!& 25(3%-')91) "#$ %2 A8)2 ":1:!µ$%2%"& /%2 A8-

)2 /0,)'.&, #-6:µ" #'. ,=(! /") "#'%,5(/µ" %2) 365.72 µ(-!38) '#8) /%2 A8)2 

/0,)'.& 3"! %2) ")%9/%'!=2 (56%%1/2 %'. "-!0µ'> %1) 25(3%-')91) /%2 A8)2 ":1-

:!µ$%2%"&.   

 

    I9)"! ()%.#1/!"3$ $%! 3"! 2 (56=!/%2 #-$/µ(!B2 (#.=., ,)" 6%'µ' *$%2 4 "#'*,3%2 

")6 10
6
 6%'µ" 3"0"-'> 2µ!":1:'>) (9)"! "-3(%4 :!" )" ".B4/(! /2µ")%!36 (#(-9#'. 

10 +'-,&) %2) ":1:!µ$%2%" %'. 2µ!":1:'> /( /.)40(!& 0(-µ'3-"/9(&.  

 

 

2.8  -;µ4: GAH/D2: 827 *0IJ7  

 

?%2) #-'2:'>µ()2 #"-6:-"+' ")"+,-"µ( $%! µ!" #-$/µ(!B2 /( 3"0"-$ 2µ!":1:$ 

".B6)(! %2 /.:3,)%-1/2 ()$& +'-," (%1) 25(3%-')91) 4 %1) '#8)) ()8 #"-65525" 

(5"%%8)(! %2 /.:3,)%-1/2 %'. 655'. +'-,". (O.µ9A'.µ( $%! /%') 3"0"-$ 2µ!":1:$ 

'! *>' /.:3()%-8/(!& ,='.) 3'!)4 %!µ4, 9/2 µ( %2) ".%':()4 #.3)$%2%" ni .) ;.%4 2 

".B'µ(91/2 *() :9)(%"! µ( %.="9' %-$#' "556 .#"3'>(! /( ,)" /.:3(3-!µ,)' )$µ' 

#'. ')'µ6A(%"! )6µ#% 8103,"% '") µ 5-).  

 

    L"5'>µ( n 3"! p %!& /.:3()%-8/(!& (#.3)$%2%(&) 25(3%-')91) 3"! '#8), ")%9-

/%'!=", /( ,)") 2µ!":1:$ #-'/µ(9B(1& '#'!'.*4#'%( %>#'.. @%") ' 2µ!":1:$& F-9-

/3(%"! /( 3"0"-4 µ'-+4 (#-!), *25"*4, "#$ %2) #-$/µ(!B2), n=p=ni .  (%6 %2) 

#-$/µ(!B2, $µ1&, n9 p (µ( (B"9-(/2 µ!" (!*!34 #(-9#%1/2 #'. 0" µ(5(%4/'.µ( /%2) 

(#$µ()2 #"-6:-"+'). I9)"! /2µ")%!3$ )" %')9/'.µ( $%! '! %!µ,& %1) /.:3()%-8/(1) 

n, p 3"! ni ,='.) µ(%-20(9 /( /.)043(& 7,1µ+2;% +3#11#4= %, *25"*4 3, 8#3µ&)*, 3' -

7,1; 7,1µ#21 3= . < )$µ'& *-6/(1& %1) µ"A8) µ#'-(9 )" *!"%.#10(9 1& (B4&:  
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>) 7($6,0). 6)-µ 0,.  7'--'&*!., 1' : $/µ)$' np 1;$ 7(:0)$1-#7);$ %-

+)01-'$*;$ 0!  '&#$ 7) 2'7µ3$' %µ !:;:/ )*$!  71!6)-/, !$)<8-1%1' !&/ 

1' )*2'. , 1%$ &'7/1%1! 1;$ &-'7µ)*<);$ &'( ' %µ !:;:/. !(1/. &)- 34) . 
 

J!" )" *8/'.µ( µ"02µ"%!34 ,3+-"/2 /%' )$µ' ".%$, :-6+'.µ(  

 

                   (np)'.< =  4163µ,+/* = (np)2 7 16% *µ+ !"!6%    =>    np = ni ni    =>     

                                 

                                                        
2

in p n8        (2.16) 

 

G"-"%2-'>µ( $%! %' ni (9)"! /.)6-%2/2 %2& 0(-µ'3-"/9"& 3"! ".B6)(! µ( ".%4 

(F5.G"-.2.6). C%/!, 2 /=,/2 (2.16) !/=>(! !+  8#3µ&)*, 3' 7,1; 7,1µ#21 3= .  

 

     ( %' )$µ' *-6/(1& %1) µ"A8) µ#'-'>µ( (>3'5" )" (B2:4/'.µ( :!"%9 µ!" #-$-

/µ(!B2 /( 3"0"-$ 2µ!":1:$ ".B6)(! %2) ":1:!µ$%2%6 %'.. D (!*!34 ":1:!µ$%2%" (-

)$& 2µ!":1:'>, ")(B6-%2%" ") ".%$& ,=(! .#'/%(9 #-$/µ(!B2 4 $=!, *9)(%"! "#$ %2) 

,3+-"/2 (2.14):  

                                                 n pqn q p0 & &8 6     

I#(!*4 %" µn 3"! µp *() *!"+,-'.) #'5>, µ#'-'>µ( )" 36)'.µ( %2) #-'/,::!/2  

                                                    n p& & &@      

 !"#,  

                                                 ( )q n p! "# $         (2.17) 

 

$%&%"'&()µ# !"* ' #*+*,- %./.*µ!"'"% #0%&"1"%* %2! "(  !"#$%µ& "/3 45-

.,#3"&64#/3 '7#,"&(38/3 ,%* (263. 9&'4*µ(2(*63"%: .3/4"- "%5"!"'"% "': 17.#-

;&%: ,%* 7%µ;13(3"%: 52!<' "' 4=>4' (2.16), >=(5µ#:  

                          

2 2 2 2

2 2

( ) ( ) 4 ( ) 4

( ) ( )

in p n p n p n p n

n p n p !%&'()*

$ # + $ # + $ ,

-$ # + $
     

?"4*, ' (2.17) +83#*  

                                              2( ) .q n p! " !%&'# + $         (2.18) 

 

!2(5 ' 4"%@#&- 2(4!"'"% µ>4% 4"' &8A% *4()"%* µ# 4ni
2
 ,%*, B54*,1, #0%&"1"%* %2! 

"' @#&µ(,&%48%. C2! "'3 (2.18) ;7>2(5µ# !"* ' #*+*,- %./.*µ!"'"% % .83#"%* '( )$-

%*+ !"%3  n-p = 0 <=> n= p , 2&1.µ% 2(5 45µ;%83#* !"%3 ( 'µ*%./.!: #83%* ,&!&"-.. 

?"4*, µ# "'3 2%&%µ*,&- 2&!4µ#*0' @% >=(5µ# n-p . 0 <=> n. p ,%* "( % @% %50'@#8, 

µ# "'3 2&(D2!@#4' !"* ' @#&µ(,&%48% µ>3#* %*&!'"/. E# "'3 %)0'4' "(5 2(4() "': 

2&!4µ#*0': %5013#* ,%* ' +*%B(&1 |n-p|, 1&% %5013#* "( % ;14#* "': (2.18).  

 

     8@#"%* "6&% "( #0-: #&6"'µ%: CB() ' %)0'4' "': 2&!4µ#*0': %5013#* "'3 %./-

.*µ!"'"%, .*%"8 4"'3 2&10' (* 2&(4µ#80#*: 2(5 .83(3"%* 4"(5: 'µ*%./.(): 2#&*(&8A(-

3"%* 4# >3% #71=*4"( 2(4(4"! "': "10': "(5 0.0001% ; C: µ'3 0#=31µ# #+6 !"* ' 

=&'4*µ!"'"% "/3 'µ*%./.63 +#3 45384"%"%* "!4( 4"( ;%@µ! "': %./.*µ!"'"1: "(5: 

!4( 4"(3 *"-0# µ# "(3 (2(8( %5"- .83#"%*, µ# "' 45µ;(7- +'7%+- 12# #*+63 B(&>/3. 

F2#&;(7*,1 µ#.17' 2&!4µ#*0' @% %)0%3# µ#3 4'µ%3"*,1 "(5: B(&#8: 27#*(3!"'"%: 



  

 34  

%771 (54*%4"*,1 @% #0%B13*A# "(5: B(&#8: µ#*(3!"'"%:! G'µ#*63(5µ# #284': !"* ()-

"# ' 52#&;(7*,1 µ#.17' %)0'4' "': @#&µ(,&%48%: #3+#8,35"%* .*%"8 ' %5"(.#3-: 25-

,3!"'"% ni "#83#* 3% .83#* 45.,&84*µ' µ# "' 45.,>3"&/4' "/3 %"!µ/3 "(5 +!"' - "(5 

%2(+>,"', ( &!7(: "/3 %"!µ/3 2&!4µ#*0': 4"'3 %./.*µ!"'"% %&=8A#* 3% 52(-

;%@µ8A#"%*, ,%* ( 'µ*%./.!: 45µ2#&*B>&#"%* 4%3 3% #83%* ,%@%&!:, 2&1.µ% %3#2*@)-

µ'"( 4"*: '7#,"&(3*,>: +*%"10#*: 2(5 ;%48A(3"%* 4# 'µ*%./.(): 2&(4µ#80#/:.    

 

    34&"µ#5/: H% 52(7(.84(5µ# "*: 45.,#3"&64#*: "/3 B(&>/3 µ'$#6-*+*&. 4# 'µ*%-

./.(): ")2/3 n ,%* p. I83#"%* ' %5"(.#3-: 25,3!"'"% ni "(5 ,%@%&() 'µ*%./.() 

,%@6: ,%* (* 45.,#3"&64#*: ND ,%* NA "/3 %"!µ/3 "(5 +!"' ,%* "(5 %2(+>,"', %3"8-

4"(*=%. (J @#&µ(,&%48% @#/&#8"%* +(4µ>3' ,%* 4"%@#&-.)  

