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The concept of pseudovectors is simply explaingablidation is made to the Max-
well equations of electromagnetism, including theewhere hypothetical magnetic
charges and currents are present.

1. True vectorsand pseudovectors

Perhaps the simplest way to distingwa&ttorsfrom pseudovectorgs to examine the
way each type of object transforms unsgjeace inversion

Let (i1, X2, X3) be an orthogonal system of coordinates, withesgonding unit vec-
tors G;, U,, Uy. This coordinate system is said torlght-handed since

UxUy=U, Uyxly=10, UOyxl=10, 1)
where the vector (cross) product is defined byuealright-hand-ruleconvention.

Imagine now that we invert the directions dfthfee axes, thus obtaining a new
coordinate systenx{’, X", x3") with corresponding unit vectors

G'=-0 (i=1,2,3) (2)
If we insist on using the right-hand conventiorerth
0 %0 =(-W)x(-0) = Ux U= "U=-"1 (etc).

If, however, we employ thieft-handconvention, then
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A

0 <0 =05, G, x0 =0, G'x0' =0, 3)
We say that the system () is left-handed' Thus,
¢ the inversion of a right-handed coordinate system left-handed system.
LetP be a point in space. The positionRotloes not depend, of course, on whether

we choose a right-handed or a left-handed systespeoify it. However, theoordi-
natesof P do depend on this choice. Write:

P= (X1, X2, X3) = (%1, X2, X3) .
The two systems of coordinates are related byahefsequations

Now, consider a physical object that is describgdabvector (e.g., velocity, force,
electric or magnetic field, etc.). Assume that e system) it is mathematically
represented by

A= Al+ Alh+ A=) A (5)
|
while in the systemx(") it is represented by

A (6)

A=A+ A+ A=)

A (true) vectoris a geometrical object independent of whetherctt@dinate system
we use is right-handed or left-handed (that isepehdent of the “handedness” of the
underlying coordinate system). Hence,

A=A (7)

In view of (2), (5), (6) and (7), the componentsaofector transform under space in-
version according to the relations

A'=-A ([=123) (8)
A pseudovectofor axial vecto}, on the other hand, transforms differently:
A=-A (9)

so that, by (2), (5), (6) and (9), its componengmsform as follows under space in-
version:

! Note that if onlytwo axes of a right-handed coordinate system are tiedtethe resulting system is
still right-handed; if onlyoneaxis is inverted, the systemiést-handed.
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A=A (=1.23) (10)

Obviously, a pseudovector ot an invariant geometrical object since it is desd
upon the handedness of the coordinate system.

Example 1Let each ofA and B be a vector or a pseudovector. Define the vector
(cross) product of these objects in the coordiegstems) and & ") as follows:

>

TS G G
AxB=|A A A, AxB=A A A (11)
B B B B/ B B

By taking into account relations (2) and €{)L0), we conclude the following:
e If both A and B arevectorsor both arepseudovectorshen A'x B' = — Ax B
so that the cross product ipseudovector

e If either A or B is avector, the other being pseudovector A'x B'= Ax B
so that the cross product isector.

Example 2Consider thalel operator, expressed in the coordinate systemharid
(%) as follows:

B W FHE S Y
i O% =
We notice that
~ 23: 0 ~
V=) (-0)——=V.
i1 o(=%)

Thus, according to (7), the del operator is a ftugetoroperator. Then, according to
Example 1,

e if A isavector itsrot Vx A is apseudovectomwhile

e if B is apseudovectgitsrot VxB is avector

Definition.A quantity® is a (true)scalarif its value remains invariant under space
inversion:

O =] (13)
A quantity® is apseudoscalaif it changes sign under space inversion:

O =-0 (14)
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Example 3Let each ofA and B be a vector or a pseudovector. Define the scalar
(dot) product of these objects in the coordinastesys X)) and & ") as follows:

3 3
A-B=> AB, A-B=>AH (15)
i=1 i=1

We observe the following:

e If both A and B arevectorsor both arepseudovectorghen A'- B'= A- B so
that the dot product isscalar.

e If either A or B is avector the other being pseudovectorA'- B =- A B
so that the dot product ispgeudoscalar

Example 4Let A, B, C be (true) vectors. TheBxC is a pseudovector, so that
A-(Bx O) is a pseudoscalar.