 

%) 7µ$&585-. *20#9 n:  G=#+!3 !7% "% 1"(µ% "(5 +!"' #83%* *(3*4µ>3%, +'7%+- >=(53 

453#*4B>&#* "( 5
(
 '7#,"&!3*( 4@>3(5: "(5: "( (2(8( ,*3#8"%* /: #7#)@#&( '7#,"&!3*( 

µ# #3>&.#*#: 4"'3 2#&*(=- "': A63': %./.*µ!"'"%:. C2! "'3 177' µ#&*1, 4=#+!3 !7% 

"% '7#,"&!3*% "': A63': %./.*µ!"'"%: (B#87(3"%* 4"% 1"(µ% "(5 +!"', %B() µ#.17( 

µ>&(: "/3 '7#,"&(38/3 2(5 2&(D2-&=%3 4"(3 ,%@%&! 'µ*%./.! >=(53 -+' #2%3%-

453+#@#8 µ# (2>: 4"' A63' 4@>3(5:. K&%, #83%* 7(.*,! 3% ,13(5µ# "'3 2&(4>..*4' 

Dn N/ . C2! "( 3!µ( +&14#/: "/3 µ%A63 (2.16) ;&84,(5µ# "' 45.,>3"&/4' "/3 

(263, (* (2(8#: %2("#7()3 "(5: B(&#8: µ#*(3!"'"%::  

                                                        
2

i

D

n
p

N
#          (2.19) 

;) 7µ$&585-. *20#9 p:  G=#+!3 !7#: (* (2>: 4"' A63' 4@>3(5: (B#87(3"%* 4"(3 %2(-

+>,"'. ?"4*, Ap N/ . J (2.16) +83#* "' 45.,>3"&/4' "/3 '7#,"&(38/3, 2(5 #+6 #83%* 

B(&#8: µ#*(3!"'"%::  

                                                        
2

i

A

n
n

N
#          (2.20) 

 

 

2.9   !"#$%& '()*µ!+,!"& *! -µ"./0/)1& 

 

G# >3%3 'µ*%./.! 2&(4µ#80#/: #83%* +53%"! 3% 453521&=(53 1"(µ% +!"' µ# 1"(µ% 

%2(+>,"'. L 4)3@#"(: %5"!: 'µ*%./.!: @% 45µ2#&*B>&#"%* 4%3 ")2(5 n - ")2(5 p, 

%317(.% µ# "( %3 (* B(&#8: 27#*(3!"'"%: #83%* "% '7#,"&!3*% - (* (2>:, %3"84"(*=%. 

M%7()µ# ND "' 45.,>3"&/4' (2#3"%4@#363) %"!µ/3 +!"' ,%* NA "' 45.,>3"&/4' 

("&*4@#363) %"!µ/3 %2(+>,"'. I*%,&83(5µ# "*: #0-: 2#&*2"64#*::  

 

%) C3 ND=NA , "!"# n=p=ni , !2(5 ni ' %5"(.#3-: 25,3!"'"% "(5 ,%@%&() 'µ*%./-

.(). I'7%+-, (* +!"#: #0(5+#"#&63(3"%* 27-&/: %2! "(5: %2(+>,"#: ,%* ( 'µ*%./-

.!: 45µ2#&*B>&#"%* 4%3 3% #83%* ,&!&"-..  

 

;) C3 ND>NA , "!"# n>p ,%* ( 'µ*%./.!: #83%* *20#9 n. N(&#8: 27#*(3!"'"%: #83%* "% 

'7#,"&!3*%. C3 +#3 52-&=# ( %2(+>,"':, ' 45.,>3"&/4' "/3 '7#,"&(38/3 @% -"%3 

84' 2#&82(5 µ# %5"- "/3 %"!µ/3 "(5 +!"' (;7. OB%&µ(.-, $%&.2.8).  % 1"(µ% !µ/: 

"(5 %2(+>,"' #0(5+#"#&63(53 µ>&(: "/3 '7#,"&(38/3. F2(@>"(3"%: !"* ND>>NA, 

µ2(&()µ# 3% ,13(5µ# "'3 2&(4>..*4' D An N N/ + . C2! "( 3!µ( +&14#/: "/3 µ%-

A63 (2.16) ;&84,(5µ# "' 45.,>3"&/4' "/3 (263, 2(5 #83%* (* B(&#8: µ#*(3!"'"%::  
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2

i

D A

n
p

N N
#

+
      (2.21) 

.) C3 NA>ND , "!"# p>n ,%* ( 'µ*%./.!: #83%* *20#9 p. J 45.,>3"&/4' "/3 (263 

(B(&>/3 27#*(3!"'"%:) #83%* A Dp N N/ +  (52(@>"(3"%: !"* NA>>ND), #36 ' 45.,>-

3"&/4' "/3 '7#,"&(38/3 ;&84,#"%* µ# "' ;(-@#*% "': (2.16):  

                                                    
2

i

A D

n
n

N N
#

+
        (2.22) 

 

 

2.10  2!1µ.$. 3"456*7& *$)6& -µ"./0/)1& 

 

 % &#)µ%"% +*1=54': +*%B>&(53 /: 2&(: "'3 %*"8% "': +'µ*(5&.8%: "(5: %2! %5"1 

2(5 µ#7#"-4%µ# /: "6&%: %2("#7()3 %*&*$%*$,- B%*3!µ#3( ,%* +#3 4=#"8A(3"%* µ# 

"'3 )2%&0' '7#,"&*,() 2#+8(5 (+#3 52%,()(53, +'7%+-, 4"( 3!µ( "(5 Ohm). LB#8-

7(3"%* 4# &6#µ#$-µ#"4+ ,&*&6#µ/ 4#":86 ('7#,"&(38/3 - (263) 4"(3 ,&)4"%77(, 

>"4* 64"# (* 45.,#3"&64#*: n ,%* p 3% µ#"%;177(3"%* %2! 4'µ#8( 4# 4'µ#8(:  

                                      n = n (x, y, z) ,    p = p (x, y, z)    

 ()"( >=#* 4%3 %2(">7#4µ% "' µ#"%B(&1 '7#,"&(38/3 - (263 %2! 2#&*(=>: µ#.%7)-

"#&': 45.,>3"&/4': 4# 2#&*(=>: µ*,&!"#&': 45.,>3"&/4':, >"4* 64"# ' ,%"%3(µ- 

"/3 B(&>/3 3% .83#* "#7*,1 (µ(*!µ(&B'. J ,83'4' %5"- "/3 B(&>/3 453*4"1 "( "'2-

µ& 1$ )9%+..  

 

    L* 25,3!"'"#: "/3 &#5µ1"/3 +*1=54': pJ
 

 ,%* nJ
 

 .*% "*: (2>: ,%* "% '7#,"&!3*%, 

%3"84"(*=%, +83(3"%* %2! "( 6-µ# *#9 Fick :  

                                  ,p p n nJ qD p J qD n# + 0 # $ 0
    

     (2.23) 

 

 

!2(5 q ' %2!75"' "*µ- "(5 B(&"8(5 "(5 '7#,"&(38(5 ,%* Dp , Dn +)( 4"%@#&>: (%*&-

!'":. 1$ )9%+. .*% "*: (2>: ,%* "% '7#,"&!3*%).  (38A(5µ# !"* + 4#"  *#2 nJ
 

 ';6&$ 

%9µ<&*$,/, +'7%+- &6*;!'*+ %2! "'3 2&%.µ%"*,- B(&1 ,83'4': "/3 '7#,"&(38/3 (.*% 

"*: (2>: !µ/: 2(5 #83%* @#"*,1 B(&"*4µ>3#:, "( pJ
 

 >=#* "' B(&1 "': ,83'4-: "(5:). 

G"'3 2#&82"/4' 2(5 ' ,%"%3(µ- "/3 B(&>/3 4"( =6&( #83%* (µ(*!µ(&B', 

p=%*&!'"-  ,%*  n=%*&!'"-, >"4* 64"# pJ
 

= 0  ,%* nJ
 

= 0.  

 

    C3 "% n ,%* p µ#"%;177(3"%* µ!3( 4# µ8% +*#)@534', >4"/ x, "!"# n= n(x), p= p(x), 

,%* "% &#)µ%"% (2.23) %31.(3"%* 4"*: %7.#;&*,>: #,B&14#*:  

                                    ,p p n n

dp dn
J qD J qD

dx dx
# + # $        (2.24) 

 

    J #,7(.- "/3 2&(4-µ/3 4"*: 4=>4#*: (2.23) ,%* (2.24) >.*3# µ# ;14' "'3 %,!-

7(5@' B54*,- %2%8"'4':  
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  !"#$µ#%&'( )*"+ ',-./.0 %1- )*"21- 3,-#& #!4 !3"&*520 µ3$#67%3".0 

!8'-4%.%#0 /3 !3"&*520 µ&'"4%3".0 !8'-4%.%#0.  

 

C: #7>.0(5µ# 7(*2!3 "'3 (&@!"'"% "/3 2&(4-µ/3 µ%:. 91&*3 %27!"'"%:, @#/&()µ# 

!"*  n= n(x) ,%*  p= p(x):  

                           

                         

x
x x dx$
! !

n n dn$

p p dp$

     
 

H#/&()µ# µ*% ,%"%3(µ- '7#,"&(38/3 ,%* (263 ,%"1 µ-,(: "(5 10(3% x. ?4"/ n ,%* 

p (* %3"84"(*=#: 45.,#3"&64#*: 4"' @>4' x ,12(*% =&(3*,- 4"*.µ-.  '3 8+*% 4"*.µ-, 

4# µ*% .#*"(3*,- @>4' x+dx (* 45.,#3"&64#*: #83%* n+dn ,%* p+dp, !2(5 "% dn ,%* 

dp 2%&*4"()3 "*: µ#"%;(7>: "/3 45.,#3"&64#/3 %2! "' @>4' x 4"' @>4' x+dx. F2(-

@>"(5µ#, =/&8: ;71;' "': .#3*,!"'"%:, !"* dn>0 ,%* dp>0, >"4* 64"# n+dn>n ,%* 

p+dp>p. I'7%+-, (* 45.,#3"&64#*: %5013(53 2&(: "' @#"*,- ,%"#)@534' "(5 10(3% 

x. E# ;14' "'3 2%&%"-&'4' 2(5 ,13%µ# 2%&%213/, "!4( "% '7#,"&!3*% !4( ,%* (* 

(2>: @% 2&>2#* 3% ,*3()3"%* 2&(: "'3 &"6+*$,/ ,%"#)@534' "(5 10(3% (2&(: "% &"$-

%*'" ), +'7%+- %2! "' @>4' µ#.%7)"#&': 45.,>3"&/4': 2&(: "' @>4' µ*,&!"#&': 

45.,>3"&/4':. E%: "( #0%4B%78A(53 %5"! "% 2&!4'µ% 4"*: 4=>4#*: (2.24);  

 

    G"'3 2#&82"/4' "/3 (263 >=(5µ# !"*  

                                              
(2.24)

0 0p

dp
J

dx
1 , 2     

?"4*, ;14#* "': (2.24), "( &#)µ% pJ
 

 >=#* ,%"#)@534' 2&(: "'3 %&3'"*,- B(&1 "(5 

10(3% x (2&(: "% %&*4"#&1). O2#*+- (* (2>: #83%* @#"*,1 B(&"*4µ>3#:, ' B(&1 ,83'4-: 

"(5: 45µ282"#* µ# %5"-3 "(5 pJ
 

, #83%* +'7%+- 2&(: "% %&*4"#&1. C5"! 45µB/3#8 %-

2!75"% µ# "'3 2&!;7#<' 2(5 ,13%µ# 2%&%213/.  

 

    P*% "% '7#,"&!3*% >=(5µ# !"*  

                                                   
(2.24)

0 0n

dn
J

dx
1 , 1       

Q14#* "': (2.24), 7(*2!3, "( &#)µ% nJ
 

 >=#* ,%"#)@534' 2&(: "'3 @#"*,- B(&1 "(5 

10(3% x (2&(: "% +#0*1). C5"- !µ/: #83%* ' %9µ<&*$,/ B(&1 "(5 &#)µ%"(:. J 0"&5µ&-

*$,/ B(&1 ,83'4': "/3 (%&3'"*,1 B(&"*4µ>3/3) '7#,"&(38/3 #83%* %3"8@#"' "': 45µ-

;%"*,-:, +'7%+- 2&(: "% %&*4"#&1. C5"! 45µB/3#8 ,%* 217* µ# "'3 2&!;7#<' 2(5 

,13%µ# 3/&8"#&%.  
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829:-;8<; 

 

 
1. R% 2#&*.&%B#8 ' +(µ- "/3 #3#&.#*%,63 A/363 4"% µ>"%77%, "(5: µ(3/">: ,%* 

"(5: 'µ*%./.():. $6: ' +(µ- %5"- #&µ'3#)#* "'3 '7#,"&*,- %./.*µ!"'"% "/3 4"#-

&#63 %5"63; $6: #0'.#8"%* ' '7#,"&*,- %./.*µ!"'"% "/3 ,&54"177/3 "(5 3%"&8(5 

,%* "(5 µ%.3'48(5; $() (B#87#"%* ' +*%B(&1 %./.*µ!"'"%: %31µ#4% 4"( +*%µ13"* 

,%* "( .#&µ13*(; 

 

2. $6: #0'.#8"# "( !"* "( +*%µ13"* #83%* +*%B%3>: #36 "( 31"&*( ,%* "( .#&µ13*( #83%* 

%+*%B%3-; (N/"!3*% (&%"-: %,"*3(;(78%:: 1.5-3 eV.)  

 

3. H#/&()µ# ,&54"177(5: "&*63 +*%B(&#"*,63 4"#&#63: (%) L ,&)4"%77(: = %2(&-

&(B1 ,1@# '7#,"&(µ%.3'"*,- %,"*3(;(78% 2(5 2&(4282"#* 4# %5"!3. (;) L ,&)4"%7-

7(: > %2(&&(B1 ,1@# %,"*3(;(78% "': (2(8%: "% B/"!3*% >=(53 #3>&.#*% "(571=*-

4"(3 5.9 eV. (.) L ,&)4"%77(: ? %2(&&(B1 %,"*3(;(78#: µ# #3>&.#*% "(571=*4"(3 

0.8 eV. R% .83#* >3% 2(*("*,! +*1.&%µµ% "/3 %36"#&/3 #3#&.#*%,63 A/363 .*% ,1@# 

,&)4"%77( ,%* 3% 2#&*.&%B()3 (* '7#,"&*,>: ,%* (* (2"*,>: *+*!"'"#: "/3 ,&54"17-

7/3.  (N/"!3*% (&%"-: %,"*3(;(78%:: 1.5-3 eV.)  

 

4. H#/&()µ# +)( ,&54"177(5: 4"#&#63. L ,&)4"%77(: = %2(&&(B1 ,1@# '7#,"&(-

µ%.3'"*,- %,"*3(;(78% 2(5 2&(4282"#* 4# %5"!3, #36 ( ,&)4"%77(: > %2(&&(B1  

,1@# %,"*3(;(78% "': (2(8%: "% B/"!3*% >=(53 #3>&.#*% "(571=*4"(3  

0.9 eV. L* ,&)4"%77(* ;&84,(3"%* %&=*,1 4# >3% <5.#8( ,%* 4"' 453>=#*% "(2(@#"()-

3"%* 4# >3% @#&µ(@17%µ(. $6: @% µ#"%;7'@#8 ' '7#,"&*,- %3"84"%4' "(5 ,1@# ,&5-

4"177(5; O0'.-4"#.  

 

5. R% 2#&*.&%B()3 (* B54*,>: 4'µ%48#: "/3 2%&%,1"/ #33(*63: 

    %) S63' %./.*µ!"'"%: µ#"177(5.  

    ;) S63' 4@>3(5: ,%* A63' %./.*µ!"'"%: 'µ*%./.().  

    .) O3#&.#*%,! =14µ% 'µ*%./.().  

    +) L2- 4# 'µ*%./.!.  

 

6. R% %2(+#*=@#8 ' .#3*,- µ(&B- "(5 3!µ(5 "(5 Ohm .*% >3% µ>"%77(, ,%@6: ,%* ' 

#*+*,- µ(&B- "(5 3!µ(5 .*% >3% µ#"%77*,! 4)&µ% 4"%@#&-: +*%"(µ-:.  

 

7. E# ;14' "( 3!µ( "(5 Ohm ,%* "*: #,B&14#*: "': #*+*,-: %./.*µ!"'"%:, 3% #0'.'-

@#8 .*%"8 >3% µ>"%77( #83%* 2(7) 2*( %.6.*µ( %2! >3%3 ,%@%&! 'µ*%./.!.  

 

8. R% 2#&*.&%B#8 ' #28+&%4' "': @#&µ(,&%48%: 4"'3 %./.*µ!"'"% "/3 µ#"177/3 ,%* 

"/3 'µ*%./.63. $(*(* B54*,(8 µ'=%3*4µ(8 7%µ;13(53 =6&%; $6: #2'&#1A(3"%* "% 

B54*,1 µ#.>@' 2(5 52#*4>&=(3"%* 4"*: #,B&14#*: "': #*+*,-: %./.*µ!"'"%: 4# ,1@# 

2#&82"/4'; $(*% #83%* ' +*%B(&1 %31µ#4% 4"(5: ,(*3(): %./.(): ,%* "(5: 52#&%-

./.():;  

 

9. R% 2#&*.&%B#8 ( B54*,!: µ'=%3*4µ!: µ# "(3 (2(8( µ*% 2&!4µ#*0' ")2(5 n - ")2(5 

p 45µ;177#* 4"'3 %./.*µ!"'"% #3!: 'µ*%./.(). $(*(* #83%* (* B(&#8: µ#*(3!"'"%: 4# 

,1@# 2#&82"/4';  
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10. R% +*%"52/@#8 ( 3!µ(: +&14#/: "/3 µ%A63. E# ;14' %5"!3, 3% #0'.'@#8 .*%"8 

µ*% 2&!4µ#*0' %5013#* "'3 %./.*µ!"'"% #3!: 'µ*%./.().  

 

11. H#/&()µ# +#8.µ% µ(3%+*%8(5 !.,(5 ,&54"177(5 ,%@%&() .#&µ%38(5 (Ge) 4# 

4"%@#&- @#&µ(,&%48%.  ( 27-@(: "/3 '7#,"&(38/3 %./.*µ!"'"%: 4"( +#8.µ% #83%* 

84( µ# &. C3"*,%@*4"()µ# "6&% @ 1"(µ% Ge µ# 1"(µ% B/4B!&(5 (T,15) ,%* 177%  

10 @  1"(µ% Ge µ# 1"(µ% ;(&8(5 (Q,5). $(*( @% #83%* "( 3>( 27-@(: "/3 '7#,"&(38/3 

%./.*µ!"'"%:;  

 

12. E#&*,1 +*%µ13"*% %3"8 3% #83%* "#7#8/: +*%B%3- >=(53 >3% ;%@) µ27# =&6µ% 2(5 

(B#87#"%* 4# 2&!4µ#*0' %"!µ/3 ;(&8(5 (Q,5). $6: µ#"%;177#* ' 2&!4µ#*0' "( +*1-

.&%µµ% "/3 #3#&.#*%,63 A/363 "(5 ,%@%&() +*%µ%3"*(); G=#+*14"# "( +*1.&%µµ% 

A/363 "(5 µ27# +*%µ%3"*() µ# +#+(µ>3( !"*  6GE  eV  ,%* !"* "% B/"!3*% "': «#&5-

@&-:» 2#&*(=-: "(5 B14µ%"(: "(5 B/"!: >=(53 #3>&.#*% "': "10': "/3  

1.7 eV.  (H#/&()µ# 2&(4#..*4"*,1 !"* "( B/: >=#* µ*% «µ27#» ,%* µ*% «,!,,*3'» 45-

3*4"64%.)  

 

13. G# "* +*%B>&(53 /: 2&(: "% %8"*% "': +'µ*(5&.8%: "(5: "% &#)µ%"% +*1=54': %2! 

#,#83% 2(5 52%,()(53 4"( 3!µ( "(5 Ohm; R% +(@()3 (* #,B&14#*: "/3 &#5µ1"/3 

+*1=54': '7#,"&(38/3 ,%* (263 ,%* 3% #0'.'@#8 ' #2*7(.- "/3 2&(4-µ/3 4"*: #,-

B&14#*: %5">:.  
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 !"#$%!&#& &' $()%*+,-&("$&# . /)"+# 
 

 

0"+-1#*+("$+  ! 0"+ 

 

 

.2345µ6 Stokes (,2789: *;4<:):  

 

 

                         " "  !"#$%!#& $%!#'
()!)*%*#& (+,"#' (+,"#-. .      