Example 5Regarding the divergence of a vector quantityhase the following:

e If Aisa (true\ector,its div V- A is a (true)scalar, while

e if B is apseudovectoritsdiv V- B is apseudoscalar
Example 6The Laplace operator
oo 3 82
Vi=v.v=> — (16)
is a scalar operator. Thusdfis either a scalar or a pseudoscalar functionsfoam-
ing under space inversion according to the gemalal
O (X1, %', X" ) =1 @ (Xq, X2, X3) (17)

(where the plus sign corresponds to a scalar whdeminus sign to a pseudoscalar),
thenV?® is a scalar or a pseudoscalar function, respégtiMete also that

e the grad V@ of a scalar (pseudoscalar) function is a vectasedovector)
function.
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2. Applicationsin electromagnetism

By its definition, E = F,/ g, and by the fact that the electric forég is a (true) vec-
tor,? we see that

e the electric field is a vector.

On the other hand, since both the magnetic fétce q(Vx B) and the velocityy of
a charged particle are vectors, we conclude that

e the magnetic field is a pseudovector
(cf. Example 1 in Sec. 1).

Consider the Maxwell equations:

(@ V-E=£
&o
b) V-B=0
. 0B 18
© vxE=-28 (18)
ot
(@) VB pty I+ ooty

ot

Equation (18) is consistent with the fact that the electriddiés a vector and the
charge density is a scalar function. In (£Bthe electric field is a vector, thus st
on the left-hand side is a pseudovector (cf. Exan®in Sec. 1); this is consistent
with the fact that the magnetic field is a pseudtwe In (1&1) the magnetic field is a
pseudovector, thus itet on the left-hand side is a vector; this is coesiswith the
fact that both the electric field and the curresisity are vectors.

Consider the Poynting vector

N=ExA=1(ExB .
y7i

Since the electric field is a vector while the metgm field is a pseudovector, their
cross product on the right-hand side must be aovetiterefore so is the Poynting
vector on the left. This was to be expected, stheedirection of flow of electromag-
netic energy is independent of whether our cootdisgstem is right-handed or left-

handed.

% In general, a force is a physically measurablentityathat cannot depend on the handedness of our
coordinate system.
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3. Theinclusion of magnetic chargesand currents
Although magnetic charges and magnetic currente Ima¥ been observed so far in
Nature, their existence cannot be precluded incjpie. If such quantities are as-

sumed to exist, the Maxwell equations must be gdized accordingly, as follows
(the indexe stands fof‘electric” while the indexm stands fofmagnetic”):

(@ V-E=f=

(b) V-B=up,

. - B 19
(© VxE=-pd,-22 49

(@) FxB=pp I+ aotte s

As discussed previoushyE is a vector whileB is a pseudovector. Moreover, the
electric charge densipg is a scalar function while the electric currenhslgy je is a

vector function. Since theiv of the magnetic field is a pseudoscalar, it fobofnom
(19%) that

e the magnetic charge densjiy; is a pseudoscalar.
Also, since theot of the electric field is a pseudovector, it follivom (12) that

¢ the magnetic current densitilm Is a pseudovector.

By taking thediv of (19d) and (12) and by using (18 and (19), respectively, we
find two equations of continuity:

7.3 +%_g (20)
ot

7.3 +%m_g (21)
ot

The physical meaning of these relations is thatelleetric and the magnetic charge
are separately conserved. Notice that (20) is Erseguation while (21) is a pseudo-
scalar equation [thdiv of a vector (pseudovector) is a scalar (pseudag¢aOn the
other hand, by taking thet of (1) and (1@l) and by using the vector identity

Vx(VxA) =V(V-A-VZ?A

together with the Maxwell system (19), we derivpasate non-homogeneous wave
equations for the electric and the magnetic field:
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_ 0°E 1 - N
V2E - g tg——=—Vp + u,| VxJ_+—=2 22
OILIO atz 50 pe /’lo{ m at j ( )
0B (. o
V?B - Eo g ot = ,Uo(me -Vx ‘]e+5oﬂo?j (23)

Notice that (22) is a vector equation while (23aipseudovector equation [recall that
therot of a vector (pseudovector) function is a pseudrgeector) function].

Technically, the two wave equations (22) arg®),(Bogether with the two continuity
equations (20) and (21), constitute consistencyditimms for the Maxwell system
(19). This system may be regarded as a sort ofIBadkransformation relating fields
and sources.

3 Seehttps://arxiv.org/abs/1901.080%&dhttp://metapublishing.org/index.php/MP/catalog/bt6ak