 

 !"!#$%&µ!'!:  
 

1.  !"#$µ% Newton-Leibniz (& «'"#&(» !)*%+ !,-./#%µµ& 0µ1µ% ab, 2%+ 0& 3#+3 0&, 

0% 4$µ!)% a 2%+ b): 

 

                            / 0( ) ( ) ( ) ( )
b b b

aa a

df
f x dx dx f x f b f a

dx
1 - - - 2. .     

 

5!*)2!,4$ /+% !6+2%µ6.7+& &7&271#8µ% (& «'"#&(» !)*%+ %*&+'01 2%µ6.7$ ab 40&* 

R
3
, 2%+ 0& 3#+3 0&, 0% 4$µ!)% a 2%+ b):  

 

                                      ( ) ( ) ( )
b b

a a
dl d b a3 3 3 34 5 - - 2. .
  !!

     

 

2.  !"#$µ% Gauss (o «'"#&(» !)*%+ 3/2&( V 6&, 9'!+ 8( 3#+& 27!+401 !6+:;*!+% S):  

 

               

V
S

da
  !

da

        
 

3.  !"#$µ% Stokes, $(#()* µ&#:1 (& «'"#&(» !)*%+ %*&+'01 !6+:;*!+% S 6&, 

6!#%0&.0%+ 4! 27!+401 2%µ6.7$ C):  

 

            

S

C

da
  !

da

dl
  !

            
 

(<#&4&'1 40$ +,$'()* :&#; 08* d l
  !

 2%+ d a
  !

!)  

 

 

( )
V S

A dv A da45 - 5. .
  !! ! !

"

( )
S C

A da A dl46 5 - 5. .
  !   !! ! !

"
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 8=89;> (?@;8 !2=>A7:  

 

 

 

 

+BC4DE8F; !2=>; ( )A r
! !

 #AF57ACD !2=>; ( )B r
! !

 

0A46 -
! !

 0B45 -
! !

  

( ):r A3 37 - 4
! !!

 ( ):A r B A7 - 46
! ! !!!

  
b

a
A dl5.

  !!

   !-$./"'0'1 '12 #"3µ12 412 

+2-#5$( '! +0µ$%! a )!( b 

S
B da5.

  !!

   $.!"'/'!( µ3-1 !43 '1 3"(1 

()6$(+'* )!µ4760) '08 $4(9/-$(!8 S , 3,( 

!43 '0- %#(! '0- S  

0
C

A dl5 -.
  !!

"    (C=27!+401 2%µ6.7$) 0
S

B da5 -.
  !!

"    (S=27!+401 !6+:;*!+%) 

:-1(,'58 (3'+ 27!+409() J,*%µ+29( /#%µµ9( 

6&, K!2+*&.* 2%+ 2%0%71/&,* 40+(  «6$/9(» 

0&, 6!J)&, (6.'., :&#0)%)  

;6$(+'58 J,*%µ+29( /#%µµ9( ('8#)( 

%#'1 2%+ 097&() - L'+ µ!µ&*8µ9*!( 

4$µ!+%29( 6$/9( (637&+)  

 

 

 

 

 

#G7C545C89D !2=>; 0G7Hµ2A7 ( )F r
! !

 

M#/& 6;*8 4! ,63-!µ%:  
B

AB
A

W F dl- 5.
  !!

   !-$./"'0'1 '12 #"3µ12 :< 

0
C

W F dl- 5 -.
  !!

"    /+% )6$(+'* J+%J#&µ1 C 

0F46 -
! !

   (!+'"3=(61)  

( ):U r F U7 - 24
!!!

 ,  ( ) ( )AB A B A BW U r U r U U- 2 8 2
! !

 

(U = #2-!µ()* $-5"&$(! 241>5µ!'18)  

.E E U9": ;<)=- > -    (#(!'*"0+0 µ0,!-()*8 $-5"&$(!8)  
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#(+("$+  &' $()"$+  $+"  *+,-&("$+  ! 0"+ 

 

 

D& $7!20#+23 6!J)& ( E
!

) 6%#;/!0%+ %63 $7!20#+2; :&#0)% 2%+ !6+J#; 4! 36! 0% 

:&#0)%, %*!K;#0$0% %63 0$* 2)*$41 0&,(. D& µ%/*$0+23 6!J)& ( B
!

) 6%#;/!0%+ %63 

)(-17µ$-! $7!20#+2; :&#0)% 2%+ !6+J#; µ3*& 4! )(-17µ$-! :&#0)% (1, $7!20#+2; 

#!.µ%0%). D% 6!J)% %,0; µ6&#!) *% !)*%+ +'!'()/ ('#&*+2;-%µ!0;N7$0%) 1 ,"1-()/-

µ$'!=!663µ$-!. 5!*+2;, 9*% 6!J)& A
!

 !)*%+ 40%0+23 %* / 0A t? ? -
!

, 904+ "40! 

( )A A r-
! ! !

, !*" !)*%+ '#&*+2;-µ!0%N%773µ!*& %* 9'!+ 0$ µ&#:1 ( , )A A r t-
! ! !

.  

 

D% 40%0+2; $7!20#+2; 6!J)% J+96&*0%+ %63 0& *3µ& 0&, Coulomb, !*" 0% 40%0+2; 

µ%/*$0+2; 6!J)% %63 0& *3µ& Biot-Savart. A+ *3µ&+ %,0&) &J$/&.* 4! 9*% 4.40$µ% 

0!44;#8* !K+4"4!8* 6&, µ6&#&.* *% /#%:&.* 4! J+%:&#+21 1 4! &7&27$#80+21 

µ&#:1, 8( !K1(:  

 

 

0 0

0 0

( ) / /

( ) 0 0

( ) 0 0

( )

in
S

S

C

in
C

E E da Q

B B da

E E dl

B J B dl I

) ! + +

@

*

, A A

45 - B 5 -

4 5 - B 5 -

46 - B 5 -

46 - B 5 -

.

.

.

.

  !! ! !

  !! ! !

  !! ! !

  !! ! ! !

"

"

"

"

           

 

A+ (%) 2%+ (/) %:&#&.* 0& 06$)'"1+'!'()3 6!J)& 2%+ !)*%+ 4,*96!+!( 0&, *3µ&, 0&, 

Coulomb, !*" &+ (N) 2%+ (J) %:&#&.* 0& +'!'()3 µ%/*$0+23 6!J)& 2%+ !)*%+ 4,*96!+!( 

0&, *3µ&, Biot-Savart. =+J+2;, 4.µ:8*% µ! 0$* (/), 0& $7!20#&+'!'()3 6!J)& !)*%+ 

!+'"3=(61 2%+ 9'!+ !-1(,'58 J,*%µ+29( /#%µµ9( 6&, K!2+*&.* 2%+ 2%0%71/&,* 4! 

$7!20#+2; :&#0)%. =6) 679&*, 4.µ:8*% µ! 0$* (N), 0& µ%/*$0+23 6!J)& !)*%+ 

+?60-?'3 2%+ &+ J,*%µ+29( 0&, /#%µµ9( !)*%+ )6$(+'58, %:&. J!* ,6;#'&,* 

µ!µ&*8µ9*&+ µ%/*$0+2&) 637&+ %63 0&,( &6&)&,( &+ /#%µµ9( %,09( -% µ6&#&.4%* *% 

K!2+*&.* 1 40&,( &6&)&,( -% µ6&#&.4%* *% 2%0%71/&,*.  

 

A+ !K+4"4!+( %,09( J)*&,* 0$* 7%*-%4µ9*$ !*0.684$ 30+ ,6;#'&,* J.& 6!J)%, 0& 

$7!20#+23 2%+ 0& µ%/*$0+23, 6&, !)*%+ %*!K;#0$0% 0& 9*% %63 0& ;77&. G,03 3µ8( 

%7$-!.!+ µ3*& 40$* 6!#)6084$ 08* +'!'()@- 6!J)8*! <#;/µ%0+, /+% '#&*+2;-

µ!0%N%773µ!*% B/F 6!J)%, &+ µ!* (%) 2%+ (N) !K%2&7&,-&.* *% +4'.&,*, &+ (/) 2%+ 

(J), 3µ8(, 6%)#*&,* *9!( µ&#:9( 6&, !µ6!#+9'&,* 0%,03'#&*% 0& $7!20#+23 2%+ 0& 

µ%/*$0+23 6!J)&, 904+ "40! $ µ!0%N&71 0&, !*3( *% !6$#!;O!+ ;µ!4% 0& ;77&.  
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-Dµ;I C;G Gauss:  

 

G6&0!7!) 0$ µ%-$µ%0+21 92:#%4$ 0&, *3µ&, 0&, Coulomb, %77; !K%2&7&,-!) *% 

+4'.!+ 2%+ 40$* 6!#)6084$ 6&, 0& $7!20#+23 6!J)& E
!

 !)*%+ '#&*+2;-µ!0%N%773µ!*&:  

 

               

V
S

da
  !

da E
!

              
 

(36&, Qin 0& &7+23 :&#0)& 40& $+?'$"()3 0$( 27!+401( !6+:;*!+%( S). F! '#14$ 0&, 

-!8#1µ%0&( Gauss, $ 6%#%6;*8 4'94$ /#;:!0%+ 4! +4&J.*%µ$ J+%:&#+21 µ&#:1, 8( 

!K1(:  

                                                       
0

E
!
+

45 -
! !

        

 

36&,  " = 42)-3'0'! 91"'%12:  in
V

Q dv!- .  .       

 

 "1+1,*:  D& )J+& 0& 6!J)& E
!

 &:!)7!0%+ 4! 36! 0% :&#0)%, !480!#+2; )!( !K80!#+2; 

8( 6#&( 0$* S, %77; $ "1* 0&, 6!J)&, µ94% %63 0$* S (0& 27!+403 !6+:%*!+%23 

&7&271#8µ%) !K%#0;0%+ µ3*& %63 0% $+?'$"()/ :&#0)%!  

 

 

&F29C4; !"!#$% !2=>; ( )E E r-
! ! !

 - &F29C489D 0G76µ89D:  

 

                       0
C

E dl5 -.
  !!

"        <=>      0E46 -
! !

    (!+'"3=(61 6!J)&)   

 

D30!,  

                          ( ):V r E V7 - 24
!!!

       (V = 06$)'"()3 #2-!µ()3)   

 

B J+%:&#; J,*%µ+2&. (0;4$) %*;µ!4% 4! J.& 4$µ!)% !*3( $7!20#&40%0+2&. 6!J)&, 

!)*%+  

 

                                                 
b

a b
a

E dl V V5 - 2.
  !!

             

 

B 4'94$ 0E46 -
! !

 #$- +4'.!+ 40$* 6!#)6084$ !*3( '#&*+2;-µ!0%N%773µ!*&, B/F 

6!J)&,. P$7%J1, 0& '#&*+2;-µ!0%N%773µ!*& $7!20#+23 6!J)& #$- !)*%+ %40#3N+7&.  

 

D& $7!20#&40%0+23 6!J)& !)*%+ +2-'0"0'()3. B J,*%µ+21 !*9#/!+% !*3( :&#0)&, q 

µ94% 40& 6!J)& %,03 !)*%+  

 

                                                    ( ) ( )U r qV r-
! !

          

 

0

in

S

Q
E da

+
5 -.
  !!

"
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!G97DC5C6 )2?µ6C;I J
!

:   

 

F6&#!) *% &#+40!) µ! N;4$ 0$ 4'94$  

 

               

V
S

da
  !

da J
!

           
 

36&, $ !6+:;*!+% S µ6&#!) *% !)*%+ %*&+'01 1 27!+401, 2%+ 36&, A !)*%+ $ &7+21 

9*0%4$ #!.µ%0&( (&7+23 :&#0)& %*; µ&*;J% '#3*&,) 6&, J+%6!#*; 0$* S. B 

6,2*30$0% #!.µ%0&( 2%+ $ 6,2*30$0% )(-17µ$-12 :&#0)&, 4,*J9&*0%+ µ! 0$ 4'94$  

 

                                                         J 9! '-
! !

           

 

(36&, '
!

 $ 0%'.0$0% 2)*$4$( 0&, :&#0)&,).  

 

 

 

 J>BAB5 #G72K2>6I:  

 

                       0J
t

!?
4 5 > -

?

! !

       (36&,  " = 42)-3'0'! 16()17 91"'%12) 

 

B2+()* +0µ!+%!:  =2:#;O!+ 0$ #(!'*"0+0 '12 91"'%12.    

 

 

 

-Dµ;I C;G Ohm L86 +L3L8µ; 1F89D:  

 

G6&0!7!) 6#&4!//+40+23 *3µ& 6&, +4'.!+ ,63 6#&Q6&-94!+( (4'!0+2; µ+2#9( 0+µ9( 0&, 

$7!20#+2&. 6!J)&, E
!

), 2%+ J!* %6&0!7!) %2#+N1 *3µ& 0&, $7!20#&µ%/*$0+4µ&..  

 

5!*+21 µ&#:1:        J E;-
! !

       (36&,  + = $(#()* !&?&(µ3'0'! 26()17 µ5+12)   

 

5+% µ!0%77+23 4.#µ% %*0)40%4$( R, ,63 0;4$ CV 40% ;2#% 0&,,  

 

                                                    
V

I
R

C
-        (!+J+21 µ&#:1)    

 

 

 

 

 

 

 

S

dQ
I J da

dt
- - 5.

  !!
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-Dµ;I C;G Gauss L86 C; *6L75C8BµD:  

 

M'!+ /!*+21 +4'., %23µ% 2%+ 40$* 6!#)6084$ 6&, 0& µ%/*$0+23 6!J)& B
!

 J!* !)*%+ 

40%0+23.  

 

A7&27$#80+21 µ&#:1:                          0
S

B da5 -.
  !!

"      

 

(36&, S 27!+401 !6+:;*!+%). F! '#14$ 0&, -!8#1µ%0&( Gauss, N#)42&,µ! 0$* 

+4&J.*%µ$ ......   

 

P+%:&#+21 µ&#:1:                  0B45 -
! !

     (+?60-?'3 6!J)&)    

 

B2+()* +0µ!+%!:  

 

1. A+ J,*%µ+29( /#%µµ9( 0&, µ%/*$0+2&. 6!J)&, !)*%+ )6$(+'58 (J!* 9'&,* %#'1 

2%+ 097&().  

2. P!* ,6;#'&,* !7!.-!#&+ (µ!µ&*8µ9*&+) µ%/*$0+2&) 637&+ («µ%/*$0+2; 

:&#0)%»).  

3. B µ%/*$0+21 #&1 µ94% %63 !-1(,'* !6+:;*!+% S !K%#0;0%+ µ3*& %63 0& 

6!#)/#%µµ% (27!+401 2%µ6.7$) C 0$( !6+:;*!+%(, 2%+ !)*%+ )J+% /+% 37!( 0+( 

!6+:;*!+!( 6&, 9'&,* 2&+*3 6!#)/#%µµ% C.  

 

 

 

-Dµ;I C;G Ampère L86 &!"!#$% *6L75C89D !2=>;:  
 

A7&27$#80+21 µ&#:1:                 0 in
C

B dl IA5 -.
  !!

"        

 

[36&, Iin 0& &7+23 #!.µ% 6&, J+9#'!0%+ µ94% %63 0$* 27!+401 2%µ6.7$ (N#3'&) C ]. 

F! '#14$ 0&, -!8#1µ%0&( Stokes, N#)42&,µ! 0$* +4&J.*%µ$ ......   

 

P+%:&#+21 µ&#:1:                          0B JA46 -
! ! !

                  

 

 "1+1,*:  D& )J+& 0& 6!J)& B
!

 &:!)7!0%+ 4! 36! 0% #!.µ%0%, !480!#+2; )!( !K80!#+2; 

8( 6#&( 0$* C, %77; 0& 27!+403 !6+2%µ6.7+& &7&271#8µ% 0&, B
!

 !K%#0;0%+ µ3*& 

%63 0% $+?'$"()/ #!.µ%0%!  

 

A *3µ&( %,03( #$- +4'.!+ 40$ µ&#:1 6&, 0&* /#;R%µ! 40$* 6!#)6084$ !*3( ,"1-()/-

µ$'!=!663µ$-12 B/F 6!J)&,.  
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#(+("$+  ! 0"+  #(&-  1'& 

 

 

&F29C489D 0>@;F; - &F29C489: 08@;F89: );@::  

 

M*% 06$)'"()3 #%4161 %6&0!7!)0%+ %63 J.& %*0)-!0% :&#0)% –q 2%+ +q 4! %6340%4$ s 

µ!0%K. 0&,(. @%7&.µ! s
!

 0& J+;*,4µ% !43 '1 –q +'1 +q. B 06$)'"()* #(416()* "14* 

p
!

 0&, 4,401µ%0&( &#)O!0%+ 8( !K1(:  

                   

##q2 q>
s
!

p
!

                     
 

L0%* 9*% $7!20#+23 J)6&7& N#!-!) µ94% 4! $7!20#+23 6!J)& E
!

, 0& 6!J)& 0!)*!+ *% 

40#9R!+ 0& 4.40$µ% 904+ "40! $ J+6&7+21 0&, #&61 p
!

 *% !,-,/#%µµ+40!) µ! 0& E
!

.  

 

 

*6L75C89D 0>@;F; - *6L75C89: 08@;F89: );@::  

 

F! 0&* 3#& «µ%/*$0+23 J)6&7&» !**&&.µ! %67; 9*%* 27!+403 #!,µ%0+23 N#3'&. 

 !8#&.µ! 9*% µ+2#3, !6)6!J& N#3'& !µN%J&. a, & &6&)&( J+%##9!0%+ %63 #!.µ% A. 

A#)O&,µ! 9*% J+;*,4µ% a
!

, µ90#&, a, 2;-!0& 40& !6)6!J& 0&, N#3'&,, µ! :&#; 

4,µN%01 µ! 0$ :&#; 0&, #!.µ%0&( 2%+ 2%-&#+O3µ!*$ 4.µ:8*% µ! 0&* 2%*3*% 0&, 

J!K+&. '!#+&.. B µ!&-0'()* #(416()* "14* m
!

 0&, N#3'&, &#)O!0%+ 8( !K1(:  

 

                            I

a

a
!
m
!

                                  
 

L0%* 9*% µ%/*$0+23 J)6&7& N#!-!) µ94% 4! µ%/*$0+23 6!J)& B
!

, 0& 6!J)& 0!)*!+ *% 

40#9R!+ 0& 4.40$µ% 904+ "40! $ J+6&7+21 0&, #&61 m
!

 *% !,-,/#%µµ+40!) µ! 0& B
!

.  

 

 

 

085F29C489H *MB6 (*;7ACMI):  

 

L0%* 9*% J+$7!20#+23 (µ&*80+23) µ94& N#!-!) µ94% 4! $7!20#+23 6!J)&, ,:)40%0%+ 

06$)'"()* 436?+0 (J$µ+&,#/)% 6#&4%*%0&7+4µ9*8* $7!20#+2"* J+6378* 40& 

!480!#+23 0&, ,7+2&.). C3/8 0&, :%+*&µ9*&, %,0&., 40& !480!#+23 2%-"( 2%+ 40$* 

!6+:;*!+% 0&, J+$7!20#+2&. !µ:%*)O!0%+ 9*% *9& !)J&( :&#0)8* 6&, 2%7&.*0%+ 91"'%! 

436?+08 2%+ $ 6,2*30$0; 0&,( 4,µN&7)O!0%+ "b . ?! %*0)-!4$ µ! 0% !7!.-!#% :&#0)% 

08* %/8/"*, 0% :&#0)% 63784$( !)*%+ #5+µ(! 4! 4,/2!2#+µ9*% ;0&µ% 2%+ J!* 

µ6&#&.* *% µ!0%2+*$-&.* µ94% 40& ,7+23. G* 40& !480!#+23 1 0$* !6+:;*!+% 0&, 

J+$7!20#+2&. ,6;#'&,* 2%+ ;77% :&#0)% 412 #$- 19$%61-'!( +'0- 436?+0, 0&.0% 

2%7&.*0%+ $6$7>$"! 91"'%! 2%+ $ 6,2*30$0; 0&,( 4,µN&7)O!0%+ "f . D% :&#0)% %,0; 

µ6&#!) *% !)*%+, 6.'., $7!20#3*+% 40+( 67;2!( !*3( 6,2*801 6&, !)*%+ 4! !6%:1 µ! 0& 

p q s-
! !

m I a-
! !
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J+$7!20#+23, !6+6#34-!0% !K80!#+2; :&#0)% 0&6&-!0$µ9*% µ! 2;6&+&* 0#36& µ94% 

40& ,7+23, +3*0% Na
+
 2%+ Cl

2
 µ94% 4! J+;7,µ% NaCl 4! H2O, 276. B &7+21 6,2*30$0% 

:&#0)&, 40& ,7+23 !)*%+ 0& ;-#&+4µ% f b! ! !- > .  

 

?0$* 6!#)6084$ !*3( J+$7!20#+2&., & *3µ&( 0&, Gauss µ6&#!) *% 6;#!+ 0$ µ&#:1  

 

                                    ,f in
S

D da Q5 -.
  !!

"     <=>     fD !45 -
! !

   

 

36&,  D
!

= 06$)'"()* µ$'!'34(+0 (0& $7!20#+23 6!J)& 6&, &:!)7!0%+ 40% $6$7>$"! 

:&#0)% µ3*&). 5+% &"!µµ()3 µ94& (40& &6&)& $ 63784$ !)*%+ %*;7&/$ 0$( 9*0%4$( 

0&, 16()17 $7!20#+2&. 6!J)&, E
!

 6&, &:!)7!0%+ 4! 36! 0% :&#0)%), +4'.!+ 30+  

 

                                        D E+-
! !

     36&,     0 (1 )e+ + D- >      

 

( $ = #(06$)'"()3'0'! '12 µ5+12 ,    ,e = 06$)'"()* $4(#$)'()3'0'! ). @%7&.µ!  

 

        
0

1e e

+
9 D

+
- - >     (+,$'()* #(06$)'"()3'0'!  1  #(06$)'"()* +'!>$"/ 0&, µ94&,) .  

 

5+% 37% 0% ,7+2; +4'.!+ 30+ 00, , 1e eD + + 9E E E . 5+% 0& )$-3, 00, , 1e eD + + 9- - - .  

 

 

 

*6L75C89H *MB6 (N2A45C89H, %'" C6 GF89H):  

 

L0%* 9*% ,7+23 N#!-!) µ94% 4! µ%/*$0+23 6!J)&, ,:)40%0%+ µ!&-0'()* 436?+0 1  

µ!&-*'(+0 (J$µ+&,#/)% 6#&4%*%0&7+4µ9*8* µ%/*$0+2"* J+6378* 40& !480!#+23 0&, 

,7+2&.). C3/8 0&, :%+*&µ9*&, %,0&., 40& !480!#+23 2%-"( 2%+ 40$* !6+:;*!+% 0&, 

,7+2&. !µ:%*)O!0%+ 9*% *9& !)J&( #!,µ;08* 6&, 2%7&.*0%+ "$7µ!'! µ!&-*'(+08 

(6,2*30$0%  bJ
!

). ?! %*0)-!4$ µ! 0% #!.µ%0% !7!.-!#8* :&#0)8* 6&, J+%##9&,* 0&,( 

%/8/&.(, 0% #!.µ%0% µ%/*10+4$( !)*%+ #5+µ(!, µ! 0$* 9**&+% 30+ J!* 4,*+40&.* 

µ!0%2)*$4$ :&#0)&, 4! µ!/;7!( %6&40;4!+( %77; !)*%+ %-#&+40+2; (µ%2#&42&6+2;) 

:%+*3µ!*%, %6&0!7&.µ!*% %63 4,*!+4:&#; 6&77"* µ+2#&42&6+2"* #!,µ;08* 6&, 

!)*%+ %*%6346%40% 4,*J!J!µ9*% µ! ;0&µ% 0&, ,7+2&.. G* 40& !480!#+23 1 0$* 

!6+:;*!+% 0&, µ%/*$0+2&. µ94&, ,6;#'&,* 2%+ ;77% #!.µ%0% 412 #$- 19$%61-'!( +'0 

µ!&-*'(+0, 0&.0% 2%7&.*0%+ $6$7>$"! "$7µ!'! (J+30+ /!*+2; &:!)7&*0%+ 4! 

6#%/µ%0+21 µ!0%2)*$4$ :&#0)&, 40& '"#&) 2%+ $ 6,2*30$0; 0&,( 4,µN&7)O!0%+ fJ
!

. 

D% #!.µ%0% %,0; µ6&#!), 6.'., *% #9&,* µ94% 4! 4.#µ%0% 6&, J+%6!#*&.* 0& ,7+23 (1 

µ94% 40& )J+& 0& ,7+23 !:34&* %,03 !)*%+ %/8/3(), *% &:!)7&*0%+ 4! 2)*$4$ +3*08* 

µ94% 4! 2;6&+& ,/#3, 276. B &7+21 6,2*30$0% #!.µ%0&( 40& ,7+23 !)*%+ f bJ J J- >
! ! !

.  
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,/01 23452/670 3189 µ:;10/<=>? @A<=>?, > 18µ>9 />@ Ampère µ2>435 1: 2B43< /0 

µ>4CD  

 

                                     ,f in
C

H dl I !"
  !!

"     <=>     fH J# $ !
! ! !

   

 

82>@  H
!

=  !"#"$%&' ()*+! (/> µ:;10/<=8 23E5> 2>@ >C35A3/:< 7/: ),)-#)./ 43?µ:/: 

µ81>). )<: 0./µµ%&' µF7> (7/> >2>5> 0 µ:;1D/<70 351:< :1BA>;0 /09 F1/:709 />@ 

!,%&!- µ:;10/<=>? 23E5>@ B
!

 2>@ >C35A3/:< 73 ',/ /: 43?µ:/:), <7G?3< 8/<  

 

                                      
1

H B
%

!
! !

     82>@     0 (1 )m% % &! '      

 

( µ = µ/01"$%&2 *%/()./$'$"$/ $!3 µ45!3 ,   6m = µ/01"$%&2 )(%*)&$%&'$"$/). #:A>?µ3  

 

                      
0

1m m

%
( &

%
! ! '      (56)$%&2 *%/()./$'$"$/ />@ @A<=>?) .     

 

)<: 8A: /: @A<=B <7G?3< 8/< |6m|<1, F/7< H7/3 &m>0. "<E<=B, 6m>0 =:< &m>1 ;<: /: 

(/./µ/01"$%&7 µF7:, 31H 6m<0 =:< &m<1 ;<: /: *%/µ/01"$%&7 µF7:. )<: /> &)1', 

6m=0, µ=µ0 , &m=1.  

 

 

 

 !"#µ$%&':  

 

1.   />2>IF/070 E<0A3=/4<=>? :1Bµ37: 7/<9 2AB=39 3189 2@=16/D FG3< 7:1 

:2>/FA37µ: /01 ),7$$85" $"9 41$/5"9 $!3 ",)&$.%&!- ()*+!3 7/> 376/34<=8 />@ 

2@=16/D, /01 ),7$$85" $"9 $75"9 :1Bµ37: 7/<9 2AB=39, =:< /01 /-:"5" $"9 

68."$%&'$"$/9 />@ 2@=16/D.  

 

2.   />2>IF/070 (/./µ/01"$%&!- @A<=>? 7/> 376/34<=8 3189 76A01>3<E>?9 32<CF43< 

/-:"5" $"9 41$/5"9 $!3 µ/01"$%&!- ()*+!3. (1/5I3/:, 0 2:4>@75: *%/µ/01"$%&!- 

@A<=>? 24>=:A35 ),7$$85" />@ µ:;10/<=>? 23E5>@.  
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()*+,-.-/ 0.1.22*/ +.  3//  4 5,. 

 

 

36789#7%7#9:8; «5<="µ>» -?86@µ"9$':  

 

'3 />1 84> «=?=A6µ:» 311>>?µ3 F1:1 =A3<7/8 K48G> µF7: 73  /' 23E5>. .9 

",)&$.)0).$%&2 «*-1/µ"» ( "L) 3189 =@=AHµ:/>9  C  /0 G4>1<=D 7/<;µD t, >45M>@µ3 

/> >A>=AD46µ:  

 

                                                         
C

f dl!  "
  !!

"             

 

82>@ f
!

 0 E?1:µ0 :1B µ>1BE: C>4/5>@ =:/B µD=>9 />@ =@=AHµ:/>9 /0 7/<;µD :@/D, 

=:< dl
  !

 F1: 7/><G3<HE39 /µDµ: />@ =@=AHµ:/>9. J4>7FN/3 8/< /> 24870µ> /09  "L 

:1/<7/4FC3/:< :1 :1/<7/4FO>@µ3 /0 C>4B E<:;4:CD9 />@ K48G>@.  

 

 

"<E<=F9 234<2/H73<9:  

 

) )<: 5$/#).' =?=A6µ: µF7: 73 5$/$%&'  /' 23E5>, <7G?3< 8/<    = 0.  

 

) )<: 7/:I348 =?=A6µ: µF7: 73 6.!1%&7-µ)$/ /,,'µ)1!  /' 23E5>, FG>@µ3 8/<   

 

                                                       
C

dl*!  "
  !!

"        

82>@ E
!

 0 F1/:70 />@ 0A3=/4<=>? 23E5>@ (24>7FN/3 8/< /> G4>1<=B-

µ3/:K:AA8µ31> 0A3=/4<=8 23E5> *)1 351:< :7/48K<A>).  

 

) ,3 =?=A6µ: µ3 :1/57/:70 =:< 20;D (µ2:/:45:) /B709 V, 0  "L <7>?/:< µ3  

 = V.  

 

) )<: =<1>?µ31> 2A:57<>  C  µF7: 73 5$/$%&' µ:;10/<=8 23E5> B
!

, 0  "L 351:<   

 

                                                  ( )
C

B dl+! $  "
  !!!

"          

82>@ +
!

 0 /:G?/0/: />@ 7/><G35>@ dl
  !

 />@ =@=AHµ:/>9 (0 /:G?/0/: :@/D 

µ2>435 1: µ3/:KBAA3/:< =:/B µD=>9 />@ 2A:<75>@ :1 :@/8 234<7/4FC3/:<).  

 

 

   "L FG3< E<:7/B73<9 0A3=/4<=>? E@1:µ<=>? (D /B709).  
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 A:B@B7:' 9$? Maxwell:  

 

1. ,3 >A>=A046/<=D µ>4CD:  

 

 

0

0 0 0

( ) /

( ) 0

( )

( )

in
S

S

C S

in
C S

E da Q

B da

d
E dl B da

d t

d
B dl I E da

dt

, -

.

/

0 % - %

 !

 !

 ! 1  

 ! '  

"

"

" "

" "

  !!

  !!

  !   !! !

  !   !! !

"

"

"

"

       

 

2. ,3 E<:C>4<=D µ>4CD
 1 

:  

 

 
0

0 0 0

( ) ( )

( ) 0 ( )

B
E E

t

E
B B J

t

2
, /

-

. 0 % - %

3
#  ! # $ ! 1

3

3
#  ! # $ ! '

3

!
! !! !

!
! !! ! !

            

 

3. "1:AA:=/<=D E<:C>4<=D µ>4CD (=:/BAA0A0 ;<:  /' 23E5: µF7: 7/01 ?A0):  

 

 

( ) ( )

( ) 0 ( )

f

f

B
D E

t

D
B H J

t

, 2 /

. 0

3
#  ! # $ ! 1

3

3
#  ! # $ ! '

3

!
! !! !

!
! !! ! !

          

 

82>@   
1

,D E H B-
%

! !
! ! ! !

   (;<: ;4:µµ<=8 µF7>).  

 

;35%&2 5"µ/5+/: &< (:) =:< (K) 3=C4BM>@1 /> 18µ> />@ Gauss ;<: />1  A3=/4<7µ8 =:< 

/> ':;10/<7µ8, :1/57/><G:: 0 (:) :1/<7/><G35 7/> 18µ> />@ Coulomb, 31H 0 C@7<=D 

34µ0135: /D9 (K) 351:< 0 :2>@75: 3A3?I3461 µ:;10/<=H1 28A61.   (;) :2>/3A35 /> 

18µ> /61 Faraday-Henry (1'µ!9 $"9 </= )(/08029), 7?µC61: µ3 />1 >2>5> F1: 

G4>1<=B-µ3/:K:AA8µ31> µ:;10/<=8 23E5> 7@1>E3?3/:< :28 0A3=/4<=8 23E5>, =:< 0 (E) 

/> 18µ> /61 Ampère-Maxwell (> >2>5>9 351:< ;315=3@70 />@ 18µ>@ />@ Ampère), 

7?µC61: µ3 />1 >2>5> F1: G4>1<=B-µ3/:K:AA8µ31> 0A3=/4<=8 23E5> 7@1>E3?3/:< :28 

µ:;10/<=8 23E5>. &< 2@=18/0/39 ( , )r t2
!

 =:< ( , )J r t
! !

 ().%,/µ 71!31 ',/ $/ >!.$+/ &/% 

',/ $/ .)-µ/$/ /*%/&.+$89 (2.G., 3A3?I34: C>4/5: =:< 43?µ:/:, EF7µ<: C>4/5: 

28A6709, EF7µ<: 43?µ:/: µ:;1D/<709, =A2.), 31H /: ( , )f r t2
!

 =:< ( , )fJ r t
! !

 2:4<7/>?1 

2@=18/0/39 ),)-#).!3 C>4/5>@ =:< 43?µ:/>9, :1/57/><G:, µF7: 73 F1: @A<=8. $: 

23E5: E
!

 =:< B
!

 >C35A>1/:< 73 ',!39 />@9 C>4359 (3A3?I34>@9 &/% EF7µ<>@9), 31H /: 

23E5: D
!

 =:< H
!

 >C35A>1/:< 73 ),)-#).!39 C>4359 µ81>.  

 

                                                 
1 J4>=?2/>@1 :28 /01 :1/57/><G0 >A>=A046/<=D µ>4CD µ3 G4D70 /61 I3640µB/61 Gauss =:< Stokes.  
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 ACBDB> E?=7F7C"' – 5:"9;#>B> 9$? G$#9C$?:  

 

Pµ370 7@1F23<: /61 E<:C>4<=H1 3N<7H7361 />@ Maxwell 351:< 0 3N57670 7@13G35:9:  

 

                                                     0J
t

23
#  ' !

3

! !

                

,3 >A>=A046/<=D µ>4CD,  

 

          

V
S

da
  !

da J
!

                       
 

(@/8 ;4BC3/:<:  

 

            ( ) ( )in out

d
Q t I t

d t
! 1  ,    82>@     ( ) ,in

V
dv Q t2 !"   ( )out

S
J da I t !"

  !!

"   ,  

 

=:< 3=C4BM3< /0 *%/$2."5" $!3 >!.$+!3.  

 

 

5:H=?Bµ" Poynting:  

 

                                             
1

( )N E H E B
%

! $ ! $
! ! ! ! !

        

 

;35%&2 5"µ/5+/: "=C4BM3< 4>D 31F4;3<:9 />@  /' 23E5>@ :1B µ>1BE: G481>@ =:< 

:1B µ>1BE: 32<CB13<:9, =:/B />1 5E<> /482> 2>@ 0 2@=18/0/: 43?µ:/>9 J
!

 3=C4BM3< 

4>D 0A3=/4<=>? C>4/5>@ :1B µ>1BE: G481>@ =:< :1B µ>1BE: 32<CB13<:9.  

 

                 

V
S

da
  !

da N
!

      S = &,)%5$2 )(%>71)%/   

 

     

&A<=D 31F4;3<: :1B µ>1BE: G481>@ 2>@ ):4.6)$/% :28 /01 S  = 
S

N da "
  !!

" .      

 

 

 

 

 

 

V S

d
dv J da

d t
2 ! 1  " "

  !!

"
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3//  -I/.0.  -  3//  .-0,+*1*2,. 

 

 

-<µ"9" (J7=:8H):  

 

)31<=B, &-µ/ >1>µBM3/:< =BI3 C@7<=D =:/B7/:70 2>@, 2:4:;8µ310 73 F1: 70µ35> 

/>@ GH4>@, E<:E5E3/:< µ3 23234:7µF10 /:G?/0/: =:< ;513/:< :4;8/34: :1/<A02/D 73 

BAA: 70µ35: />@ GH4>@ (FG>1/:9 31E3G>µF169 @2>7/35 7/> µ3/:N? =:< =B2><: 

:AA>5670). (@/8 2>@ K:7<=B E<:E5E3/:< 351:< 0 *%/$/./62 (µ3/:K>AD) 73 F1: 

@2B4G>1 23E5> /> >2>5> 3=C4BM3< µ<: C@7<=D <E<8/0/:, 8269 2.G. F1:  /' 23E5>, 0 

2:4:µ84C670 3189 3A:/045>@, 0 25370 73 F1: :F4<>, 0 =BI3/0 :2>µB=4@170 73 µ<: 

G>4ED, 0 7@µ25370 73 F1: 7/3438, =A2.   µ:I0µ:/<=D F=C4:70  

 

                                                   : = : (x, t) = f  (x 4 3 t)        

 

234<;4BC3< µ<: C@7<=D =:/B7/:70 2>@ E<:E5E3/:< G6459 2:4:µ84C670 =:/B µD=>9 

/>@ BN>1: x µ3 /:G?/0/: (µF/4>@) 3.   F=C4:70 :@/D 32:A0I3?3< /01 &3µ/$%&2 

):+585"  

 

                                                   
2 2

2 2 2

1
0

x t

5 5
+

3 3
1 !

3 3
         

 

"<E<=B, ;<: F1: /.µ!1%&' &-µ/,  

 

                                           : (x, t) =  A cos (k x – 8 t + /) 

 

82>@   8 = k 3  <=>  3 = 8 / k .  J<> ;31<=B, 0 F=C4:70  

 

                                     ( , ) cos( )r t A k r t5 6 ,!  1 '
!! !

           

 

2:4<7/B F1: )(+()*! /.µ!1%&' &-µ/ (,7$!39 ? , 2>@ E<:E5E3/:< 7/01 =:/3?I@170 />@ 

E<:1?7µ:/>9 k
!

 µ3 /:G?/0/: µF/4>@ 3=8/k, 82>@ k=| k
!

|. $> k
!

 =:A35/:< 

&3µ/$!*%7135µ/, =:< />  8  &3&,%&2 5361'$"$/ />@ =?µ:/>9.  (& 84>9 «32523E> =?µ:» 

7G3/5M3/:< µ3 /01 2:4:/D4070 8/<, ;<: =BI3 G4>1<=D 7/<;µD t, > ;36µ3/4<=89 /82>9 

/61 70µ3561 82>@ /> 23E5> : FG3< 7/:I34D /<µD 351:< 32523E0 32<CB13<: =BI3/0 7/> 

E<B1@7µ: k
!

.) ,3 µ<;:E<=D µ>4CD, ;4BC>@µ3:  

 

                              ( )( , ) exp{ ( )} i k r tr t A i k r t Ae 65 6  1!  1 7
! !!! !

      

 

(82>@ A=|A|e
i/

 µ<;:E<=8 2AB/>9). $: =?µ:/: :@/D9 /09 µ>4CD9 <=:1>2><>?1 /01 

=@µ:/<=D 3N57670  

 

                   
2 2 2 2 2

2

2 2 2 2 2 2 2

1 1
0 0

t x y z t

5 5 5 5 5
5

+ +
3 3 3 3 3

# 1 ! 8 ' ' 1 !
3 3 3 3 3
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 A:B@B7:' Maxwell B9$ -7=K ( 0, 0J2 ! !
!

):  

 

 

0 0

( ) 0 ( )

( ) 0 ( )

B
E E

t

E
B B

t

, /

. 0 - %

3
#  ! # $ ! 1

3

3
#  ! # $ !

3

!
! !! !

!
! !! !

        

 

QA39 >< A?73<9 ( , )E B
! !

 />@ 7@7/Dµ:/>9 /61 3N<7H7361 :@/H1 <=:1>2><>?1 325709 

/01 ......      

 

 

 ACBDB> 3// -<µ"9$' B9$ -7=K:  

 

                                                
2

2

2 2

1
0

A
A

c t

3
# 1 !

3

!
!

     

             82>@    A E!
! !

  D  B
!

  ,    =:<   
0 0

1
c

- %
!    ($/6-$"$/ *%/*'5)89)          

 

;35%&2 5"µ/5+/: $> G4>1<=B-µ3/:K:AA8µ31>  /' 23E5> FG3< =@µ:/<=D 7@µ234<C>4B. 

$>?/> 70µ:513< 8/<, µ<: µ3/:K>AD (*%/$/./62) />@  /' 23E5>@ 73 µ<: 234<>GD />@ 

GH4>@, µ<: E3E>µF10 G4>1<=D 7/<;µD, E31 ;513/:< /:@/8G4>1: :1/<A02/D =:< 7/: BAA: 

70µ35: />@ GH4>@ :AAB E<:E5E3/:< 7/> GH4> µ3 /0 µ>4CD =?µ:/>9 2>@ «/:N<E3?3<» 

µ3 /:G?/0/: c (7/> =318). "<E<=B, /> C69 351:< µ<:  /' E<:/:4:GD 2>@ E<:E5E3/:< 

7:1  /' =?µ: µ3 /01 /:G?/0/: :@/D. Q269 K457=3/:<,  c= 3 $ 10
 8

 m /s .  

 

)31<=B, 0 /:G?/0/: E<:E87369 3189  /' =?µ:/>9 73 F1: @A<=8 µF7> 3N:4/B/:< :28 

/<9 C@7<=F9 <E<8/0/39 />@ µF7>@ (2.G., :;6;<µ8/0/:, E<0A3=/4<=8/0/:, =A2.) =:< 351:< 

2B1/: µ<=48/340 :28 />  c.  

 

 

,L:K9>97'  MCM7L$? 3// -<µ"9$':  

 

,3 F1: )(+()*!  /' =?µ:, > ;36µ3/4<=89 /82>9 /61 70µ3561 82>@ />  /' 23E5> FG3< 

7/:I34D /<µD 351:< 32523E0 32<CB13<: =BI3/0 7/0 E<3?I@170 E<:E87369. $> =?µ: 

:@/8 FG3< /: 3ND9 G:4:=/04<7/<=B:  

 

1. $: 23E5: E
!

 =:< B
!

 351:< =BI3/: µ3/:N? />@9 =:< =BI3/: 7/0 E<3?I@170 E<:E8-

7369 />@ =?µ:/>9 ()0&7.5%! &-µ/), =:< /:A:1/H1>1/:< 73 CB70.  

2. $: µF/4: /61 7/<;µ<:561 /<µH1 /61 E
!

 =:< B
!

 7@1EF>1/:< µ3 /0 7GF70 E= cB.  

3. $> E<B1@7µ: Poynting (1/ )N E B%! $
! ! !

 (2>@ 3=C4BM3< 4>D 31F4;3<:9) 351:< 

7/01 =:/3?I@170 E<:E87369 />@ =?µ:/>9.  

4. $> 0A3=/4<=8 =:< /> µ:;10/<=8 23E5> 7@13<7CF4>@1 3N57>@ 7/01 31F4;3<:  

/>@ =?µ:/>9.  
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4#KBM9DB> 8": 5:HL$B> 3// -<µ"9$' B7 .%@%:µ$ /&B$:  

 

$>  /' =?µ: @C57/:/:< µ34<=D /17&,/5" 7/01 32<CB13<: />@ :;6;>?, =:< µ34<=D 

/(!..'>"5" µFG4< =B2><> KBI>9 @ 2>@ =:A35/:< )(%*).µ%&'  7#!9 =:< 3N:4/B/:< :28 

/: G:4:=/04<7/<=B /87> />@ =?µ:/>9 (7@G18/0/:), 87> =:< />@ :;H;<µ>@ @A<=>?. )<: 

7G3/<=B G:µ0A87@G1:  /' =?µ:/:, /> 32<E34µ<=8 KBI>9 ),/$$A1)$/% µ3 /01 :?N070 

/09 7@G18/0/:9. R/7<, $/ (%! 6/µ",'5361/ &-µ/$/ )+1/% &/% (%! *%)%5*3$%&7. "25 

2AF>1, 87> 2<> :;H;<µ> 351:< /> @A<=8, /87> 2<> µ3;BA0 351:< 0 :1:=A:7/<=D />@ 

<=:18/0/:, =:IH9 =:< 0 :2>44>C0/<=8/0/B />@ (/> 32<E34µ<=8 KBI>9 ),/$$A1)$/% µ3 

/01 :?N070 /09 :;6;<µ8/0/:9). )<: «B23<40» (2B4: 2>A? µ3;BA0) :;6;<µ8/0/:, I: 

FG>@µ3 >A<=D :1B=A:70 />@  /' =?µ:/>9.  

 

$: 2:4:2B16 C:<18µ31: 3N0;>?1 ;<:/5 0 G4D70 />@ radar E31 351:< 24:=/<=B E@1:/D 

;<: />1 31/>2<7µ8 @2>K4@G561 2>@ K457=>1/:< 73 7G3/<=B µ3;BA> KBI>9, =:IH9 =:< 

;<:/5 /: 5E<: /: @2>K4?G<: E31 G407<µ>2><>?1 /> radar ;<: />1 31/>2<7µ8 

:1/<=3<µF161 (0 IBA:77: 351:< :;6;89 A8;6 /61 <81/61 /61 :AB/61 2>@ 234<FG3<, µ3 

:2>/FA37µ: 1: :2>44>CB /:  /' =?µ:/:).  

 

 

3// .89:=$N$6C":  

 

"51:< 0 E<BE>70 /09 31F4;3<:9 />@  /' 23E5>@ µF76  /' =@µB/61. J:4B;3/:<:  

) :28 )(%$/631'µ)1/ (8G< :2AB =<1>?µ31:!) ",)&$.%&7 >!.$+/, D  

) :28 6.!1%&7-µ)$/ /,,'µ)1/ ",)&$.%&7 .)-µ/$/.  

 

J:4:E35;µ:/::  

) (=/<1>K>A5: 2:AA8µ31>@ 0A3=/4<=>? D µ:;10/<=>? E<28A>@.  

) (=/<1>K>A5: 7?;G4>/4>@ (7/>@9 =@=A<=>?9 32</:G@1/F9 76µ:/561).  

) (=/<1>K>A5: 32<K4BE@1709 (bremsstrahlung) – 2:4:;6;D :=/5161 S.  

 

 

GHBµ" 9>' 3// .89:=$N$6C"':  

 

"51:< 0 7@1>A<=D 234<>GD 7@G1>/D/61 /01 >2>5: =:A?2/3< 0  /' :=/<1>K>A5: 2>@ 

:2:1/B/:< 7/0 T?70. )<: 24:=/<=>?9 A8;>@9, /> CB7µ: /09 :=/<1>K>A5:9 

@2>E<:<435/:< 7/<9 3ND9 325 µF4>@9 234<>GF9 (µ3 :@N:18µ310 7@G18/0/:):  

 

1. %:E<>=?µ:/:  

2. '<=4>=?µ:/:  

3. U2F4@I40 :=/<1>K>A5:  

4. &4:/8 C69  

5. U234<HE09 :=/<1>K>A5:  

6. (=/5139 S  

7. (=/5139 ;  
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E?F=K9>9" 46HBµ"9$' .%@%:µ$? /&B$?:  

 

"51:< 0 3ABG<7/0 7@G18/0/: :=/<1>K>A5:9 8p ;<: /01 >2>5: F1: :;H;<µ> µF7> ;513/:< 

«E<:C:1F9». L0A:ED, ;<: 7@G18/0/39 µ%&.'$).)9 :28 8p , 0 :=/<1>K>A5: @C57/:/:< 

µ34<=D :1B=A:70 7/01 32<CB13<: />@ @A<=>?, =:IH9 =:< :2>448C070 7/> 376/34<=8 

/>@ (8269 FG>@µ3 DE0 :1:CF43<). Q/:1 8µ69 0 7@G18/0/: /09 :=/<1>K>A5:9 3(). )+ 

/01 /<µD 8p (G:4:=/04<7/<=D ;<: /> :;H;<µ> @A<=8), /> 32<E34µ<=8 KBI>9 @ :@NB13< 

:234<84<7/: =:< 0 :=/<1>K>A5: E<F4G3/:< :28 /> @A<=8 G6459 70µ:1/<=D :1B=A:70 D 

:2>448C070. )<: 2:4BE3<;µ:, ;<: /: 234<778/34: µF/:AA: 0 7@G18/0/: 2AB7µ:/>9 

351:< 7/01 234<>GD /09 @234<HE>@9 :=/<1>K>A5:9. R/7<, 31H F1: µF/:AA> 351:< 

:E<:C:1F9 7/> >4:/8 C69, =:I57/:/:< E<:C:1F9 7/01 @234<HE0 :=/<1>K>A5:.  

 

$> C:<18µ31> /09 :1B=A:709 /61  /' =@µB/61 7/<9 32<CB13<39 :;H;<µ61 µF761 

:N<>2><35/:< 7/<9 /0A32<=><161539 ;<: /0 E<BE>70 4:E<>=@µB/61 (' 73 µ3;BA39 

:2>7/B73<9. (@/8 32</@;GB13/:< µF76 :1B=A:709 7/01 %!1'5>/%./, E3E>µF1>@ 8/< 0 

7@G18/0/: 2AB7µ:/>9 /09 /3A3@/:5:9 @234K:513< /<9 7@G18/0/39 /61 ('. (1/5I3/:, 

/: 4:E<>=?µ:/: FM, /: µ<=4>=?µ:/:, 0 @2F4@I40 :=/<1>K>A5:, /> >4:/8 C69, =A2., 

E<:2341>?1 /01 <>187C:<4: µ3 µ<=4F9 µ81> :2HA3<39 A8;6 :1B=A:709 D 

:2>448C0709, :C>? >< 7@G18/0/F9 />@9 N32341>?1 /01 8p  /09 <>187C:<4:9. R/7<, 0 

E<BE>70 @O57@G161 70µB/61 73 2>A? µ3;BA39 :2>7/B73<9 2B16 7/0 )0 ;513/:< µ3 /0 

K>DI3<: /0A32<=><161<:=H1 E>4@C8461.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

0 2*E 
 

 


